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ABSTRACT
Interplanetary Transport of Solar Energetic Particles

by
Gen Li
University of New Hampshire, May, 2018

Solar energetic particles (SEPs) are high-energy ions and electrons originating at or near the
Sun. The energies of these particles extend from solar wind energies up to ∼10 GeV for ions and
∼100 MeV for electrons. This dissertation employs primarily analytical tools to accomplish three
research tasks related to the propagation of SEPs from the lower solar corona to 1 AU: (1)
developing a transport model based on the focused transport equation to illustrate and predict the
spatial and pitch-angle distribution of the nearly scatter-free beam-like protons observed during
the onset phase of the so-called ground level events; (2) constructing an analytical theory for the
formation of the double-power-law proton differential fluence spectra observed in the largest
SEP events; (3) investigating the validity of the test particle approach to SEP transport in the
interplanetary medium including Alfvenic wave excitation by the streaming protons. These three
tasks feature and illuminate three fundamental characteristics of large “gradual” SEP events: the
large anisotropy of the high energy beam at the onset of events that have good magnetic
connection between observers and source region at the Sun; the double-power law energy
spectrum characterizing these events; and the substantial excitation of solar wind Alfvenic
turbulence at cyclotron resonant frequencies.
In task 1, by solving the focused transport equation at small pitch angles with a constant
focusing length and a constant pitch angle diffusion coefficient, we successfully account for the
ix

evolution of the beam-like protons in interplanetary space with stochastic pitch-angle scattering
and adiabatic focusing. We attribute for the first time the observed Reid-Axford profile to the
effect of nearly scatter-free interplanetary transport of SEPs rather than to the SEP injection
process near the Sun. In task 2, through the convolution of the derived Green‟s function of the
stationary energetic-particle transport equation with a power-law SEP source spectrum injected
near the Sun, presumably generated by shock acceleration, we naturally reproduce the doublepower-law feature characteristic of proton differential fluence spectra observed in the largest
SEP events and, for the first time, interpret it as a result of convection and adiabatic cooling in
the divergent solar wind rather than the acceleration mechanism in the low corona. In task 3, to
address the question of how “large” an event should be so that the passage of the streaming
protons is enough to noticeably amplify the interplanetary hydromagnetic waves at their
cyclotron resonant wavelengths, we employ a diffusive transport model and examines the wave
growth arising from the first-order anisotropy of SEPs. We, for the first time, relate the wave
growth with proton differential fluence and derive the characteristic differential fluence
magnitude dF / dE  6.3 106 cm2 sr 1 MeV 1 at 10 MeV/nuc. If dF / dE is below this value,
the test-particle theory is a valid description of SEP transport at and above 10 MeV/nuc; above
this fluence wave excitation is important in modifying the time-profile of the event.

x

CHAPTER 1

INTRODUCTION
This thesis presents three separate analytical projects that I (under the supervision of my
advisor) have undertaken during my PhD studies at the University of New Hampshire on the
interplanetary transport of solar energetic particles (SEPs). This introductory section contains a
brief description of the discipline including topics of current interest and current challenges. The
remaining chapters present the approaches and results of our work based on three actual or
planned publications.
SEPs are high-energy ions and electrons originating near the Sun. They were first observed in
the early 1940s. These particles extend from solar wind energies up to ∼10 GeV for ions and
∼100 MeV for electrons. The production of SEPs is usually associated with a sudden flash of
increased brightness of the Sun, named a solar flare, which is often, but not always, accompanied
by a significant release of plasma and magnetic field from the solar corona, known as a coronal
mass ejection (CME). The first indirect observation of a CME was made by Lange & Forbush
(1942). They recorded a rapid decrease in the galactic cosmic ray intensity, which was later
named a Forbush decrease and attributed to the magnetic field in the CME sweeping some of the
galactic cosmic rays away from Earth. Several years later Forbush (1946) recorded three
significant cosmic ray increases that began nearly simultaneously with a solar flare followed by a
Forbush decrease. The observation for the first time provided convincing evidence that these
particles are generated when a particularly active area on the Sun is oriented toward the Earth.
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In 1948 Professor John A. Simpson invented the neutron monitor, a ground-based detector
designed to measure the number of high-energy charged particles striking Earth‟s atmosphere
from outer space. Systematic observations of SEPs by neutron monitors worldwide began in the
1950s. The University of New Hampshire (UNH) owned and operated two neutron monitors of
over 100 in the world - one that used to be housed in the basement of DeMeritt Hall and now
resides on the outskirts of the campus and one in Leadville, Colorado. Though it has been 70
years since the invention of neutron monitors, the neutron monitor network remains a valuable
resource over many years for ground-based measrements of the cosmic ray flux on Earth.
Notable missions related to SEP detection include a series of Geostationary Operational
Environmental Satellites (GOES) (GOES–1 in 1975, GOES–17 in 2018), the SOlar and
Heliospheric Observatory (SOHO) (1995), the Advanced Composition Explorer 4 (ACE) (1997),
the Solar TErrestrial RElations Observatory (STEREO) spacecraft (2006), and the Parker Solar
Probe (2018). It should also be mentioned that studies like Usoskin et al. (2006) and Solanki et
al. (2004) have been made to use the concentration of cosmogenic isotopes in deep layers of ice
and in tree rings to reconstruct solar activity and the history of SEP events on multi-millennium
time scales.
SEP events are transient enhancements of SEP flux detected in the solar wind. In the largest
“gradual” SEP events, the intensity of GeV protons is sufficiently large to rise detectably at Earth
ground level above the galactic cosmic ray background. These events are known as Ground
Level Events (GLEs). SEPs can pose a hazard for astronauts and hardware in space. They are
produced at, and are probes of, the active regions on the Sun in the inner heliosphere, and
throughout the solar wind plasma. Beyond their intrinsic interest, understanding the origin and
propagation of SEPs in the solar corona and solar wind has been a focus of the National Space

2

Weather Program and the NASA Living with a Star Program due to their great practical as well
as theoretical importance.
A systematic and definitive theory for the origin of SEPs is unknown. The primary association
of SEPs with H  -flares caused them to become known initially as „„solar flare‟‟ particle events
with a presumed origin at the flare site. According to this picture, SEPs are accelerated at the
flare site, most likely as a result of magnetic reconnection, and then released to propagate
outwards through the interplanetary electromagnetic field. The release process is largely
unknown. Reid (1964) and Axford (1965) postulated spatially homogeneous isotropic twodimensional diffusion, which accounts for the gradual release of solar protons from the solar
flare into interplanetary space, and yields the widely-used Reid-Axford profile for the injection
of SEPs near the Sun.
A secondary association for SEPs with signatures of shock waves driven by coronal mass
ejections (CMEs), notably type II radio bursts, led to the competing idea that SEPs are
accelerated by coronal shock waves. Observational evidence such as 1) the strong correlation
between large SEP events and the detection of CMEs (Kahler et al. 1978, 1984), 2) the charge
state of energetic oxygen, carbon, and iron, which are characteristic of 1.5 106 K coronal
plasma (Sciambi et al. 1977; Gloeckler et al. 1976), and 3) the dependence of the time-intensity
profiles on the separation in solar longitude between the flare and the point of favorable
magnetic connection to the Earth, further support the idea that the CME-driven shock is the
primary accelerator.
A CME is a significant release of plasma and magnetic field from the solar corona, normally
following solar flares or solar prominence eruptions. As a CME erupts into the solar wind, it
compresses the solar wind plasma and drives a shock into the ambient solar wind ahead of the
3

CME. The theory of diffusive shock acceleration was first introduced by Axford et al. (1978),
Krymsky (1977), Blandford & Ostriker (1978), and Bell (1978) before its successful application
to coronal and interplanetary shocks (Fisk & Lee 1980; Lee 1983; Lee and Ryan 1986; Lee
2005) . At a CME-driven shock, ions are injected into the shock acceleration process. Upstream
of the shock, hydromagnetic waves are excited at the resonant frequencies due to a streaming
instability driven by the accelerating protons that attempt to escape upstream with a superAlfvénic streaming velocity. The excited upstream waves advect through the shock to the
downstream plasma where they are compressed and further enhanced. Such wave enhancements
create a turbulent sheath that traps the ions near the shock and promotes effective diffusive shock
acceleration (Lee 1983; Reames & Ng 1998; Gordon et al. 1999; Vanio et al. 2000). At a CMEdriven shock, the particles first released into the interplanetary medium are those that escape
from the turbulent sheath with the help of the outward magnetic mirror force associated with the
interplanetary magnetic field (Lee 2005).
Once particles are injected into the interplanetary medium, they stream along the magnetic
field during which they are adiabatically focused and scattered by magnetic irregularities in the
solar wind, mostly outward propagating Alfvén waves. Such a process is well described by the
focused transport equation (Roelof 1969; Earl 1981; Ruffolo 1995; Isenberg 1997). If the
interplanetary hydromagnetic turbulence is sufficiently strong, particles are substantially
scattered and focused transport naturally transitions into spatial diffusive transport governed by
the Parker energetic-particle transport equation (Parker 1965, Li & Lee 2015). In quiet solar
wind, particles are scattered by ambient interplanetary turbulence with a Kolmogorov-like
spectrum. The pitch-angle scattering of the energetic particles in large SEP events results in the
amplification of the outward propagating resonant waves. Nearly all of the wave enhancements
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are generated by protons, the most abundant ion species. In view of the large number of energetic
protons injected in large gradual events, particularly at energies below tens of MeV, the
amplification of interplanetary hydromagnetic waves by streaming protons is inevitable. Particles
eventually fill the inner heliosphere as they diffuse through the enhanced turbulence while they
adiabatically cool and are convected outward in the solar wind.
The time at which SEPs are just released into the interplanetary medium in a particular
event is called the solar release time. Once SEPs are detected at the spacecraft, a time-intensity
profile of the event is formed. The time when the particle intensity rises noticeably above the
background cosmic ray intensity is called the event onset time. The duration between the solar
release time and the event onset is called the propagation delay. The SEP intensity increases until
it reaches a maximum. The time between onset and peak intensity is called time-to-maximum.
The shape of SEP intensity–time profiles after the peak intensity largely depends on the energy
of the particles, the size of the CME-driven shock, and the longitudinal separation between the
flare/CME sources and the magnetic field line footpoint of the observer. In principle, three
phases may exist: 1) a „„plateau‟‟ with large streaming anisotropy occurs when a strong traveling
shock continuously accelerates SEPs and injects them into the magnetic flux tube that connects
to the observer, 2) an „„energetic storm particle‟‟ (ESP) enhancement prior to shock passage
characterized by near isotropy of the SEP distribution, and 3) a decay phase after shock passage
characterized by spatial and temporal invariance in the particle spectra, which is referred to as
SEP “reservoir” phenomenon (McKibben 1972, Reames et al. 1997).
Despite the simple general picture of SEP transport and acceleration established above for
gradual events, there are the following major challenges and research questions that complicate
current understanding of the field:
5

1. The controversial origin of the highest energy protons (above a GeV) in Ground Level
Events: Does the acceleration of highest energy protons (~GeV) primarily occur at the solar flare
site or at CME-driven shocks? If the acceleration at CME-driven shocks occurs by diffusive
shock acceleration, what is the time scale to accelerate protons from injection speeds to a GeV?
At what CME heights are these GeV protons released? Is the delay between shock formation and
the GeV proton release primarily caused by the time it takes to accelerate particles to a GeV or
due to the change of the ambient turbulent environment that facilitates particle release? Is the
latitude of the source region critical to producing GeV protons?
2. The coupling of the acceleration and transport of medium and low energy SEPs (below ~10
MeV) at a travelling shock in large gradual events: Are most medium and low energy particles in
large gradual event produced near the Sun or at the travelling interplanetary shock? In events
with a strong ESP phase, most protons below ~ 1 MeV come with the ESP enhancement prior to
and after the shock passage. Are these protons mostly locally accelerated at 1 AU or are they
accelerated continuously between the Sun and 1 AU but trapped in the enhanced turbulent region
behind the shock after they are swept downstream of the shock? Is the fluence spectral break
observed at ~10 MeV in large SEP events primarily a result of transport or acceleration, or a
combination of both?
3. The robustness of current transport theory: Is the test particle approach valid for
interplanetary transport of SEP events? Do proton-excited waves noticeably modify the
background Kolmogorov spectrum? Is scatter-free transport a good approximation for the
anisotropic proton beams observed in the onset of SEP events? How long after the event onset
would the Parker transport equation become valid? How does drift affect cross-field transport of
SEPs, especially for high energy particles beyond 1 AU?
6

4. The longitudinal spread of solar energetic particles and its dependence on ion mass and
charge: Is the spread of SEPs in longitude primarily a result of interplanetary shock acceleration
resulting from the spread of CMEs over a large longitudinal extent or a transport effect? How
different is the longitudinal distribution of heavy ions compared with that of protons? Is the
difference primarily a result of the source particles or a transport effect? Does the enhanced
turbulence late in the event enhance the particle perpendicular diffusion and therefore increase
the longitudinal spread of SEPs?
5. The asymptotic behavior of SEPs in the inner heliosphere, primarily related to the “decay”
phase of a SEP event: What are the dynamic processes responsible for the formation of the socalled reservoir? Since the reservoir is usually observed downstream of shock passage, is the
shock a necessity for the formation of the reservoir? Is the Parker spiral magnetic field beyond 1
AU critical in the formation of the reservoir? What is the time scale for the reservoir to form
within a certain distance from the Sun? What is the spatial gradient of the SEP distribution as a
function of heliocentric distance in the reservoir region? To what extent does the reservoir spread
in longitudes?
Though recent research has informed these questions, comprehensive understanding has been
elusive. This thesis, while neither aiming to address all of the above questions nor attempting to
answer any of them comprehensively, utilizes analytical methods to shed light on the
understanding of some of these questions.
In Chapter 2, we present a treatment of the focused transport of SEPs and its application to
modeling the highly anisotropic beam-like particles during the onset phase of a SEP event. Due
to its complexity, with dependence on time, space, pitch-angle, and speed, numerical integration
(Bieber, 1977; Ng and Wong, 1979; Lockwood et al., 1982) has been the most common method
7

used to solve the focused transport equation and illuminate its consequences. Early analytical
attempts (Roelof 1969; Kuntsmann 1979; Earl 1981) either simplified the equation by neglecting
the time variation or obtained an approximate solution using a perturbation method. Neither
approach is suitable to describe the event onset in large SEP events during which the particle
anisotropy is large and the particle density is evolving rapidly with time. To calculate the initial
distribution of arriving particles, that are released with the same velocity at the same time, we
employ a moving coordinate that vanishes at the location of an unscattered proton. We solve the
focused transport equation of SEPs at small pitch angles in an exponentially expanding field with
a constant focusing length and a constant pitch-angle diffusion coefficient. With the
simplification of an exponentially expanding field, the solution does not take into account the
increasing focusing length with radial distance in the interplanetary field, but is sufficient to
illuminate the basic structure of the transport equation when both the effect of adiabatic focusing
and pitch-angle scattering are present. We derive the Green‟s function, which provides a
reasonable representation of the spatial and pitch-angle distribution of the beam-like SEPs. By
assuming an extended injection profile with the shape of an isosceles triangle, we fit onset phase
data of the 20 January 2005 GLE event to our model to illustrate how the weak scattering effect
plays a role in shaping the time-intensity profile in such nearly scatter-free transport.
Our approach provides a simplified yet rigorous description of the evolution of SEP intensity
between event onset and maximum intensity, during which the Parker transport equation is not
applicable due to the high anisotropy while completely scatter-free transport is not able to
describe the stochastic process of pitch-angle scattering. The model demonstrates that the
anisotropic beam observed during event onset has shed those particles lost to interplanetary
pitch-angle scattering. We treat the lost particles with spatial diffusive transport in Section 2.4
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and interpret the nearly isotropic phase following the anisotropic onset as a natural result of
interplanetary transport rather than an additional injection of nearly isotropic particles near the
Sun. This work will be submitted for publication following the defense of the thesis.
In Chapter 3, we present a treatment of the diffusive transport of SEPs based on the Parker
transport equation and its application to the energy spectral properties of the differential fluence
of large gradual solar energetic particle events. Fluence spectra of a SEP event are those obtained
by integration over time. Observations of proton differential fluence spectra of all 16 GLEs in
Solar Cycle 23 show that they can be well fit by a double power-law form from 0.1 MeV to 500700 MeV with a break energy of ~ 10 MeV (Mewaldt et al. 2012). The lower-energy spectrum is
harder (flatter) than the higher-energy spectrum. We interpret the hardening of the spectrum at
lower-energies as a result of solar wind convection and adiabatic cooling: below the break
energy, particles of lower momentum lose a larger portion of their energy through interplanetary
transport from the lower corona to 1 AU. We convolute the Green‟s function of the timeindependent transport equation (Webb & Gleeson 1974) with a power-law SEP source spectrum
injected near the Sun, presumably generated by shock acceleration. Using asymptotic methods,
we find that, through transport modulation, SEPs with a single power-law spectrum released
close to the Sun exhibit at 1 AU three different spectral slopes depending on their energy; the
two higher-energy slopes are interpreted as the observed double power-law spectrum in large
GLEs. We select the nine western Ground Level Events (GLEs) out of the 16 GLEs during Solar
Cycle 23 and fit the observed double power-law spectra to the analytical predictions. The derived
parameters are generally in agreement with the characteristic values expected for large gradual
SEP events. The results support the indispensable role of solar wind convection and adiabatic
cooling in the transport of SEPs below ~ 10 MeV/nuc.
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For near-central meridian GLEs, we attribute extended acceleration at interplanetary shocks
rather than interplanetary transport to be the dominating agent for the formation of the double
power-law spectra. We find that a double power-law spectrum can result from the superposition
of the energetic protons injected at the evolving shock. In this case, the break energy is the
rollover energy of the energetic protons locally accelerated near 1 AU. Our work emphasizes the
extended acceleration of medium and low energy SEPs (below ~10 MeV) at interplanetary
shocks in large gradual SEP events. This Chapter is published in Astrophysical journal (Li & Lee
2015).
In Chapter 4, we present a treatment of the amplification of Alfvenic waves by energetic SEP
protons. We examine the event-integrated wave growth of proton-excited Alfvénic waves in
interplanetary space due to a SEP event and address the question of how “large” an event should
be so that the passage of the streaming protons is enough to noticeably amplify the interplanetary
hydromagnetic waves at the corresponding cyclotron-resonant wavelengths. The analysis
neglects the effect of solar wind convection on both the transport of the protons and the
interplanetary waves. Its validity is therefore limited to higher energy protons (> ~ 10 MeV/nuc)
for which the transport of which between the Sun and 1 AU takes less than ~ 10 hours. We
derive the characteristic magnitude of the proton differential fluence, dF / dE  6.3 106

cm2 sr 1 MeV 1 at 10 MeV/nuc, larger than which an event should cause noticeable wave
amplification at resonant wavelengths in the solar wind in the vicinity of 1 AU. This work should
be expanded and submitted for publication during the summer.
Finally, we emphasize in each Chapter how the critical phenomena vary as a function of solar
radius. Hopefully this discussion not only makes the thesis theoretically interesting but also

10

provides predictions in the inner heliosphere that may be verified by Parker Solar Probe and
Solar Orbiter as they approach the Sun.

CHAPTER 2

FOCUSED TRANSPORT OF SOLAR ENERGETIC
PARTICLES IN INTERPLANETARY SPACE AND
FORMATION OF THE ANISOTROPIC BEAM-LIKE
DISTRIBUTION OF PARTICLES IN THE ONSET
PHASE OF LARGE GRADUAL EVENTS

11

2.1 Introduction
Understanding the origin and propagation of solar energetic particles (SEPs) through the solar
corona and solar wind is a major challenge in solar-terrestrial physics. Depending on the physical
mechanism of acceleration, SEP events are commonly classified into the so-called large
“gradual” events, in which particles are accelerated at shocks driven by fast coronal mass
ejections (CMEs), and small “impulsive” events, in which particles are accelerated at sites
associated with flares. Compared with impulsive events, gradual events are generally more
intense long-lasting events that inject SEPs over a much broader range of longitudes; they are the
most powerful particle acceleration phenomena in the inner heliosphere and, together with the
associated CME, are responsible for most space weather disturbances of Earth‟s magnetosphere
and upper atmosphere.
Diffusive shock acceleration (DSA) at a CME-driven shock in the low corona is usually
considered to be the primary acceleration mechanism for energetic ions in large gradual events.
Solar wind and/or suprathermal ions are injected at the shock to initiate the acceleration process.
The accelerating protons excite hydromagnetic waves at cyclotron resonant frequencies upstream
of the shock (Bell 1978). The excited upstream waves are overtaken by the shock, where they are
transformed, compressed, and swept downstream. The wave enhancement creates a turbulent
sheath that traps the ions near the shock and promotes effective diffusive shock acceleration (Lee
1983; Reames & Ng 1998; Gordon et al. 1999; Vanio et al. 2000). These ions may be
accelerated up to ~10 GeV by a combination of the first-order Fermi process due to plasma
convergence at the shock and shock drift acceleration (Jokipii 1982).
In some of the largest SEP events, GeV protons have sufficient intensities to be detectible
above the galactic cosmic ray background at ground-level neutron monitors. These events are
12

known as Ground Level Events (GLEs). An impulsive and highly anisotropic onset phase with a
beam-like distribution of ~GeV protons is commonly observed at 1 AU. Such beam-like proton
structure is well demonstrated by the onset phase of the 20 January 2005 GLE event, which is
characterized by 1) a rapid rise time (~ 3 minutes) from the event onset to the proton intensity
peak, 2) a rapid decay time (~ 2 minutes) from the proton intensity peak to half the peak value,
and 3) a highly anisotropic pitch-angle distribution of particles throughout the onset phase in
which the flux of particles with pitch angles > 90 degree, implying sunward propagation, is
negligible (McCracken et al. 2008; Morgan et al. 2013). In addition, McCracken et al. (2008)
found that similar anisotropic phases are observed in 13 of the 22 largest GLEs ever recorded.
It should be pointed out that the origin of these ~GeV protons remains controversial. Based on
the impulsive nature of the anisotropic phase and the good magnetic connection between the
flare site and Earth for these GLEs, McCracken et al. (2008) proposed that the acceleration of the
relativistic protons in the anisotropic phase is directly associated with the flare itself. However,
through an inverse velocity analysis, Morgan et al. (2013) found that there was a ~4-minute
delay of the onset of GeV protons with respect to the high-energy gamma ray emission in the 20
January 2005 GLE, which cannot be explained by a flare-based acceleration model. In addition,
by analyzing the delay of the release time of SEPs relative to the type II radio onset, Morgan et
al. (2013) suggested that the acceleration of protons in the anisotropic phase could be attributed
to a coronal shock origin and did not require an additional process.
Although the source and acceleration mechanism of particles in the anisotropic phase remain
controversial, the rapid rise time of the time-intensity profiles and the highly anisotropic pitch
angle distribution of the beam-like protons indicate that 1) these relativistic protons are
accelerated and released into the interplanetary magnetic field in the low corona where they
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experience strong adiabatic focusing; and 2) they propagate from the Sun to the Earth with little
scattering. It should be mentioned that after the initial impulsive phase, a mildly anisotropic
phase follows, during which the observed particles at 1 AU are substantially scattered; the 20
January 2005 event evolves gradually from a highly anisotropic event onset to an isotropic event,
exhibiting diffusive characteristics shared by the conventional large gradual SEP events.
McCracken et al. (2008) introduced a second SEP population injected at a higher coronal altitude
(a few solar radii, Rs ) with a more isotropic pitch-angle distribution to explain the formation of
the isotropic phase.
Prompted by these facts, we account in this Chapter for the rapid evolution of the flux profiles
and the pitch angle distribution in GLE onsets as a direct consequence of the focused transport
equation, which is usually used to treat nearly scatter-free transport of SEPs in interplanetary
space. Unlike the numerical integration (Bieber, 1977; Ng and Wong, 1979; Lockwood et al.,
1982) or the perturbation method approach (Roelof 1969; Kuntsmann 1979; Earl 1981), we, for
the first time, solve the focused transport equation of SEPs at small pitch angles in an
exponentially expanding field with a constant focusing length and a constant pitch-angle
diffusion coefficient. With the simplification of an exponentially expanding field, the solution
does not take into account the increasing focusing length with increasing radial distance in the
interplanetary field, but is sufficient to illuminate the basic structure of the transport equation
when both the effect of adiabatic focusing and pitch-angle scattering are present. The highly
anisotropic phase is interpreted as the passage of the tip of the beam-like protons at 1 AU. By
treating the particles scattered off the beam with diffusive transport, we show that the mildly
anisotropic phase can be attributed to the late arrival of the particles that are scattered to large
pitch angles through interplanetary transport and therefore fall behind the tip of the beam-like
14

protons observed in the onset phase. It reproduces the result naturally, although it does not
attempt to eliminate other possibilities such as particles scattered by a magnetic bottleneck
beyond 1 AU (Bieber et al. 2002) or by local scattering in Earth‟s magnetosheath (Adriani et al.
2015).
In Section 2.2.1 we present the mathematical description of the model and interpret the
structure of the analytical solutions based on an instantaneous particle injection. In Section 2.2.2,
we consider the extended source injection and compare the data during the onset of the 20
January 2005 event with our model. In Section 2.3 we enumerate the limitations of the model. In
Section 2.4 we discuss the formation of the isotropic phase of GLEs, and the manifestation of
acceleration time through the inverse velocity analysis of the delayed onset time as a function of
energy.

2.2 The Model
2.2.1 Governing Equations and the Green‟s Function
Energetic ion transport in quiescent interplanetary space is generally characterized by low wave
intensities in the resonant frequency range and by large scattering mean free paths parallel to the
ambient magnetic field. Drift transport in the Archimedes spiral magnetic field can be an
effective source of cross-field transport for high-energy SEPs, particularly at large solar radii and
high latitudes (Dalla et al. 2013; Marsh et al. 2013). Since we focus on the propagation of SEPs
between the Sun and 1 AU near the ecliptic plane, we neglect in our model the curvature of the
Archimedes spiral magnetic field and drift transport. With a constant radial solar wind speed

Vsw and a radial ambient interplanetary magnetic field Br  r 2 , the evolution of the gyrotropic
phase-space density f  r , p,  , t  on a radial magnetic flux tube may be treated with the focused
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transport equation incorporating solar wind convection, adiabatic deceleration, magnetic
focusing, and pitch angle scattering (Roelof 1969; Earl 1981; Ruffolo 1995; Isenberg 1997) as

f
f 1   2
f 1   2
f
 
f 
   v  Vsw  
Vsw p 
( Vsw  v)

1   2  D


t
r
r
p
r
  
 

(1)

where p is particle momentum magnitude,  is the cosine of the ion pitch angle, v is the
particle speed, and D is the pitch angle diffusion coefficient. Note that r and t are measured
in the fixed frame of the Sun, whereas v , p , and  are measured in the solar wind frame. We
note that equation (1) originates from gyrophase-averaging the Vlasov equation describing the
transport of energetic particles that experience pitch-angle scattering in a turbulent fluctuating
magnetic field. Equation (1) is appropriate to describe the non-isotropic particle distribution for
both non-relativisitc and relativistic energy although a rigorous treatment of relativistic particles
using Lorentz transformation from the solar wind frame to the inertial frame would generate
extra terms of the order of O Vsw / c  (Zank, 2014).
We note that the terms containing Vsw in equation (1) are of the order of O Vsw / v  compared
to the other terms on the left-hand side of the equation. Since in this Chapter we consider the
streaming of high energy particles (~ GeV/nuc) for which Vsw / v

1 , we neglect the terms

proportional to Vsw and obtain
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where Q  t ,  , r  is the injection rate of particles of speed v into the solar wind in units of ions

s 1cm -3 . Terms 2-4 in equation (2) describe, respectively, particle streaming, magnetic focusing,
and pitch angle scattering. Within the framework of equation (2), the magnetic moment of the
gyrating particle p 2 1   2  /  2mBr  , where m is the particle rest mass, remains constant if
D  0 . Kruskal (1962) and Northrop (1963) systematically developed a perturbation theory to

approximate the guiding-center motion of charged particles. A series of approximately constant
quantities, the so-called adiabatic invariants, naturally arise after averaging out the gyration over
long periods of guiding-center motion. The magnetic moment is known as the first adiabatic
invariant. The conservation of magnetic moment requires the particle gyro-radius to be much
smaller than the spatial scale over which the field varies (Northrop 1963). The gyroradius at 1
AU is about 0.02 AU for a 4 GeV proton, which shows that even though we are considering
relativistic SEPs, the robustness of the conservation of magnetic moment when D  0 is not
violated.
Although numerical procedures were used to solve equation (2) to model the evolution of the
intensity and anisotropy of SEPs (Bieber et al, 1980; Lockwood et al, 1982), a systematic
analytical solution is unknown. Earl (1974, 1976, 1981) and Kunstmann (1979) applied
perturbation methods to the focused transport equation not in a radial field but in a magnetic field
that decreases exponentially as B  x   B0 exp  2 x / L  , where B0  B  x  0  . The flux tube area

A  x  follows the equation A  x   A0 exp  2 x / L  where A0  A  x  0  is the area of the flux
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tube at x  0 . In such magnetic flux tube, the focusing length is fixed as L / 2   B /  dB / dx 
and the corresponding transport equation is

f
f  1   2  f
 
f 
 v  

1   2  D
 Q  t,  ,x  . (3)

v

t
x  L    
 

In the diffusive limit where v /  D L 

1 , particles are scattered to near-isotropy and the

evolution of the isotropic distribution function f0 in the flux tube can be approximated by a
diffusion-convection equation as (Beeck and Wibberenz 1986)

f 0
f 0 
1  

 A x K
  Q  t,x 
t A  x  x 
x 

(4)

where K is the parallel diffusion coefficient given by (Earl, 1994)

1
v2
K  MFP v 
3
8

1  2
1 d  D
1

(5)

where MFP is the scattering mean free path of the nearly isotropic particles.
We consider the transport of highly anisotropic particles governed by equation (3) in this
section and discuss the formation of the isotropic phase using equation (4) in Section 2.4. The
solution we shall derive from equation (3) , though not taking into account the increasing
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focusing length of the interplanetary field with radial distance, illuminates the basic structure of
the transport equation when both the effect of adiabatic focusing and pitch-angle scattering are
present. For convenience, we employ a moving coordinate system that moves radially with those
protons that are unscattered. In addition, we only consider the behavior of particles at small pitch
angles   1  

1 . We define dimensionless variables in uppercase and make the following

change of variables,

T t

v
x
tv  x
; X  ; Z T  X 
;  =1- . (6)
L
L
L

We note that the variable Z satisfies Z  0 at x  vt  0 , which locates the tip of the beam that
is released at t  0 and x  0 . We also note that the Z -axis has the opposite orientation of the
X -axis. The variable Z specifies dimensionless distance behind the tip. In Figure 2.1 we plot

the Z axis at two different times ( T  1 and 2 ) to illustrate the moving coordinate system. Since
we consider particles at small pitch angles ( 

1 ), we take D 0  D    1 as a constant

independent of  . We also make the assumption that D 0 is independent of Z . In terms of
these variables, the Green‟s function of the focused transport equation satisfies

G
1   G 
G 1 G  T  T0     0    Z  Z 0 
 2



2
Z
    
  T
0 L

19

(7)

where   D 0 L / v . We consider only 0  0 , which is reasonable for GeV protons observed
in the anisotropic phase of GLEs. These particles are released within a few solar radii near the
Sun, where strong adiabatic focusing in the background field reduces pitch angle within a few
solar radii.

FIG. 2.1 A schematic illustration of the moving coordinate system, z axis, at two different times
( T  1 and 2 ).

In Appendix A, we solve equation (7) with 0  0 by using Laplace transform. Though
applied to a different context, the procedure we employ follows the work of Webb (1981), which
solved two special cases of the time-dependent Parker transport equation (Parker 1965). The
solution of equation (7) is
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(8)

where  n    2n  1  T  T0   21  and Hen  x  is the probabilists‟ Hermite polynomials of
2

degree n.
We now discuss the choice of L . The beam-like protons that propagate from r  0 to
r  1 AU in a radial magnetic field sample a focusing length that changes from 0 to 0.5 AU . The

sampled focusing length averaged over time is approximately 0.25 AU. In this section we
emphasize modeling the particle distribution near 1 AU. We therefore take L  0.5 AU so that
the focusing length L / 2 is 0.25 AU. We consider the distribution function at X  x / L  2 .
By fixing X  2 and varying L , we may model events at different solar radii, which will be
discussed in Section 2.4.
We note from equation (6) that if all particles are injected near X  0 , it takes T  T0 ~ 2 for
most of particles to arrive at and pass X  2 . We show in Appendix B that the first term in
equation (8) dominates the series solution when T  T0 ~ 2 . In the following discussion we
employ only the first term ( n  0 ) in the series solution of the Green‟s function, which yields
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where we use the subscript “ n  0 ” to distinguish equation (9) from the full solution given by
equation (8). We have used the expression He2
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In principle, the particle distribution function can be calculated by convolving the Green‟s
function with the source function as

f ( , T , Z )   L2 / v   dT0 
T





X T T0 

dX 0Q (T0 , Z 0 )Gn 0 ( , T , Z ; T0 , Z 0 )

=  L / v   dT0  dZ 0Q(T0 , Z 0 )Gn 0 ( , T , Z ; T0 , Z 0 )
2

T
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(10)

The factor L2 / v emerges because dt0 dx0   L2 / v  dT0 dZ 0 . Notice that the upper limit of the
convolution integral over T0 is T because T  T0 marks the dimensionless duration between T
and the time of particle injection. The lower limit of the convolution integral over X 0 is
















X  T T0  since particles injected to the left of X  T T0  have not arrived at X at T  T0 .

22

We examine the evolution of the particle flux at X  2 arising from an instantaneous injection
of “1” monoenergetic particles of speed v at X  0 and T  0 . Accordingly, the proper form of
the source function is

Q T , X  

v
 T    X  .
L2

(11)

With equations (10), and (11), we immediately obtain f ( ,T ,Z )  Gn0  ,T ,Z;T0  0,z0  0  .
Notice that, at X  2 , Gn0 vanishes for T  2 and that

Gn0  Gn0  ,T ,Z  T  2;T0  0,z0  0  for T  2 . We therefore define a “local” time

  T  2 . With the new variable  , the pitch-angle integrated particle flux at X  2 can be
expressed as



J    v  d 1    f  , 2   ,  .
0

In principle, the quantity f  , 2   ,  is only valid for 

(12)

1 . However, we shall see later that

the exponential factor in equation (9) determines the exponential decay of f  , 2   ,  in  if

/

1 ; particles are contained within 

O   and little flux comes from particles of large

pitch angles if  is sufficiently small. Therefore, we approximate the pitch angle integrated flux
by integrating f  , 2   , 1   over  from zero to infinity in equation (12). To analytically
treat equation (12), we further simplify the expression as

23



J S    v  d f  , 2   , 
0

 vI n 0 T  2   , Z   ; T0  0, Z 0  0 

(13)

1/2 2 
   1/2

v





C   exp       2        
3/2
   2 
2 L
 2   



=

where we use the subscript “S” to distinguish the simplified expression from expression (12). In
the second line of equation (13), we introduce the pitch-angle integrated Green‟s function

I n0 T , Z ; T0  0, Z0  0  as



I n 0 T , Z ; T0 , Z 0    dGn 0  , T , Z ; T0 , Z 0 
0



1
2 L  Z  Z 0 

3/2

C T , Z ;T0 , Z 0 

,

(14)

2
1/2
 
1/2  


Z

Z




0
 exp    
T  T0   
  
  2  Z  Z 0   
 2   
 




where





C T,Z;T0 ,Z 0   T  T0  Z  Z 0   P 1 T ,Z;T0 ,Z 0     T  T0   Z  Z 0   1  P 1 T ,Z;T0 ,Z 0 
1

2

1

1
and P T,Z ;T0 ,Z 0   21 1   T  T0  Z  Z 0   . To obtain equation (14), we have neglected



the term proportional to  2 and take  0   T  T0    2 T  T0  in equation (9) .
2

In Figure 2.2 we plot the unitless quantities  L/ v  J and

 L/ v  J S

as functions of t for

  0.125 and v  0.83 c where c is the speed of light. We note that  L/ v  J is computed
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numerically. Notice that equation (13), though overestimates the particle flux, preserve the shape
of the flux profile and will facilitate the analytical treatment later. To illustrate that these
particles are highly field-aligned at the beginning of the event onset and gradually scattered to
larger pitch angles as  increases, we consider  expressed in degrees as   21  / 180  and
2



plot in Figure 2.3 the normalized distribution f  , 2   ,  /  f  , 2   , d versus  at
0

three different values of t ( t  0.5, 1.25, and 2.5 mins ) for   0.125 .

FIG. 2.2 Normalized flux  L/ v  J and  L/ v  J S as a function of t for   0.125 and v  0.83 c
where c is the speed of light.
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FIG. 2.3. The normalized distribution f  , 2   ,  / 0 f  , 2   , d versus  at three
different t ( t  0.5, 1.25, and 2.5 mins ) for   0.125 .

We note that while we injected “1” monoenergetic particles in the system, the total number of
particles crossing the surface at X  2 as described by equation (12) is not “1” since we have
only kept the term ( n  0 ) that dominates the event at early times t ~ O  L / v  and at small
pitch angles  ~ O   . If we define the total number of particles passing through the surface at
X  2 arising from equation (12) to be N A , it can be calculated as

NA 

A  x  2L  
0 J  t  dt ,
A0

(15)

where A  x   A0 exp  2 x / L  is the surface area of the flux tube defined above equation (3). The
factor A  x  2L  / A0  4 accounts for the expansion of the surface at x  2 L compared to the
area of the surface at x  0 , where we inject the “1” monoenergetic particle. In Figure 2.4 we
plot N A as a function of  . The dashed curve shows a possible fit of N A using an exponential
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function, which yields N A  exp  3.54  . In the limit of scatter-free transport, particles are all
contained in the n  0 term and as a result we have N A  1 in the limit of   0 .

FIG. 2.4. Numerically computed profile for the number of particles N A contained in the flux
arising from the n  0 term based on equation (15) as a function of  (solid line). The dashed
curve shows a possible fit of N A using an exponential function, which yields N A  exp  3.54  .

To characterize the shape of the flux profile, we further simplify equation (13). In the rapidly
rising edge of the onset phase, we have 



2 , P     1 , and C  4 . During the

declining edge of the onset phase,  ~ O   and in principle every term in P   and C  
defined below equation (14) shall be kept for completeness. However, the dominating factor in
equation (13) during the declining phase is the exponential function and therefore we may take

C  4 for any  and obtain a further simplified expression for the flux as

J C  4   
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27

(16)

where     /  and we use the subscript “ C  4 ” to distinguish equation (16) from equations
(12) and (13). In addition we obtain from equation (16) that





J C 4     3/2 exp 2 /         1 / 2 , which resembles a Reid-Axford profile
2

R  t 1 exp   / t  t /   (Reid 1964). Neglecting the  in the factor 1   in equation (16) and

using    vt /  L  , we have approximately  A   A  2  L / v  , which indicates two similar
time scales for the rising and the declining edges of the onset flux profile. We use the subscript
“A” to denote that these are the characteristic time scales for the anisotropic phase as opposed to
the isotropic phase that will be discussed in Section 2.4. To illustrate that the rising and declining
times of the Reid-Axford form increase with increasing  , we plot in Figure 2.5 the unitless
quantity  L/ v  J S as a function of t for three different  (0.125, 0.25, and 0.5). The three
numbers (0.67, 0.42, and 0.16) indicate the total number of particles N A    for the three
different values of  respectively.
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FIG. 2.5. Pitch-angle integrated flux  L / v  J S vs. t for three different  (0.125, 0.25, and 0.5).
The three numbers (0.67, 0.42, and 0.16) indicate the total number of particles N A    for the
three different values of  respectively.

2.2.2 Extended injection of SEPs and fitting the onset phase of the 2005 Jan 20 event
We have considered instantaneous injection of SEPs in the previous sections. However,
prolonged particle injection and acceleration at a propagating shock is an indispensable factor
that affects the observed particle intensity profiles in large SEP events. Kahler (1994) estimated
the injection profiles from the observed proton flux at 1 AU by assuming scatter- free
propagation of SEPs. The derived injection profiles for protons of 470 MeV to 4 GeV are found
to increase at the beginning of the event and reach a maximum when the CME heights reach 1220 Rs . After correcting for transport by assuming a particle mean free path of 0.2 AU, Kahler
(1994) further suggested that the maximum injection occurs when the associated CMEs are at 515 Rs . Using the fact that an extended duration of particle injection near the Sun would lead to an
extended duration of high anisotropy of solar protons observed at 1 AU, Lockwood et al. (1990)
estimated the energy dependence of the duration of the injection t of the May 7th 1978 event as
t  min   1.45 103 E 0.470.15  E in MeV  . According to this estimate, t  56mins for
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E = 1 GeV . A shock propagating with 1500km/s travels about 8 Rs in 1 hour; the estimated
injection duration by Lockwood et al. is consistent with the estimate given by Kahler (1994).
We derive the flux arising from a monoenergetic injection over finite duration in this section and
compare the predicted enhancement with that observed during the anisotropic onset of the 2005
Jan 20 event (Morgan et al. 2013).
We consider a source QC that is injected at x  0 with a profile of an isosceles triangle of
base duration t as

v
2t
  x
L
t
v
2t 

=   x 2  
L
t 


QC  t,x  

for 0 < t  t / 2
.

(17)

for t / 2 < t  t

We note that QC vanishes for t  t . The isosceles triangle profile, though not a standard form
of SEPs injection near the Sun, has been particularly favored to model the particle injection
during the onset phase of GLEs (McCracken et al. 2008) and during scatter-free impulsive events
(Wang et al. 2016). Using the variables T and Z , we have

v
2T
 Z T 
2
L
T
v
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= 2  Z T 2 
L
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QC T,Z  

for 0 < T  T / 2
(18)

for T / 2 < T  T

where we have used   X     Z  T  / L .
Following equations (10) and (13), we have
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(19)



where I n0 is the pitch-angle integrated Green‟s function defined in equation (14) and we use the
subscript “C” for the flux in this section to indicate that it is convoluted flux. In principle we can
numerically fit the data from the onset phase of the 2005 Jan 20 event using equations (14), (18),
and (19). However, we want to treat the convolution analytically, which not only facilitates the
data fitting procedure but shows concisely how the shape of the convoluted flux arising from an
extended injection depends on  and t . We define a new pitch-angle integrated Green‟s
function as
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(20)

where we use the subscript “C” to denote that we only use it to replace I n0 in this section for
calculating convoluted flux J C . For impulsive injection, equations (19) and (20) yield

J C   3/2 exp  2 /      / 2  , which preserves the Reid-Axford form following the discussion
of equation (16).
From equations (19) and (20), we derive the convoluted flux at X  2 as
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where
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, C2  T  2  , and erf  x  is the error function.
1

We fit the Milagro 6 PMT data of the 2005 Jan 20 event during the event onset with equation
(21) to determine  and t . The onset phase of the 2005 Jan 20 event is not resolved by the
entire worldwide NM network due to its high anisotropy. The responses from Spaceship Earth
neutron monitors suggest that protons above ~GeV in the onset phase are confined to a very
narrow beam with minimal scattering (Morgan et al. 2012). Milagro is a ground-level TeV
gamma ray telescope located next to the Climax neutron monitor. Both instruments have similar
responses to the 2005 Jan 20 event and their asymptotic viewing direction is very close to the
axis of symmetry of particle arrival. In addition Milagro has a large field of view of ~ 2 sr.
Therefore the flux data from Milagro is a good approximation of the flux of the beam-like
protons. After ~5 minutes of event onset, particle anisotropy decreases quickly; a mildly
isotropic phase starts to rise. We only use the data for the first 4 minutes during which the
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distribution is highly anisotropic since, on one hand, the flux recorded during the isotropic phase
by Milagro cannot represent the overall flux in the interplanetary space, and, on the other hand,
our model is most accurate in the limit of minimal pitch angle scattering.
Figure 2.6 displays the fit result. The parameters for the best fit are T  3min and

MFP ~ 4 AU  ~ 0.25 .The particle mean free path is related to  through equation (5) and a
Kolmogorov background spectrum. A detailed discussion for the relation between MFP and 
can be found following equation (29) in Section 2.4. McCracken et al. (2008) simulated the event
with scatter-free transport and an isosceles triangle injection of T  6 min . Our fit and derived
mean free path suggest that, even for MFP ~ 4 AU , the transport effect is non-trivial and
shortens the duration of injection as one would expect from completely scatter-free transport.

FIG. 2.6. The best fit for the first 4 minutes of 20 January 2005 event. The data was presented in
Morgan et al. (2013). The specific data values were provided by James Ryan (personal
communication).
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2.3 Limitations of the model
We have examined particle transport in a given magnetic flux tube. We therefore have
neglected the cross-field transport of particles. Our model does not address the possible particle
loss and the mixture of non-uniform source populations from different magnetic flux tubes due to
the cross-field transport.
We only consider particle injection at small pitch angles since particles in the onset phase are
released very low in the corona, where adiabatic focusing is strong, and are focused to very small
pitch angles as they propagate outward. For example, isotropic particles injected at ~3 Rs , which
propagate outward without scattering and conserve their magnetic moment p 2 sin 2  /  2mBr 
are focused to sin   1/ 3 once they propagate to ~ 10R s . Within this picture, the simplification
of injecting particles at   0 , which greatly facilities the analytical treatment to obtain equation
(8), is not unreasonable.
We only kept the n  0 term in the series solution given by equation (8), which is a reasonable
approximation to describe the particles that are concentrated at the front of the beam-like
particles for T  T0 ~ 2 . Particles that are scattered to large pitch angles during the
interplanetary transport fall behind the beam-like protons; they arrive at 1 AU later by scattering
and pitch-angle diffusion and naturally result in the isotropic phase following the anisotropic
onset. We shall discuss the diffusive transport of these particles in Section 2.4.
We have considered only monoenergetic particle injection to fit the data of the 2005 Jan 20
event while the Milagro 6 PMT data measures the integral flux of protons above ~ 3 GeV. Since
protons above 3 GeV in general exhibit in the onset phase a power-law spectrum transferring to
an exponential rollover, the flux of the particles at the lowest energy shall be a reasonable
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approximation for the rigidity-integrated flux. However, this approximation fails at the very
beginning of the event where particles of higher energies dominate the energy-integrated flux.
Such an effect presumably explains why the hardest spectra are observed during the rising edge
of a GLE onset (Morgan et al. 2013). In terms of the time-intensity profile, the integral flux
should have a larger flux early in the event compared to the flux derived from a monoenergetic
particle injection due to the contribution from higher energy particles. This probably accounts for
why our best fit in Figure 2.6 is slightly below the observed flux in the early rising phase.
Our transport model does not address how the acceleration process may affect the release of
SEPs near the Sun as well as the observed spectra at 1 AU. In diffusive shock acceleration, it
takes longer for particles to complete each traversal of the shock to gain higher energies.
Therefore the first relativistic SEPs are presumably injected into the interplanetary magnetic field
later than the first low energy SEPs. Inverse velocity analysis is the method for comparing the
release time of particles of different energies. We discuss in Section 2.4.2 the manifestation of
acceleration time of particles as a function of energy through inverse velocity analysis.

2.4 Scatter-dominated transport of particles and the formation of
the isotropic phase
Following the event onset, particles that are scattered to large pitch angles may arrive at 1 AU
diffusively and lead to the transition of the beam-like distribution to a nearly isotropic
distribution of SEPs. The more nearly isotropic distribution could either be caused by a distant
obstruction (beyond 1 AU) that effectively scatters the particles (Bieber et al. 2004) or by
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scattering off particle-generated turbulence within 1 AU (Morgan et al. 2012). We discuss the
second scenario in this section.
Following equation (4), in the diffusive limit ( MFP / L

1 ) the evolution of a nearly isotropic

particle distribution function f0 in a flux tube of fixed focusing length L / 2 is governed by

f 0
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With the dimensionless variables T and X , equation (22) can be written as
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(25)

where   T  X is the “local” time at X defined above equation (12). Notice that, in equation
(23), particles are injected into the system at T  X , not T  0 . We choose the injection time
intentionally so that f 0  X ,  vanishes for   0 . We make this artificial choice to avoid having
isotropic particles arriving at X  2 before the arrival of the anisotropic beam. We can then
express the omnidirectional flux of isotropic particles of speed v at X  2 as

J I     vf 0    

1
2


 3L 
MFP
3L 1 
 
 . (26)

 exp  2 
3L
MFP   
2 L    MFP 

v

where     /  defined following equation (16). Notice from equation (26) that





J I      1/ 2 exp   MFP / 3L     MFP / 3L   1 , which, similar to equation (16), also
1

resembles a Reid-Axford particle injection profile R  t   t 1 exp   / t  t /   with

 I   I   3L / MFP  L / v  . The subscript “I” denotes the isotropic phase.
We have calculated N A    in (15) for the total number of particles contained within the n  0
term of the Green‟s function. If we assume that the transport of particles contained in the n  1
terms are governed by equation(23), we can express the overall flux including both the
anisotropic and isotropic particles as

J O    J S    1  N A    J I   .

(27)

Equation (27) provides an analytically tractable expression to illustrate schematically the two
phases of a GLE event. It is observed in large GLEs that after the initial impulsive phase, a
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mildly anisotropic phase follows, during which the observed particles at 1 AU are substantially
scattered. The isotropic phase usually starts 0.5~2 hours after the passage of the anisotropic beam
at 1 AU. Notice that both J S    and J I    can be approximated by the Reid-Axford form but
with two different rising and declining timescales as well as two different power-law factors. To
address whether the two phases have distinctive timescales, we compare the ratio of the two
timescales, which is  I /  A   I /  A  3L  2MFP  .
1

The two parameters,  and MFP , are dependent. Assuming a spectrum of parallel propagating
Alfvén waves, D can be related to interplanetary turbulence through quasilinear theory as
(Jokipii 1966; Lee 1982)


 2

D  2
I k 
,
2B |  | v 
 v 

(28)

where  [ QB /   mc ] is the particle gyro frequency, Q is particle charge,  is the particle
Lorenz factor, and I  k  is the wave intensity defined in terms of wavenumber k as

B

2



  dk I  k  ,
-

(29)

where  B is the fluctuating value of the interplanetary magnetic field. Assuming that the
interplanetary magnetic field fluctuations exhibit a Kolmogorov-like spectrum ( I  k   k 5/3 ) we
2

have D  D 0  3 . According to equation(5), we have K   9 / 14 v2 / D 0 and
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MFP  2v / D 0 . Consequently we have   2L / MFP and
 I /  A   I /  A  3L  2MFP   3 / 4 . We plot  L / v  J O in Figure 2.7 (a) for MFP  2v / D 0
1

, v  0.83c , L  0.5 AU , and   0.5 . The dash-dotted curve represents  L / v  J S , the beam-like
component of the overall flux, and the dashed curve represents 1  N A    J I    , the isotropic
component of the overall flux. No two distinctive phases are evident but a smooth transition is
formed in the overall flux; the anisotropic component dominates the early rising edge of the
overall flux while the isotropic component gradually outweighs the anisotropic component
during the declining phase.

39

FIG 2.7. Normalized overall flux  L / v  J 0 versus t for MFP  2v / D 0 ( panel (a)),

MFP  0.2v / D 0 (panel (b)), and for representative parameters in the text. In both panels, the
dash-dot line, the dashed line, and the solid line represent the anisotropic component, the
isotropic component, and the overall flux, respectively.

We perform another calculation including the potential wave amplification induced by the
exceedingly large number of protons at and below tens of MeV released in large SEP events.
Notice the cyclotron resonant condition k     v 

1

in equation (28), particles of ~ GeV at

large pitch angles resonate with waves induced by particles of lower energies. According to
equations (5) and (28) an amplified wave intensity results in increased D and reduced MFP .
For example Ng et al. (2003) developed a numerical model to demonstrate that, within about 1
hour after the event onset, the mean free path of particles over a broad rigidity at r  0.35 AU
can be reduced by an order of magnitude due to rapid wave growth. Therefore the amplification
of waves induced by the streaming SEPs of lower energies can be a non-trivial factor that
reasonably reduces MFP for the particles of higher energies. We shall discuss more about
proton-generated interplanetary waves in Chapter 4.
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A rigorous calculation of MFP incorporating proton-excited waves is not analytically practical.
To illustrate the effect of reduced MFP on the flux of isotropic particles, we take for illustrative
purpose that MFP  0.2v / D 0 , reduced by a factor of ten compared with the calculation using a
Kolmogorov-like spectrum. In this case, we have  I /  A   I /  A  3L  2MFP   7.5 ; the
1

timescale of the rising and declining edge of the intensity profile of the isotropic phase is
approximately one order of magnitude larger than the time scale of the anisotropic phase. We
plot  L / v  J O in Figure 2.7 (b) using the same parameters as in Figure 2.7 (a) except for

MFP  0.2v / D 0 ; when amplified interplanetary turbulence is introduced to the diffusive
transport of isotropic particles, two distinctive phases emerge.
We have been modeling SEP flux at 1 AU by setting L  0.5 AU and examining the
distribution function at X  2 . We may fix X  2 and vary L to model the observation at
different r . We plot in Figure 2.8 normalized flux  LO / v  J O as a function of t for v  0.83 c ,

MFP  0.2v / D 0 , and for three different values of L ( 0.125, 0.25, and 0.5 AU ) to demonstrate
the flux profiles at three different values of r (0.25 AU, 0.5 AU, and 1 AU). The quantity

L0  0.5 AU is a constant to normalize J O so that  LO / v  J O is a unitless quantity. In addition,
we choose  = 0.125 for L  0.125 AU . Accordingly, we have   0.25 for L  0.25 AU and

  0.5 for L  0.5 AU . Figure 2.8 illustrates how duration and peak intensity of the two phases
are expected to change as the observing point moves closer to the Sun.
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FIG 2.8. Normalized overall flux  L0 / v  J O as a function of t for three different combinations
of L and  as indicated, and for representative parameters listed in the text.

Fisk and Axford (1968) developed a bi-directional scattering model to improve the description
of the transport of anisotropic solar cosmic rays. They concluded that the telegraph equation,
originally developed by Heaviside (1889) for transmission line theory, is a better description than
the usual diffusion equation when the anisotropy is larger than 30% and the two descriptions are
scarcely distinguishable when the anisotropy is less than 30%. The solution of the telegraph
equation contains a pulse which propagates with the particle speed v and decays exponentially
with the distance it has travelled along the interplanetary magnetic field. The pulse arrives at r
promptly at t  r / v with the anisotropy of unity. It comprises those particles that have survived
scattering following their initial release at the origin. The scattered particles make up the
remaining component of the solution which does not appear at r before t  r / v . The asymptotic
form of the solution of the telegraph equation at t

r / v is also a solution of the usual diffusion

equation; the two solutions merge at large t . This solution was derived earlier by Morse and
Feshbach (1953). Our equation (27) provides an alternative description of the two distinctive
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components where J s    stands for the pulse and J I    accounts for the scattered particles.
In addition, our model effectively provides the structure of the pulse in pitch-angle, space, and
time.

2.5 The manifestation of acceleration time of relativistic
particles as a function of energy through inverse velocity
analysis
Our model examines the transport of monoenergetic particles in interplanetary space. We do
not address the acceleration mechanism and the extra time needed for accelerating the particles
to higher energies. For completeness, we now discuss how the acceleration time as a function of
energy results in the delayed onset of SEP events for particles of higher energies, which
manifests itself in inverse velocity analysis.
Assuming that tinj  v  is the time that the first particles of speed v are injected into the
interplanetary magnetic field near the Sun and Lp  v  is the magnetic path length between the
injection point and the observing spacecraft, we define the time of arrival of the unscattered
particles at the spacecraft as

tarr  v   tinj  v  

Lp  v 
v

.

(30)

Ng et al. (2003) developed a numerical model incorporating most known processes related to
diffusive shock acceleration to simulate the coupled evolution of shock-accelerated SEPs and
interplanetary Alfvén waves. Based on that model, Ng & Reames (2008) found that a travelling
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shock in the low corona accelerates protons to ~ 300 MeV within 10 minutes of the shock
formation. We assume the acceleration time results directly in the delay of the injection of SEPs
and consider a SEP event that starts at t  0 with tinj  v   25  v / c  mins , which yields
2

approximately 10.5 minutes for the release of protons of 300 MeV. The relation tinj  v   v2 ,
though ad hoc, is sufficient for our illustrative purpose. The quantity Lp  v  is in principle a
function of v since the first particles of different v are injected at different solar radii due to the
propagation of the CME-driven shook. However, the resulting difference in magnetic path length
is much smaller than 1 AU, which is the relevant length scale. We therefore take Lp to be
independent of v .
In Figure 2.9, tarr  v  is plotted as dashed lines versus 1/ v for the choice of tinj  v  mentioned
above and for Lp  0.5 and 1 AU . The solid lines are also for Lp  0.5 and 1 AU but with
tinj  v   0 , which assumes the instantaneous injection of particles of all speeds. It can be seen

that the delayed injection leads to the elevated arrival times for high energy SEPs in comparison
with the approximately linear relation between the onset times and 1/ v for low energy SEPs.
We note that, using this method, Lockwood et al. (1990) found in his study of the May 7 1978
GLE event that the relativistic protons were injected 8.5  3.5 mins later than protons of ~ 50
MeV.
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FIG 2.9. The time of arrival tarr  v  versus 1 / v for two Lp (0.5 and 1 AU) and for representative
parameters in the text. For the dashed lines the injection time satisfies tinj  v   25  v / c  mins ,
2

while for the solid lines tinj  v   0 .
In summary, we have examined analytically the evolution of the beam-like SEPs in
interplanetary space by solving the focused transport equation at small pitch angles with a
constant focusing length and a constant pitch angle diffusion coefficient. With an instantaneous
injection of monoenergetic SEPs near the Sun, the model is successful in accounting for the
commonly observed features during GLE onsets including the spike-like time-intensity profiles
of the Reid-Axford form and the anisotropic nature of SEPs characterized by a Gaussian pitch
angle distribution with a width that increases with time. By assuming an extended injection
profile with the shape of an isosceles triangle, we fit the onset phase data of the 20 January 2005
GLE event to our model. The derived duration of injection is ~ 4 minutes, in agreement with the
~ 6 minutes duration given by McCracken et al. (2008) using scatter-free transport. Our twominute shorter duration of the injection profile comes from our taking into consideration the nonvanishing scattering effect in our transport model. The derived scattering mean free path is ~ 4
AU, one order of magnitude larger than the upper limit (0.3 AU) of the Palmer “consensus”
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(Palmer, 1982) but consistent with our assumption of nearly scatter-free transport. We note that,
in Chapter 3, we shall estimate the particle mean free paths based on the break energy of the
double power-law differential fluence spectra of SEP events. The derived mean free path is
~0.06 AU for protons of ~ 10 MeV, slightly smaller than the lower limit (0.08 AU) of the Palmer
“consensus” but consistent with the mean free path calculated by the standard quasi-linear theory
with magnetostatic slab turbulence (Jokipii 1966). In contrast, the mean free path we derived for
relativistic protons (4 AU) is much larger than the result from the standard quasi-linear theory.
Chandran (2000) recalculated the scattering rates with a Goldreich-Sridhar spectrum (Goldreich
& Sridhar 1995), which has significant power concentrated in modes perpendicular to the
background magnetic field direction, and suggested that the result calculated using slab
turbulence overestimates the scattering rates significantly. Therefore where small particle mean
free paths occur in interplanetary space, it is probably not due to proton scattering by ambient
MHD fluctuations described by the GS spectrum but due to fluctuations generated by streaming
protons. Considering this aspect, our derived mean free path for relativistic protons (4 AU) may
not be unreasonable and our derived mean free path for ~ 10 MeV protons (0.06 AU) may be an
indicator that the intensity of interplanetary waves resonant with protons of ~10 MeV are
noticeably amplified by streaming protons as we shall discuss in Chapter 4.
Our work does not address whether there are two distinctly different acceleration/injection
processes near the Sun in GLE events, but demonstrates that a transition from the anisotropic
onset to an isotropic phase can be a natural consequence of interplanetary transport regardless of
the injection profile. If the mean free paths of the isotropic particles are reduced compared to the
nearly scatter-free particles, possibly due to the amplification of the ambient turbulence by the
accelerating SEPs, a time-intensity profile featuring two distinct phases forms naturally. We have
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illustrated how the profile varies with the radial distance between the observing spacecraft and
the Sun.
We note that Strauss et al. (2017) also modeled the spike-like shape of GLE onsets using
numerical and analytical models. They found that there is a linear relation between the rise and
decay times. By choosing different parameters to model the transport of GeV protons, they can
reproduce a wide spectrum of profiles with the rise and decay times ranging from ~10 hours
featuring the diffusive transport of SEPs to ~ 10 mins featuring the anisotropic onset phase of
large GLE events. Their work supports our conclusion that the spike-like time-intensity profile
arising from the beam-like particles during event onsets can be a natural result of interplanetary
transport regardless of the acceleration and injection process near the Sun. Because of this,
Strauss et al. (2017) suggested that a classification distinguishing between impulsive and gradual
events based on the profile observed at 1 AU may be superfluous.
Finally we emphasize that as the observing point gets closer to the Sun, the effect of delayed
event onset as a function of energy also becomes more and more obvious. A proton of ~ 50 MeV
has a speed of approximately 0.3 c . It will take them about 1 hour and a half to travel 1 AU,
much longer than the delayed injection time (8.5 mins) of relativistic protons. Therefore the
hardest spectra are observed during the rising edge of a GLE onset (Morgan et al. 2013) at 1 AU,
which suggests that relativistic energy protons arrive at Earth earlier than lower energy protons.
However, the situation shall reverse when Parker Solar Probe records the spectra at tens of solar
radii. It will be very interesting to observe the structure of SEP events and explore particle
acceleration and transport close to the Sun.
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CHAPTER 3

SCATTER-DOMINATED INTERPLANETARY
TRANSPORT OF SOLAR ENERGETIC PARTICLES IN
LARGE GRADUAL EVENTS AND THE FORMATION
OF DOUBLE POWER-LAW DIFFERENTIAL

FLUENCE SPECTRA OF GROUND LEVEL EVENTS
DURING SOLAR CYCLE 23

3.1 Introduction
Solar energetic particle (SEP) events are commonly classified into two categories: the socalled large “gradual” events, in which the primary accelerators are shocks driven by fast coronal
mass ejections (CMEs), and small “impulsive” events, in which particles are accelerated at sites
associated with flares. Compared with impulsive events, gradual events are generally more
intense long-lasting events that inject SEPs over a much broader range of longitudes. Gradual
events are of great practical importance since they are responsible for most space weather
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disturbances of Earth‟s magnetosphere and upper atmosphere. The shock origin also makes
gradual events productive opportunities for refining our understanding of shock acceleration as
well as particle transport.
At a CME-driven shock, ions are injected into the shock acceleration process. Upstream of the
shock, hydromagnetic waves are exited at the resonant frequencies due to a streaming instability
driven by the accelerating protons that attempt to escape upstream with a super-Alfvénic
streaming velocity (Bell 1978). In the sheath, proton-excited waves produce the short scattering
mean paths essential for SEPs to be accelerated sufficiently rapidly to overcome adiabatic
deceleration, upstream escape possibilities, and limited acceleration time. The scatter-dominated
ions may be accelerated up to ~10 GeV by a combination of the first-order Fermi process and
shock drift acceleration (Jokipii 1982). In gradual events, the particles first observed are those
that escape from the turbulent sheath with the help of the outward magnetic mirror force
associated with the interplanetary magnetic field and stream nearly scatter-free to Earth orbit.
After the shock weakens significantly or passes Earth orbit, particles eventually fill the inner
heliosphere through enhanced diffusion due to the decaying turbulence while they adiabatically
cool in the solar wind.
The power-law spectrum of the accelerated ions is one of the essential properties of planar
stationary diffusive shock acceleration for ion injection at low energies. At high energies for
nonplanar or time-dependent shocks, the spectrum is expected to be modified by an exponential
rollover as a result of particle losses by escape, particle adiabatic deceleration, or limited shock
lifetime. In gradual events, ion spectra observed at 1 AU clearly evolve with time (Tylka et al.
2000, 2005). However, observations of event-averaged/integrated SEPs for many species over a
broad energy range (~0.1 to ~100 MeV/nuc) during Solar Cycle 23 reveal that large SEP events
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usually have power-law spectra below a few MeV/nuc followed by spectral breaks or rollovers at
higher energies (Cohen et al. 2005; Tylka et al. 2005; Mewaldt et al. 2005, 2008). In studies of
the five large SEP events during October-November 2003, Mewaldt et al. (2005) suggested that a
double power-law form did a better job of fitting the differential fluence spectra than the “power
law  exponential” spectral form proposed by Ellison & Ramaty (1985).
In some of the largest gradual SEP events, the intensity of GeV protons is sufficiently large
to rise detectably at ground level above the galactic cosmic ray background. These events are
known as Ground Level Events (GLEs). Mewaldt et al. (2012) found that, from ~0.1 MeV to
several hundred MeV, the proton differential fluence spectra of all 16 GLE events during Solar
Cycle 23 can be well fit by a double power-law form (Band et al. 1993) as

dF / dE  CE 1 exp   E / E0  for E    2   1  E0 ;
dF / dE  CE  2   2   1  E0 

  2  1 

exp   1   2  for E    2   1  E0 ,

(31)

where F is fluence, E is kinetic energy, C is a normalization constant,  1 is the low-energy
power-law slope,  2 is the high-energy power-law slope, and E0 is the break energy. At higher
energies (~0.5 GeV), GLE spectra typically steepen further. The purpose of this Chapter is to
account for the form of the differential fluence spectra of these 16 events. Selected properties and
relevant parameters of the events are listed in Table 3.1.
Because of the unique parameters describing the shock acceleration and interplanetary
transport of each gradual event, it is quite intractable to give a universal description of what
determines the spectral variability. The SEPs observed throughout a gradual event arise from a
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sequence of different magnetic flux tubes. In each magnetic flux tube, the distribution of SEPs
results from a superposition of the transport-modulated ions injected at the moving shock. At an
evolving CME-driven shock near the Sun, the shock obliquity, the compression ratio, and the
important transport parameters may change rapidly with time  t  and heliocentric radial distance

 r  . At an interplanetary shock where the shock parameters become relatively stable due to its
large spatial scale, the shock obliquity and the particle intensity at the shock front can still be
affected by some subtle factors such as local variations in solar wind parameters and the
resulting shock front warps (Neugebauer & Giacalone 2005). It is worth noting that the magnetic
field morphology may also vary from event to event. A well-analyzed example is the 2001
September 24 event in which the interplanetary magnetic field lines were draped around the
flank of the preceding CME that was launched 3 days before the primary CME. The field lines
compressed at the nose of the preceding CME formed a „magnetic bottleneck‟ and served as a
transient reflecting boundary for interplanetary transport of SEPs (Tan et al. 2008).
Though numerous uncertainties are involved in the formation of the SEP spectra of gradual
events, several global factors have been systematically analyzed and applied to interpret the
observed spectral features:
1) Cane et al. (1986, 2003, 2006) suggested that interplanetary shocks are the controlling
agents for the asymmetric distribution of SEPs in longitude. As a result, SEP intensity-time
profiles can be organized as a function of the heliolongitude of the associated flare. Western
events tend to have a prompt onset followed by a gradual decay while eastern events usually
increase slowly followed by the peaking of ion intensities at the passage of the associated
interplanetary shock; central meridian events show intermediate profiles. One evident influence
of interplanetary shock acceleration on SEP spectra is that locally accelerated populations
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steepen the proton spectra and reduce the Fe/O ratio at energies of tens of MeV/nuc (Cane et al.
1986, 2003).
2) Reames (1990) found that many large events have an intensity plateau caused by the
regulation of ion escape from the vicinity of the shock by proton-excited waves. At a travelling
shock where the shock strength remains high, the proton-excited waves diffusively trap ions and
limit the fraction of ions that escape the shock upstream, throttling the SEP intensities at the
„streaming limit‟ (Ng & Reames 1994; Ng et al. 2003; Vanio 2003; Lee 2005). Reames & Ng
(2010) showed that, in some of the largest GLEs, ion spectra at low energies (<10 MeV/nuc) are
strongly suppressed in the plateau phase. They suggested that the suppression is due to the
resonance of low-energy ions with the intense waves generated by higher-energy protons that
have preceded them in the upstream region.
3) Tylka & Lee (2006) proposed a shock-geometry hypothesis in which flare seed particles
are favored over those injected out of the thermal or suprathermal solar wind at quasiperpendicular shocks, whereas the reverse is the case at quasi-parallel shocks. By averaging the
differential intensity of shock-accelerated ions over different ranges of the shock normal angle,
they reproduced the key spectral and compositional characteristics above ~ 1 MeV/nuc.
There is no doubt that all the factors mentioned above contribute to shaping the proton
differential fluence spectra of the 16 GLE events of Solar Cycle 23. Nevertheless, in this Chapter
we focus on the role of interplanetary propagation in determining the observed properties of the
differential fluence spectra. Compared with ordinary gradual events, GLEs are presumably better
probes of shock acceleration close to the Sun where particles achieve higher energies; these
particles spend sufficient time in interplanetary space before they arrive at Earth orbit to reveal
the effects of interplanetary transport. Gopalswamy et al. (2012) showed that, in all of the 16
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GLE events, the CME height at the time of the metric type II burst is ~1.5 solar radii from Sun
center where the shock acceleration is extremely rapid due to the strong magnetic field. Mewaldt
et al. (2012) found that GLEs have significantly harder spectra above the break energy than large
non-GLE events and that 9 of the 16 GLEs are Fe-rich in the 45-80 MeV/nuc interval. Six of the
nine events have the associated flare location between W20 to W90, which generally implies
optimal magnetic connection between the observer and the particle sources in the low corona.
These observations may be evidence that the proton fluence of well-connected GLE events is
dominated at energies above tens of MeV by populations accelerated near the Sun.
The goal of this work is to account for the formation of the double power-law spectrum with a
power-law source characteristic of shock acceleration and scatter-dominated transport described
by the Parker transport equation (Parker 1965). In Section 3.2, we present the mathematical
description of the differential fluence. We show that, through transport modulation, SEPs with a
single power-law spectrum released close to the Sun exhibit at 1 AU three different spectral
slopes depending on their energy. In Section 3.3, we select nine events out of the 16 GLEs
during Solar Cycle 23. The selected events are generally western Fe-rich events, presumably less
influenced by the extended acceleration at interplanetary shocks than near-central meridian
GLEs. We fit the observed proton differential fluence spectra of the nine GLEs to the analytical
predictions. We find that the derived compression ratio of the accelerating shock wave, the
power-law index of the ambient wave intensity, and the proton radial scattering mean free path
are generally reasonable; the model is successful in accounting for the observed spectral features.
In Section 3.4 we enumerate the limitations of the model and discuss the influence of diffusive
shock acceleration in interplanetary space on the SEP spectra observed in near-central meridian
GLEs. In Section 3.5 we summarize our conclusions.
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3.2 The Model
3.2.1 Governing Equations
Ion transport in ambient solar wind is conventionally characterized by low wave
intensities in the resonant frequency range and by large scattering mean free paths parallel to the
ambient magnetic field. However, in large gradual events, particle streaming tends to decrease
rapidly within a few hours of the event onset and ion anisotropies are generally small after an
initial increase (Reames et al. 2001; Tan et al. 2007). Ng et al. (1999, 2003) suggested that the
rapid decrease of streaming is due to the local Alfvén-wave growth, which may significantly
reduce the scattering mean free paths of ions even near or beyond 1 AU. Mason et al. (2006) also
confirmed the existence of strong interplanetary scattering by showing that, for heavy ions at ~10
MeV/nuc, scattering dominates the temporal evolution of the intensities observed at 1 AU. Based
on the above studies, we neglect in our model the early phase of SEP events when streaming is
large and consider SEPs to be nearly isotropic in large gradual events.
Recent studies (Dalla et al. 2013; Marsh et al. 2013) calculated in detail the drift velocity for
protons of 100 MeV as a function of heliocentric radial distance and heliolatitude. Their work
pointed out that drift transport in the Archimedes spiral magnetic field can be an effective source
of cross-field transport for high-energy SEPs, particularly at large solar radii and high latitudes.
Since we focus on the propagation of SEPs between the Sun and 1 AU near the ecliptic plane
where the magnetic field is strong and its curvature not significant, we neglect in our model the
curvature of the Archimedes spiral magnetic field and drift transport. We consider a radial
constant solar wind with speed Vsw and a radial mean interplanetary magnetic field B  r 2 . The
interplanetary transport of energetic ions on a radial magnetic flux tube is usually treated using
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the focused transport equation (Roelof 1969; Earl 1981; Ruffolo 1995; Isenberg 1997). We
derive in Appendix C that, with sufficient interplanetary scattering, the focused transport
equation can be simplified to the following form (Parker 1965a) for SEPs characterized by
particle speeds v

Vsw

f
f 1   2 f  2Vsw f
 Vsw

p
 uinj  r , p, t  ,
r K 
t
r r 2 r 
r  3r
p

(32)

where f  r , p, t  is the omnidirectional distribution function of a particular species within a
radial flux tube, p is particle momentum magnitude, uinj is a source, and K is the radial
diffusion coefficient given by
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where MFP is the radial scattering mean free path,  is the cosine of the particle pitch angle,
and D is the pitch angle diffusion coefficient.
Assuming a spectrum of parallel propagating Alfvén waves, D can be related to
interplanetary turbulence through quasilinear theory as (Jokipii 1966; Lee 1982)
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 v 

(34)
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where  [ QB /   Mc ] is the particle gyro frequency, M is particle mass, Q is particle
charge,  is the particle Lorenz factor, and I  k  is the wave intensity defined in terms of
wavenumber k as

B

2



  dk I  k  ,

(35)

-

where  B is the fluctuating value of the interplanetary magnetic field. We take  B  r 3
2

following the WKB model of wave propagation in the solar wind (Parker 1965b; Hollweg 1973).
For the energy range in our study, k is located in the inertial range of solar wind turbulence.
Thus we take

I  k   r 3k  ,

(36)

where  is the spectral slope of the wave intensity. From equations (33), (34), and (36), it can be
readily shown for non-relativistic particles

K (r , p)  K0 p r  ,

(37)
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where   3   ,   3  2 , and K 0 is a constant. Presumably the interplanetary magnetic field
fluctuations exhibit a Kolmogorov like spectrum (  ~ 5 / 3 ) in the inertial range. To allow for
spectral variation in the inertial range and modifications due to SEP wave excitation, we restrict

 to the range 1    2 , i.e. 1    2 and 1    1 . It should be mentioned that
Kolmogorov‟s theory is based on the hypothesis of locally isotropic and homogeneous
turbulence. However, magnetic fluctuations in the inertial range of solar wind turbulence tend to
be directed perpendicular to the mean magnetic field (e.g., Goldstein, Roberts, & Matthaeus,
1995), which is due to the intrinsic property of MHD turbulence that, as energy cascades from
large to small scales, power concentrates in modes perpendicular to the background magnetic
field direction (Goldreich & Sridhar 1995, 1997). Turbulent fluctuations with wave vectors that
are nearly perpendicular to the ambient large-scale magnetic field are inefficient at scattering
SEPs in interplanetary space as well as galactic cosmic rays in the interstellar medium (e.g., Vӧlk
et al. 1974 , Chandran B. D. G 2000)
Notice that equation (32) applies to a single magnetic flux tube in the absence of drift and
diffusive transport normal to the magnetic field, as we have assumed. Throughout a SEP event, a
spacecraft samples a series of „corotating‟ flux tubes that connect the observer to regions of
different heliolongitudes in the inner heliosphere. The shock parameters may vary systematically
over such a longitude span. To proceed analytically, we assume that K and uinj are spherically
symmetric about the Sun whereby the differential fluence arising from the corotating flux tubes
is equivalent to that arising from a single flux tube. This simplification, generally reasonable for
well-connected gradual events due to the usually broad longitude extent of the CME and shock,
may be less reliable for poorly connected events since the shock parameters are more sensitively
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dependent on longitude at the distant flanks than near the nose of the shock. We shall return to
this issue in Section 3.4.
Considering a SEP event that starts at t1 and ends at t2 , the differential fluence in units of ions

cm2 sr 1 MeV 1 can be written as

dF / dE  p 2 f ,

(38)

where f   fdt . Integrating equation (32) over t1 , t2  , we obtain
t2

t1

Vsw

f 1  
f
 2  K 0 p r   2
r r r 
r

where U  r , p   16 r p
2 2

2



t2

t1

 2Vsw  f
U
p

,

p 16 2 r 2 p 2
 3r

uinjdt is normalized as



r

0

(39)

p

dr  dpU  r , p   N

with N  r , p 

0

being the total number of particles injected within the sphere of heliocentric radius r with
momentum magnitude up to p . We have used the condition f  t1   f  t2   0 since an “event”
must start and end with vanishing particle intensity.
The Green‟s function G  r , p; r0 , p0  of equation (39) satisfies
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Vsw

G 1  
G  2Vsw G   r  r0    p  p0 
.
 2  K 0 p r   2
p


r r r 
r  3r
p
16 2 r02 p02

(40)

Under the boundary conditions that G  0 as r   and that G is finite as r  0 , solutions of
equation (40) are given by Webb & Gleeson (1974): if   1

2
 R 2  R02   RR0 
3
 R0  R0
G
exp

I 
 
,
64 2Vsw p03 r02 j  1  R  T
4T  j  2T 

j

where R  2 1   

1

 rp 
3/2

1   /2

(41)

, R0  R  r0 , p0  , j  1    / 1    , and I j is the modified

Bessel function of the first kind, not be confused with the wave intensity I  k  defined in
equation (35); if   1 ,

   R0  R  2T 2 
3
1
G
exp 
,
64 5/2Vsw p03r02 T
4T



(42)

where R   ln  21/2 rp 3/2  and R0  R  r0 , p0  . In both cases, T  3K 0  p0  p    2Vsw   , and
1

     3 / 2 1    .
The differential fluence can be calculated by convoluting the Green‟s function with the source
function as
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p

0

dF / dE  p 2 f  p 2  dp0  dr0U  r0 , p0  G  r , p; r0 , p0  .

(43)

3.3.2 Proton Differential Fluence Spectra Arising from a Power-law Source
Injected near the Sun
We focus on the proton differential fluence spectra observed at 1 AU for the 16 GLEs in
Solar Cycle 23 over the energy range from 0.1 MeV to several hundred MeV. In this energy
domain, we assume that the shock may be taken initially to be planar and stationary for proton
acceleration since ~GeV protons are usually released soon after CME initiation in GLE events
(Kahler 1994; Reames 2001). We consider a simplified scenario in which a proton population is
accelerated by a stationary planar shock and injected impulsively at r  rs , where rs

1 AU

indicates the shock‟s approximate position. Since the proton differential fluence spectra of all 16
GLEs can be well fit by a double power-law form, we reasonably assume that, early in a GLE
event, the high-energy spectral rollover of the injected protons does not occur within the energy
range of our study. Correspondingly, we restrict U  r , p  to have the form

U  r , p   p    r  rs  ,

(44)

where  is the power-law index of the shock-accelerated protons. Following the shock
acceleration model by Lee (1983), we take   3 X  X  1  2 with X the shock compression
1
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ratio. Although idealized, the impulsive source injection at rs

1 AU is not unrealistic for high-

energy SEPs in well-connected GLE events: the acceleration efficiency usually decreases rapidly
as the shock moves outward and its strength weakens, and Reames (2009) showed that the height
of the shock at the time of initial solar particle release is generally below 4 solar radii for western
GLEs. At low energies where the diffusive shock acceleration in interplanetary space is not
negligible, extended injection of energetic protons should be included in the source term.
Consequences of extended acceleration will be addressed later.
Since our objective is to determine the dependence of differential fluence on p and r , we
ignore all constant factors in equation (41) and obtain

G (r , p; r0 , g )  r

1   /2

p   3 g

   3/4  3  

1  g 

 1

1
1   /2    3/4 (1-  )
 I 1  2C  r0 / r 
g
1  g   



1 



1- 
 exp -Cg   g 3/2(1-  )   r0 / r   1- g  



1

(45)

,

where C   2 / 3 (1-  )2 Vsw rK 1 and g  p / p0 ranging from 0 to 1. From equations(43), (44),
and (45), we have

dF / dE  r

1   /2

1

p    dgg
0

   13   /4

1  g 

 1





1
1
1- 
  3/4 (1-  )
3/2 (1-  )
 I 1   Dg  
1  g    exp -Cg   g  
  rs / r   1  g   ,





1 
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(46)

where D  2  rs / r 

1   /2

C.

In Appendix D, we develop an approximate analytical solution for equation (46) by
simplifying and evaluating the integral near g0 where the integrand is maximized. The solution
is

dF / dE  r 1  p  

if
1

 r 2(1  )( 1)  p   ( 1) 
r

 2  4  /3

1

p 

Vsw r / K  r, p 

if 1

 r / rs 
2/3 
 r / rs   .

Vsw r / K

if Vsw r / K

1
2/3 

(47)

Equation (47) shows that the differential fluence spectrum of SEPs arising from a power-law
source injected near the Sun exhibits at 1 AU approximately three distinctive power laws for
different energy ranges. A high-energy spectral break occurs at Vsw r / K ~ 1 due to the transition
from a higher energy regime ( Vsw r / K

1), where particles diffuse out so fast that the effect of

adiabatic cooling is negligible, to a lower energy regime ( Vsw r / K

1 ) where adiabatic

deceleration becomes important. The solution also predicts a low-energy spectral break at
Vsw r / K ~  r / rs 

 2/3 

, below which solar wind convection dominates diffusion in interplanetary

transport since particles satisfying Vsw r / K

 r / rs 

2/3 

are frozen into the solar wind once

being injected at rs .
We note that Vsw r / K , the solar modulation parameter, conveniently describes the integral
effects of transport modulation on SEPs as a function of (1) the solar wind speed, (2) the
diffusion coefficient, and (3) the size of the heliosphere. The power-law relation
dF / dE  r 1  p   in the high energy regime ( Vsw r / K
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1) can be recovered illustratively if

we consider the particle transport to be governed by equation (50) in which the solar wind
convection and adiabatic cooling effect are neglected. On the other hand, if the stochastic
diffusion in the Parker‟s transport equation is neglected, equation (32) is reduced to a first-order
partial differential equation, with which the power-law relation dF / dE  r  2  4/3 p  in the
lowest

energy

range
1

can

dF / dE  r 2(1 )( 1)  p   ( 1) 
(1

Vsw r / K

 r / rs 

2/3 

1

be

recovered.

The

power

law

relation

consists of particles from the mid energy range

), the transport of which is initially dominated by diffusion in the

inner heliosphere when r is small but later dominated by solar wind convection when r is large.
A convenient calculation by treating particles with equation (50) in the inner heliosphere where
Vsw r / K  1 and neglecting the diffusion term when Vsw r / K  1 is sufficient to illustrate the
1

1

essence of the formation of the power law relation dF / dE  r 2(1 )( 1)  p   ( 1)  .
We compute dF / dE numerically using Eqs. (41), (43), and (44) and compare the results with
our analytical predictions. Figure 3.1 is the log-log plot of dF / dE versus E / E  for   1.5 ,

  4 , and three values of rs / r . The constant E  satisfies Vsw r / K  r , E  1 . The quantity
dF / dE is normalized such that dF / dE  1 at E / E   1 , the position of which is denoted in the
figure by an up arrow. The down arrows denote the energies at which Vsw r / K   r / rs 

E / E    rs / r 

 4/3  1

 2/3 

, i.e.

, for the three choices of rs / r . The dashed lines indicate the spectral

slopes given by equation (47). There is general agreement between the numerical and the
analytical results for Vsw r / K

1 and Vsw r / K

 r / rs 

2/3 

. In the intermediate energy range, it

is not surprising to see worsening agreement for larger values of rs / r since the analytical
approximation in equation (D5) relies on the integral being dominated by the integrand evaluated
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over [ g1 , g 2 ], where  rs / r 

 2/3 

g1  g 2

1 . As rs / r becomes larger, the assumption has

increasingly poor validity due to the shrinkage of the interval [ g1 , g 2 ].

FIG. 3.1. Normalized differential fluence vs. E / E' for three values of rs / r as indicated, and
for representative parameters listed in the text. The up arrow indicates the energy at which
 2 / 3 χ
Vsw r / K＝1 . The down arrows indicate the energies at which Vsw r / K＝ r / rs 
for the three
choices of rs / r . The dashed lines show the spectral slopes of the analytical predictions.

We now estimate the valid energy range of our model. We define the event-integrated

 

differential anisotropy as A  3S v f

1

, where S , the radial differential (in p ) flux density
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integrated over the SEP event, is given by S  31Vsw p  f / p  K  f / r (Gleeson &
Axford 1967). Using dF / dE  p 2 f , we rewrite A as


  dF / dE 
  dF / dE 
p
3K
V 
.
A    sw  
 2 
p
r
 v    dF / dE 
 v  dF / dE 

Taking

dF / dE  r  0 p 0

with

α0

and

β0

positive

(48)

constants,

we

find

A   2   0 Vsw v 1  0MFP r 1 . We note that MFP   p 1r   increases with increasing v

following our choice of 1    2 ( 1    2 ). Therefore A first decreases with increasing v as

A   2  0 Vsw v1 for Vsw r / K

1 and then increases as A  0MFP r 1 for Vsw r / K

the framework of equation (39), A must satisfy A
is constrained to energies from Vsw v 1

1 to MFP r 1

1 . Within

1 . Therefore the validity of equation (47)
1 approximately. The large A at low

energies is due to the motion of the observer relative to the reference frame of the solar wind in
which ion distributions are nearly isotropic. At high energies ( Vsw r / K

1 ), the proportionality

between A and MFP arises from the fact that particles can scatter across the surface at r
multiple times through diffusive transport and that the number of crossings depends inversely on

MFP .
We can quantitatively relate the number of crossings to A  r, p  in the energy regime

Vsw r / K

1 where the adiabatic energy loss of particles is negligible. We define NC  r,r0 , p0 
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as the number of crossings at r by a particle injected at r0 with momentum magnitude p0 . With
our spherically symmetric model, we can obtain N C by injecting „1‟ monoenergetic particle at r0
and integrating dF / dE over all energies and over the spherical surface at r . The eventintegrated distribution function of such a „single‟ particle is given by the Green‟s function G in
equation (40). Using dF / dE  p 2G , we have

NC  r , r0 , p0   16 2 r 2 



0

p 2G  r , p; r0 , p0  vdp .

(49)

We also note that, due to adiabatic deceleration in the solar wind, the particle in principle suffers
energy loss and crosses the surface each time with different remaining energy. However, for
high-energy particles whose energy losses are negligible a particularly simple expression of G
obtains by retaining only the diffusion term on the left-hand side of equation (40), which yields



 ( p  p0 ) (r  r0 )
1 
   2 G 
.
 K0 p r

2
r r 
r 
16 2 r02 p02

(50)

With the same boundary conditions as equation (40), the solution of equation (50) is
G     1  ( p  p0 ) / 16 2 K 0 p0  2 r0  1 
1

for

r  r0

,

and

G     1  ( p  p0 ) / 16 2 K 0 p0  2 r  1  for r  r0 . We readily obtain from equation (49) that
1

for r  r0
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1
,
N CD  r, p   3    1 r MFP
1

(51)

where we have replaced p0 by p since there is no energy loss. The additional subscript “D”
refers to this simplified scenario where diffusion dominates solar wind convection. Note that

NCD  r, p  does not depend on r0 and has a direct bearing on A  r, p  . From equations (47) and
(48) we have A     1 MFP r 1 for Vsw r / K

1 , which satisfies approximately A  3 / NCD .

We note that the number of crossings at r of a given energetic particle in a SEP event must be
an odd integer for the particle to eventually diffuse or be convected out. Equations (49) and (51)
shall be interpreted as the average number of crossings within the framework of equation (39).
At even higher energies where the condition MFP r 1

1 breaks down, equation (39) is not a

valid description of the event-integrated distribution function. If MFP r 1

1 , all the particles

stream out of the inner heliosphere and cross the spherical surface at r only once. The
differential fluence in this case can be calculated by conservation of particles as

 dF / dE S  16 2 r 2 



r

0

1

dN / dE , where the subscript “S” refers to the streaming particles. Using

p

dr  dpU  r , p   N and U  r , p   p    r  rs  , we obtain for r  rs
0

 dF / dE S ＝16 2 r 2   dp / dE  0 dr 'U  r ', p 
1

r

 p  1r 2 .
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(52)

We now address the relation between  dF / dE S and dF / dE  p   r 1  as given by
equation (47) for Vsw r / K

1 . It can be readily verified that dF / dE   dF / dE S NCD , where

N CD   p1 r1   is given by equation (51); the spectrum of the nearly isotropic particles in the
energy range Vsw r / K

1 is softer than the spectrum of the streaming particles due to the

multiple-crossing effect.

3.3 Fitting The Selected Western GLE Events of Solar Cycle
23 with The Model
Despite the fact that the proton differential fluence spectra of all 16 GLEs in Solar Cycle 23
can be well fit by the double power-law form of equation (31) from 0.1 MeV to 500-700 MeV,
their relative element abundances and spectral properties exhibit systematic variations according
to the event source region. We note that the average 5-12 MeV/nuc Fe/O value for large SEP
events is 0.134 (Reames 1995). It can be seen from Table 3.1 that near-central meridian GLEs
tend to be Fe-poor (Fe/O<0.134) at tens of MeV/nuc and have particularly steep high-energy
spectral slopes (large  2 ); both features are indicators of the strong influence of interplanetary
shocks and in situ shock-accelerated populations (Cane et al. 2003, 2006). We do not attempt to
account for the spectral features of the near-central meridian events with our model since these
events are probably dominated at the break energy by diffusive shock acceleration in
interplanetary space, which does not satisfy rs / r

1 . We shall discuss the formation of the

double power-law spectra in near-central meridian events in Section 3.4.
Among the 16 GLEs, nine events have Fe/O>0.134 in both the 12-45 MeV/nuc and 45-80
MeV/nuc intervals. They are also identified by Cane et al. (2010) as Fe-rich events with minor
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influence of a shock-associated enhancement for protons of tens of MeV. For these events, it is
reasonable to posit that the observed spectral break occurs at Vsw r / K ~ 1 , and that the spectral
slopes  1 and  2 are correspondingly given by the analytical predictions in equation (47) for
1

Vsw r / K

 r / rs 

2/3 

and Vsw r / K  r , p 

1 . We shall confirm this hypothesis a posteriori.

Following the choice of parameters in Figure 3.1, we find that the low-energy spectral break
Vsw r / K   r / rs 

 2/3 

occurs at E / E   4.6 106 for rs / r  0.01 and at E / E   2.2 103 for

rs / r  0.1 . The quantity E  ranges from ~3 to ~30 MeV in the nine selected events. Thus, the
predicted low-energy spectral break is not observed in the energy domain of the double powerlaw spectrum presumably because it occurs below 0.1 MeV.
Following equation (47), we determine  and  for the nine selected GLEs by requiring
1
 1     3    (  1)  2   / 2 and  2   3     / 2 . The wave spectral index  must



satisfy 1    2 , the prerequisite for the calculations in Section 3.2. The proton source spectral
index,   3 X  X  1  2 , should satisfy   2 since the shock compression ratio X  4 . For a
1

given pair of  1 and  2 , there are two solutions of  and  , but only one of them meets the
conditions mentioned above. We use the qualified solution to derive X . We estimate the Alfvén
Mach number using M A  X ( X  5) / [2(4  X )] , which applies for a perpendicular shock in
the limiting case that the plasma beta vanishes. We also estimate the mean free path MFP for
protons with the break energy E0 by taking Vsw r / K ( E0 , r )  1 at r  1 AU . Vsw is taken to be
400 km/s. These parameters, determined for each selected event, are summarized in Table 3.2.
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In Figure 3.2 we present the histograms of X , M A  , MFP ,  ,  , and  , for seven of the nine
events in Table 3.2. The 1997 November 6 and 1998 May 2 events are not included in the
histogram since the observed spectral properties and the derived transport parameters of them
deviate obviously from the remaining events. The average value of  for the seven events is
close to 5/3, the Kolmogorov spectral index. Since the Alfvén speed is much faster in the low
corona than at 1 AU, it is not surprising that the average shock compression ratio is 2.2, not as
large as what is expected for a strong CME-driven shock at 1 AU. It is difficult to give an
estimate of the Alfvén Mach number near the Sun since both the CME speed and the Alfvén
speed vary rapidly with height within a few solar radii of the photosphere. If we consider a
typical GLE event where a CME accelerates from ~800 km/s at the type II onset to its maximum
speed ~2000 km/s before the deceleration starts (Gopalswamy et al. 2012), the Alfvén Mach
number is between 1.6 and 4 for a characteristic Alfvén speed ~500 km/s near the Sun. The
average value of MFP is ~0.03 AU for protons of ~10 MeV at 1 AU, consistent with our scatterdominated transport model that requires MFP r 1

1 . The “Palmer consensus” (Palmer 1982)

range for the scattering mean free path parallel to the Archimedes spiral field is

  0.08  0.3 AU for particles over a wide range of rigidity ( 5 104  5 GV) at 1 AU. Since
we have assumed a radial magnetic field, MFP is the radial mean free path and is usually related
to  by   MFP / cos2 , where   r  is the angle between the radial direction and the spiral
field direction. We take cos 2  1 / 2 at 1 AU and obtain  ~ 0.06 AU . Though slightly smaller
than the lower limit of the Palmer consensus, the derived  is not unreasonable for the seven
selected GLEs, which, compared to ordinary SEP events, have apparently longer acceleration
duration and larger event fluence that may introduce enhanced turbulence in interplanetary
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space. Wanner & Webberenz (1993) showed that, depending on the momentary fluctuation
levels in the interplanetary field, mean free paths can easily vary by a factor of 10 from quite
periods with little turbulence to periods with enhanced turbulence. Given the simplicity of the
model, we are satisfied that the fit parameters are generally in reasonable ranges.

FIG. 3.2. Histograms of (a) X , (b) M A  , (c) λMFP , (d) η , (e) α , and (f) β determined for
seven of the 16 GLE events of Solar Cycle 23. The parallel scattering mean free path is for
protons of the break energy E0 at 1 AU.

We compare observations with our theoretical spectra numerically calculated using
equations (41), (43), and (44) for r0 / r  0.01 and for the derived parameters listed in Table 3.2.
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The proton differential fluence measured by ACE/ULEIS, SAMPEX/PET, and GOES-11 during
the 2001 April 15 and 2002 August 24 GLE events are shown in Figure 3.3 (for details, see
Mewaldt et al. 2012). In both panels the best-fit Band function for the event (Mewaldt et al,
2012) is plotted as the dashed line. The up arrow indicates the break energy E0 . The solid line
shows the numerically calculated dF / dE , which is normalized to have the same value as the
best-fit Band function at E  100 MeV . In addition, the parameters are chosen to satisfy

Vsw r / K  1 at E  E0 . We match the numerical solution and the Band function at E  100 MeV
because our calculation is based on a power-law source injected near the Sun. The solution does
not attempt to capture the complexity of the extended acceleration and injection of SEPs at the
expanding coronal/interplanetary shock, but should be sufficient to illustrate the effects of
scatter-dominated interplanetary transport on the SEP populations that are injected early in the
event. We note that both events in Figure 3.3 originate from the west limb of the Sun. West-limb
events are presumably less influenced by interplanetary shocks than well-connected and nearcentral meridian GLEs since the magnetic field line connecting the observer and the shock
moves rapidly toward weaker regions on the flank of the shock as the shock propagates outward.
Figure 3.3 shows that the observed spectra exhibit an abrupt spectral break at E0 , a feature
that can be well-fit by the Band function. Our solution, instead, steepens smoothly near E0 and
therefore cannot reproduce the sharp spectral transition at E0 . However, we note that, even
though both events in Figure 3.3 are west-limb events, the event-associated shock was detected
at Earth accompanied by an enhancement of protons up to ~1 MeV. It may be the extended
acceleration of energetic protons between the Sun and 1 AU that “lifts” the event fluence at low
energies and causes the sharpness of the spectral transition.
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FIG. 3.3 Numerically calculated dF / dE (solid curves) compared with observations of the April
15, 2001 and the August 4, 2002 events. In both panels, the dashed line shows the best-fit Band
function for the event. The up arrow indicates the break energy E0 . The numerical solution of
dF / dE is normalized to have the same value as the Band function at E  100 MeV . The data
was presented in Mewaldt et al. (2012). The specific data values were provided by Dick Mewaldt
(personal communication).

In Figure 3.4 we compare our solutions with the observations for the 2005 January 20 and
the 2006 December 13 GLE events, the CME source locations of which are W61 and W23 in
solar longitude, respectively. Due to the better magnetic connection between the observer and the
nose of the shock, extended acceleration presumably plays a more crucial role in determining the
event fluence at low energies for these two events than for the west-limb events in Figure 3.3.
For instance, early in the extremely large GLE of 2005 January 20, a short plateau phase is
observed, during which the intensities of protons from ~ 4 to ~ 20 MeV reach the low-energy
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streaming limit (Reames & Ng, 2010). Nevertheless, the time-intensity profiles of both events in
Figure 3.4 show a prompt onset followed by a slower decay for protons at and above tens of
MeV; the high-energy spectral slope of the differential fluence spectrum is probably still a valid
probe for shock acceleration near the Sun. We therefore again match our solution with the bestfit Band function at E  100 MeV . The obvious elevation of the data above the theoretical
spectrum at low energies may reflect the significance of extended acceleration at the travelling
shock in these events.

FIG. 3.4. Numerically calculated dF / dE (solid curves) compared with observations of the
January 20, 2005 and the December 13, 2006 events (see also the caption of Figure 3.3).

In view of the obvious complexity of particle acceleration at an evolving CME-driven
shock, involving the intrinsic time dependence of the shock strength, the magnetic obliquity of
the shock front, and the geometry of the magnetic connection to Earth, it is not appropriate at this
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stage to perform rigorous comparisons between the model and observations. Nevertheless, the
theoretical spectra in Figure 3.3 and Figure 3.4 demonstrate that, with characteristic transport
parameters, scatter-dominated interplanetary transport between the Sun and 1 AU “bends” the
injected power-law source at ~ 10 MeV and produces spectra that are reasonable facsimiles of
those observed. On the other hand, the theoretical spectra have less sharp spectral transitions than
the observations, which probably underlines the importance of extended acceleration in gradual
SEP events. As we shall discuss in the next section, extended acceleration may be the
dominating agent for the formation of the double power-law spectra in near-central meridian
GLEs.

3.4 Limitations of the model
To develop an analytically tractable model, we have made some approximations limiting
the adaptability of the model:
1) The proton differential fluence given by equation (47) is derived from a power-law source
impulsively injected at rs

r . A large gradual event usually features extended acceleration by

an evolving coronal/interplanetary shock. Early in a GLE event, the power-law source is a
reasonable approximation for the energy range in our study. As the CME decelerates and the
shock weakens, the effects of particle losses and limited acceleration time would need to be
taken into account, presumably resulting in a high-energy spectral rollover in the source
spectrum. The fluence arising from an evolving shock can in principle be computed using
equation (43) and employing a source function representing diffusive shock acceleration that
evolves with increasing radial distance from the Sun.
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2) We have neglected the Archimedes spiral magnetic field and calculated the differential
fluence with a spherically symmetric source injection, effectively ignoring drift transport and
spatial diffusion perpendicular to the magnetic field. As we have addressed, during a large
gradual SEP event, a spacecraft samples the corotating magnetic flux tubes that intersect the
shock at a sequence of heliolongitudes, over which the shock strength may vary systematically.
While the highest energy SEPs arrive at Earth orbit promptly after being injected near the Sun,
the travel-time delay of low-energy SEPs can be 1~2 days due to the dominant role of solar wind
convection in the transport of these particles to 1 AU; the azimuthal distance between the source
regions of the observed SEPs of different energies can be up to tens of degrees due to the solar
rotation rate of ~ 13 day1 . The systematic variation of the shock strength over such a
longitudinal extent becomes increasingly significant towards either flank of the shock. Thus, by
assuming spherical symmetry, we probably overestimate SEP fluences of west-limb events at
low energies relative to the fluences at high energies and underestimate the same ratio for nearcentral meridian events. It should, however, be noted that neglecting extended ion acceleration at
the travelling shock of a SEP event underestimates the event fluence at low energies, which may
be a compensating effect in our calculation for west-limb events. We also note that the neglected
spatial diffusion normal to the field contributes to „smearing‟ the asymmetric distribution of
SEPs in longitude.
3) Ion transport given by equation (32) requires a smooth average interplanetary magnetic
field with superimposed solar wind irregularities. Large scale disturbances such as CMEs,
shocks, and stream interaction regions complicate SEP transport. For example, in a SEP event
where a preceding CME drives an additional interplanetary shock, Alfvén waves are enhanced
upstream and downstream of both the interplanetary and the primary shocks, and reacceleration
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at multiple shocks may occur. Finally, we note that Vsw is taken to be constant in our
calculations for simplicity. Fluctuations of the solar wind velocity may lead to stochastic
acceleration of charged particles because of turbulent compressions and rarefactions in the solar
wind plasma (Jokipii & Lee 2010).
We have mentioned in Section 3.3 that the proton fluence in near-central meridian GLEs
is probably dominated at the break energy by diffusive shock acceleration in interplanetary
space, which does not satisfy rs / r

1 . The observer is not well-connected to the shock front at

the onset phase of a central meridian event and gradually connects closer to the nose of the shock
during the ~2 day period of the shock transit to 1 AU. To illustrate the effect, we neglect in
Appendix E interplanetary scattering and calculate the differential fluence arising from a
travelling shock that continuously injects energetic protons as it propagates from the low corona
to 1 AU. We use an ad hoc source term of the Ellison-Ramaty form. The rollover energy is taken
to decrease as r 2 . A weighting factor is introduced to suppress the contribution of the sources
injected at small r , which heuristically reflects the improvement of the magnetic connection
between the observer and the nose of the shock as the shock approaches 1 AU. We find that a
double power-law spectrum can result from the superposition of the energetic protons injected at
the evolving shock. In this case, the break energy is the rollover energy of the energetic protons
injected at 1 AU. The high-energy spectral slope  2 increases with increasing influence of
locally shock-accelerated particles. Therefore, in near-central meridian events, the break energy
of the double power-law differential fluence spectrum may be just approximately the rollover
energy observed in the ESP event. The observed large  2 is presumably not a probe for shock
acceleration near the Sun but an indicator for the significance of interplanetary shock
acceleration.
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3.5 Discussion
We have presented a model for the interplanetary propagation of SEPs in large gradual
events. We neglect the streaming particles and employ the Parker transport equation based on the
observation that ion anisotropies are small in large gradual events after an initial increase. Our
model assumes a radial magnetic field and does not include any cross-field transport. The radial
diffusion coefficient is calculated with quasilinear theory by assuming a spectrum of Alfvén
waves propagating parallel to the magnetic field with an intensity determined by the WKB
model.
In spite of the limitations enumerated in Section 3.4, the model includes the essential
elements of gradual event transport: nearly isotropized ion distributions, adiabatic deceleration in
a divergent solar wind, and scattering mean free paths increasing with energy. With these
elements, an interesting outcome of the transport modulation is that the differential fluence
spectrum arising from a power-law source injected near the Sun approximately exhibits at 1 AU
three distinctive power-laws for different energy domains as illustrated in Figure 3.1. The
spectrum in the two higher-energy domains naturally reproduces the spectral features of the
double power-law proton differential fluence spectra that tend to be observed in the largest SEP
events. We select nine events out of the 16 GLEs during Solar Cycle 23. The selected events are
mostly western events, presumably less influenced by interplanetary shocks than near-central
meridian GLEs. We determine the free parameters MFP ,  , and  for each event by fitting the
observed differential fluence spectra with our model. The derived values of  and  are
generally reasonable. The derived scattering mean free paths are slightly smaller than the Palmer
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consensus but not unreasonable considering the importance of proton-excited waves in GLE
events.
There have been relatively few published works on the origin of spectral breaks in double
power-law spectra. Li et al. (2005a) introduced a loss term f /  in the Parker equation with 
the time scale of particle leakage upstream of a shock. They argued that, if the “escaping effect”
sets in suddenly above a characteristic energy so that the ratio of the acceleration time scale  acc
to  has a step-like feature as a function of rigidity, a “broken” power-law spectrum can be
formed. A weakness of their model is the artificial step-like rigidity dependence of  acc /  . Ion
distributions upstream of a stationary planar shock should be determined by the diffusion
coefficient in the turbulent foreshock where the proton-excited wave intensity dominates the
ambient wave intensity. At high energies where the wave enhancement at the resonant
frequencies is not sufficiently large to promote effective diffusive shock acceleration, the
diffusion coefficient increases sufficiently rapidly with distance upstream of the shock and leads
to a nonvanishing escaping particle flux in the upstream direction. The p-dependence of the
diffusion coefficient determines the p-dependence of the ion escape rate, which eventually
determines the spectrum of the shock-accelerated ions. Since the diffusion coefficient is
generally an increasing function of p , it can be shown that the upstream escape of particles
introduces an exponential rollover rather than a “broken” power-law spectrum (Lee 2005).
Tylka & Lee (2006) considered diffusive shock acceleration at a travelling shock with an
evolving angle between the shock normal and the upstream magnetic field. They used the
Ellison-Ramaty form for the differential intensity of the shock-accelerated ions and specified the
dependence of the rollover energy on the shock obliquity based on the work of Lee (2005). The
dependence includes the reduction of the ion escape rate from the shock by scattering parallel to
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the oblique magnetic field and reflects the reduced timescale for acceleration at quasiperpendicular shocks. By averaging the differential intensity over the shock normal angle, they
found that SEPs accelerated at an evolving quasi-perpendicular shock can have spectra of a
double power-law form. Many features of the model are somewhat primitive and need to be
improved to be valid in a more general situation. However, we note that the critical assumptions
of the model have been verified by numerical simulations (Sandroos & Vainio 2007).
Our work provides an alternative explanation for the origin of the double power-law spectra
in large gradual events. We show that a double power-law spectrum can be produced naturally
through transport modulation of a power-law source without introducing further mechanisms.
Our work makes no attempt to rule out other possibilities as we have discussed in the section
concerning the limitations of the model. We acknowledge the importance of extended
acceleration at the travelling shock and consider it to be a controlling factor for the formation of
the double power-law spectra in near-central meridian GLEs. It is certainly possible that the
double power-law spectra in large gradual events reflect particle anisotropy/escape and/or the
evolving obliquity of the travelling shocks.
According to our model, the observed double power-law differential fluence spectrum
breaks at Vsw r / K ~ 1 ; therefore break energies of different species can be scaled by the chargeto-mass ratio of ions as  Q / M  , where
P

P  2  2   /  3   .

(53)

For 1.4    1.9 , characteristic values of ambient solar wind turbulence, we find

0.18  P  0.75 . The Q / M dependence of spectral breaks has been ascribed to the “equal
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diffusion coefficient” condition for ion escape upstream of the foreshock (Cohen et al. 2005;
Mewaldt et al. 2005). Cohen et al. (2005) proposed that SEP spectra break at the same value of
the diffusion coefficient. They derived the same expression for P as equation (53) but with 
the spectral index of the proton-excited wave intensity in the turbulent sheath adjacent to the
shock. Li et al. (2005b) predicted P  2 by assuming a discontinuity (    ) in the wave
spectrum at the resonant wavenumber where the spectral break occurs. Li et al. (2009) later
introduced shock obliquity and perpendicular diffusion to the ion escape picture to explain the
observed values of P that range from ~0.2 to ~1.8. Our model does not address how the rollover
energies of different species are formed and organized in diffusive shock acceleration. However,
we have demonstrated that the equal diffusion coefficient condition and the observed small
values of P follow naturally if the spectral breaks are caused by scatter-dominated
interplanetary transport.

3.6 Summary
In summary, we have analytically examined the effects of scatter-dominated interplanetary
transport on the spectral properties of the differential fluence of large gradual SEPs using the
Parker transport equation and a power-law source injected near the Sun. The model is generally
successful in accounting for the double power-law proton spectra of the western GLEs in Solar
Cycle 23. Our work does not address other factors in shaping SEP distribution functions, but
shows that transport effects are important in the interpretation of SEP spectra observed in large
gradual events. Finally, we note that, for an impulsive injection of SEPs at rs

r , our model

predicts two spectral breaks for the differential fluence at Vsw r / K (r , p) ~ 1 and
Vsw r / K  r , p  ~  r / rs 

 2/3 

, where  is defined in equation (41) as      3 / 2 1    . As an
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observer moves closer to the source, the spectral break at Vsw r / K (r , p) ~ 1 shifts to lower
energies, whereas the low-energy spectral break shifts to higher energies. Solar Orbiter and Solar
Probe will be launched near the end of this decade. It will be very interesting to observe SEP
events and explore particle acceleration close to the Sun.
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Table 3.1.
Selected properties of the 16 GLE events of Solar Cycle 23a
Fe/O
Date

Location

E0 (MeV)  1

Fe/O

2
12-45 MeV/n 45-80 MeV/n

1997/11/06 S18W63 91.3
1.56 2.44 0.733
1998/05/02 S15W15 114
1.86 2.83 0.683
1998/05/06 S11W65 3.81
0.94 2.58 0.531
1998/08/24 N35E09
10.6
1.35 3.85 0.018
2000/07/14 N22W07 24.2
1.09 3.80 0.099
2001/04/15 S20W85 16.1
1.23 2.24 0.486
2001/04/18 S23W117 19.9
1.31 2.51 0.186
2001/11/04 N06W18 25.4
1.19 4.53 0.067
2001/12/26 N08W54 31.7
1.53 3.14 0.412
2002/08/24 S02W81 14.5
1.25 2.90 0.222
2003/10/28 S20E02
27.0
1.03 4.41 0.041
2003/10/29 S19W09 27.7
1.11 2.94 0.141
2003/11/02 S18W59 13.3
1.09 3.46 0.043
2005/01/17 N14W25 40.5
1.54 4.63 0.031
2005/01/20 N14W61 8.18
0.97 2.14 0.198
2006/12/13 S06W23 3.01
0.82 2.42 0.778
a
All the data in Table 3.1 from Mewaldt et al. (2012)
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0.765
0.674
0.294
0.863
0.106
0.813
0.519
0.038
0.671
0.824
0.006
0.126
0.118
0.010
0.188
0.804

Table 3.2. Parameters determined for the nine selected GLE events

a

Date









X

M A

MFP a (AU)

1997/11/06

1.978

1.022

-0.956

3.86

2.05

1.93

9.08E-03

1998/05/02

1.988

1.012

-0.976

4.65

1.82

1.69

8.13E-03

1998/05/06

1.311

1.689

0.378

3.47

2.21

2.11

4.45E-02

2001/04/15

1.765

1.235

-0.530

3.24

2.33

2.26

2.16E-02

2001/04/18

1.671

1.329

-0.342

3.69

2.12

2.00

1.95E-02

2001/12/26

1.557

1.443

-0.114

4.84

1.78

1.65

1.54E-02

2002/08/24

1.445

1.555

0.110

4.24

1.92

1.79

2.28E-02

2005/01/20

1.530

1.470

-0.060

2.81

2.66

2.76

3.03E-02

0.488

3.10

2.43

2.40

5.00E-02

2006/12/13
1.256
1.744
For protons of E0 at 1 AU
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CHAPTER 4

EVENT-INTEGRATED LINEAR WAVE GROWTH OF
PROTON-EXCITED ALFVÉNIC WAVES IN THE
INTERPLANETARY SPACE

4.1 Introduction
Wave-particle interaction, described by quasi-linear theory, causes the pitch-angle scattering of
solar energetic particles in interplanetary space (Jokipii 1966). Energetic ion transport in
interplanetary space is usually characterized by low wave intensities in the frequency ranges
resonant with energetic ions and therefore by large scattering mean free paths on the order of 1
AU. Nearly scatter-free transport of SEPs is usually treated with the focused transport equation
(Roelof 1969; Earl 1981; Ruffolo 1995; Isenberg 1997). A larger pitch-angle diffusion
coefficient naturally causes particles to be substantially scattered and leads to the transition from
focused transport to diffusive transport governed by Parker transport equation (Parker 1965, Li &
Lee 2015).
If the SEP intensity is small, the test particle approach is valid and has been widely applied to
predict various SEP observations including the intensity and anisotropy profiles (Palmer 1974).
However, systematic observation of certain anomalous behavior in the temporal evolution of
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SEPs in large gradual events cannot be explained by the simple diffusion theory: these include
the streaming-limited plateau time-intensity profiles (Reames 1990), the initial rise of the
abundance ratio He2 / H  (Tylka, Reames, & Ng 1999), and the rapid reduction of streaming
particles in the largest gradual events (Reames, Ng, & Berdichevsky 2001). Although the origin
of these anomalous temporal behaviors remains unknown, they are not expected if only
scattering of particles by Alfvenic waves with a Kolmogorov-like spectrum is involved. In view
of the large number of energetic protons injected in large gradual events, the amplification of
interplanetary hydromagnetic waves by streaming protons is a promising cause that may account
for the above observations.
Self-consistent quasilinear wave amplification is a natural consequence of the wave-particle
interaction subject to energy conservation (Lee 1971, 1982; Kulsrud & Pearce 1968). Ng &
Reames (1994) made the first attempt to examine the effect of proton-generated Alfven waves on
the focused transport of ~ 1 MeV protons between the Sun and 1 AU. They found that, compared
to the case without wave evolution, the amplification of the outward propagating Alfven waves
reduces the particle mean free paths noticeably, particularly in the inner heliosphere (< 0.3 AU).
The reduced particle mean free paths result in the attenuation of the proton differential intensity
at 1 AU, which, although it cannot quantitatively account for the streaming-limited intensity of
SEPs (Reames 1994), emphasizes qualitatively the essential role of amplified Alfven waves in
the transport of SEPs in large gradual events. Ng, Reames, & Tylka (1999, 2003) expanded the
model of Ng & Reames (1994) and numerically calculated the coupled evolution of
interplanetary SEPs and Alfven waves. Their work further supported the idea that protongenerated Alfven waves can explain qualitatively and quantitatively the observed anomalous
behaviors of SEPs.
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The analysis we present in this Chapter does not attempt to solve the problem of SEP
interplanetary transport through proton-generated waves but rather attempts to answer the
question of how “large” an event must be in order that the passage of the streaming protons
noticeably modifies the interplanetary hydromagnetic waves. To address this question we
calculate the time-integrated wave growth and relate this quantity to the proton differential
fluencebe of a SEP event. The plan of this Chapter is as follows: In Section 4.2, we relate the
time-integrated wave growth rate to the proton differential fluence of a gradual event. In Section
4.3 we calculate the radial dependence of the time-integrated wave growth rate, estimate the
characteristic magnitude of the fluence at 10 MeV/nuc that would cause noticeable wave
amplification at the corresponding wavelength, and provide indirect evidence for this effect in
large SEP events. In Section 4.4 we enumerate the limitations of our calculation before we
summarize our conclusions.

4.2 The analytical formalism relating event-integrated wave
growth to the differential fluence of the event
We consider a radial constant solar wind and mean interplanetary magnetic field B  B0  r  er ,
where B0  r   1 / r 2 and may be positive or negative. Considering a spectrum of Alfven waves
propagating parallel or antiparallel to the mean field with speed VA in the solar wind frame, the
differential wave intensity I  k   I   k   I   k  , which gives the power per unit wave number

k in the magnetic field fluctuations, is defined as
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B

2



  dk I  k , r 
-

(54)

where  B is the fluctuating value of the interplanetary magnetic field and the angle brackets
denote ensemble average. We note that I   k,r  is the intensity of waves propagating in the er
direction with k > 0 (k < 0) corresponding to right (left) - hand circularly polarized waves for B >
0 and the reverse polarizations for B < 0 while I   k,r  is the intensity in waves propagating in
the e r direction with k > 0 (k < 0) corresponding to left (right) - hand circularly polarized waves
for B > 0 and the reverse polarizations for B < 0.
Considering energetic particle pitch-angle scattering by such Alfven waves, within the
restrictions of quasilinear theory, the pitch-angle diffusion coefficient D can be related to

I  k ,r  as (Jokipii 1966; Lee 1982; Gordon et al. 1999)


 2
 
D  2
I k 
, r , (55)
2B |  | v 
 v 

where v is energetic-particle speed, 

is the cosine of the particle pitch angle,

 [ QB /   Mc ] is the particle gyro frequency, M is particle mass, Q is particle charge, and

 is the particle Lorenz factor. Notice that v and  are measured in the solar wind frame. The
argument k   /   v  of the wave intensity I  k  is the simplified cyclotron resonance
condition under the assumption that v

VA . The Alfven speed is ~50km/s at 1AU and can be

as high as 500km/s at the base of the corona. In this Chapter, we consider energetic ions above
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~10 MeV/nuc, which have speeds approximately two orders of magnitude larger than the Alfven
speed at the base of the corona. The validity of the condition v

VA is robust. We also note that

equation (55) is suitable for both relativistic and non-relativistic particles. We only consider nonrelativistic particles in this Chapter which is sufficient for our discussion below.
Due to energy conservation, the pitch-angle scattering of energetic particles results in the
amplification or damping of the resonant waves. The equation for the growth or damping rate for

I   k  is given by (Lee 1982; Gordon et al. 1999)

   r, k , t   

2 3 VA q 2
k c2 m





v0

1
  f   , r , v, t 

dvv 2  d  1   2     
. (56)
1
kv 



The evolution of Alfvenic waves in a frame fixed relative to the Sun is governed by the wave
kinetic equation (Stix 1992, Ng & Reames 2003) derived from the conservation of wave action.
As we are concerned with the wave growth stimulated by energetic particles > ~10 MeV/nuc, the
majority of which diffuse outside 1 AU within ~10 hours after the event onset, we neglect solar
wind convection and approximate the evolution of the differential wave intensity in the fixed
inertial frame by

I   r,k ,t 
 2   r,k ,t  I   r,k ,t  . (57)
t

Integrating equation (57) over time through the event, we obtain
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I   r,k,t     I 0 exp  2  

(58)



where I 0  I   r , k , t  0  and    r,k      dt . Integrating equation (56) over the event, we
0

obtain

2 3 VA q 2
  r, k   
k c2 m

1
   f  , r, v 

2
2
dvv
d

1









v0 1
kv 




(59)



where f   , r , v    f   , r , v, t  dt . In principle, equations (56) and (59) are capable of
0

describing the linear evolution of interplanetary Alfvenic waves once f   , r , v, t  is known.
To further simplify the model, we relate f /  to quantities that characterize diffusive
transport. Li & Lee (2015) examined the scatter-dominated transport of particles in a spherically
symmetric model. Their equation (A5) yields

f
1 v f 0
1 v f0



D 2 r D 2 r

(60)

where f0  r,v,t  is the omnidirectional distribution function. We note that the relation
f /   f 0 /  D r  is a natural consequence of diffusive transport in a spherically symmetric

geometry. Furthermore, we want to relate D with particle mean free path. From equation (55),
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and the relations I  k   I  k  and I  k   k

5/3

following a Kolmogorov background spectrum

we obtain

D  v,  ; v0  


 2

2/3
2/3
I0 k 
  D 0 |  |  v / v0 
2
2B |  | v 
v 

(61)

where v0   / k is the minimum speed of energetic ions that resonates with waves of
wavenumber k and D 0  D    1, v  v0  . We can relate D 0 to particle mean free path
through

1
v2
K  MFP v 
3
8

1 2
v2
1 d  D  4D 0
1

1

1 2

0

 2/3

 d

(62)

where we have used equation (61). Similar to the discussion following equation (29), the integration over

 on the right hand side of equation (62) yields MFP  2v2 / D 0 .
From equations (56), (59), and (60), we have

  r, k   

2 3 VA q 2
k c2 m

 3 VA q 2

   2 
1
v f
2
dvv
v0 1   kv   D    v0 / v  2 r0




1
=
2
k c m D 0

   2  f 0  v 
v0 dvv 1   kv   r




3
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, (63)



where f 0  r , v    f 0  r , v, t  dt . Notice the relation v0   / k we mentioned below equation
0

(61), which provides a one-to-one coupling relation between the speed of protons and the
wavenumber k . From now on we use the relation k   / v0 to replace k with v0 , and take

  r , k   / v0  as a function of r and v0 , since we want to connect   r , v0  with proton
differential fluence at v0 later. Taking f 0  f 0  v0  v / v0 



and assuming that the power-law

extends to infinity, we obtain

4
VA q 2 1 f 0  v0  v0
   r , v0   
r
  / v0  c 2 m D 0

3





1

d  3 1   2 

(64)

Where   v / v0 . Consequently we have

  2  4 VA mn 1  q 2 B 2   2v0 
4
   r , v0  =   
 f 0  v0  v0    
 2 2  
2
8
B
n

m
c
D
r
 

   0 
  2   1  MFP 
4
= 

 f 0  v0  v0    
8
V
n
r

  A 
2
  1 MFP  dF 
=
E    

4 VA n r  dE 





where      4      2      d  3 1   2
1

1

1

, (65)



and we have used f0v04  dF / dE  2E 

in the last line of equation (65) to obtain a relation between   r , v0  and the event-integrated
differential fluence dF / dE .
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4.3 Application of the Analysis to SEP Data
We discuss the dependence of   r , v0  on v0 at fixed r . In a spherically symmetric
diffusion model



1  
2 f 0 
 K  r, v  r
  S  v0  , (66)
2
r r 
r 

where S  v0  represents the source function and therefore f 0  S  v0  /  K  v0 , r  r  . From
4
3
equations (62), (64), and (66), we have   r, v0   v0 MFP S  v0  / K  v0 , r   v0 S  v0  .

Furthermore, assuming SEPs are accelerated by a shock of compression ratio X  2.5 , we have
S  v0   v05 and   r , v0   v02 . The inverse power-law dependence of   r , v0  on v0 suggests

that the wave growth rate is inevitably large at small v0 and becomes increasingly small at large

v0 . It is therefore critical to choose an appropriate energy to calculate   r , v0  . The proton
differential fluence spectra of large SEP events are usually significantly hardened at lower
energies (< ~1 MeV) and can be well fit by the double power-law form from 0.1 MeV to a few
hundreds of MeV (Cohen et al. 2005; Mewaldt et al. 2012; Desai et al. 2016) with a break energy
at ~ 10 MeV. Li & Lee (2015) analytically calculated the differential fluence spectra based on
the Parker transport equation (Parker 1965) in a spherically symmetric geometry. They suggested
that, above ~ 10 MeV, solar wind convection is negligible in the transport of solar energetic
protons between the Sun and 1 AU, while below E  10 MeV , it is solar wind convection and
adiabatic deceleration that naturally hardens the spectra within a certain energy range in which
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particles of lower momentum lose a larger portion of energy through interplanetary transport. We
therefore calculate the dependence of   r , v0  on dF / dE for r  1 AU and E  10 MeV . We
focus on the integrated wave growth rate   for the unstable waves rather than   for the stable
waves in the following discussion.
Using representative parameters at 1 AU ( n  6.6 cm 3 and B0  5nT ) and MFP  0.3AU
(Palmer 1982) for protons of 10 MeV, we plot in Figure 4.1 Exp  2  as a function of dF / dE
for   5, 6, and 7 . Using the same parameters and requiring Exp  2   1.5 for   6 , we
obtain dF / dE  6.3 106 cm2 sr 1 MeV 1 . However, we note that our approach of comparing
proton-generated Alfvenic waves with the background Kolmogorov spectrum is over-simplified
since MHD turbulence in interplanetary space, rather than being isotropic, tend to produce wave
vectors that are nearly perpendicular to the ambient large-scale magnetic field (e.g., Vӧlk et al.
1974, Chandran 2000 ). In view of this simplification, the number as well as Figure 4.1 does not
attempt rigorously to define a threshold but tries to estimate a range of fluence size within or
above which proton-generated waves are sufficient to modify the ambient turbulent spectrum at
resonant wavenumbers. Above this range the effect of amplified turbulence on the interplanetary
transport of heavy ions at resonant energies should be taken into account.
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Figure 4.1. Exp  2  as a function of dF / dE for   5, 6, and 7

Among the 16 GLEs during solar cycle 23, 8 events have differential fluence larger than

6.3 106 cm2 sr 1 MeV 1 at E  10 MeV (Mewaldt et al. 2012). Except for the 01/20/05 and the
11/02/03 events, the remaining 6 events are all Fe poor events (Fe/O < 0.134) at the energy range
of 12-45 MeV/nuc and have the softest proton differential spectrum above ~ 10 MeV among the
16 GLEs. To further illustrate the correlation between proton fluence and Fe/O ratio, we show in
Figure 4.2 the log-log plot of Fe/O versus proton fluence (> 30 MeV) in unit of protons/cm2 for
13 western GLEs in solar cycle 23 (3 eastern events not included). The horizontal dashed line
indicates Fe/O=0.134 while the vertical dashed line indicates 108 protons/cm2. The correlation
between event size and Fe/O ratio is obvious and all the 4 Fe/O-poor western GLEs have proton
fluence (> 30 MeV) larger than 108 protons/cm2.
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Figure 4.2. The log-log plot of Fe/O versus proton fluence (> 30 MeV) for 13 western GLEs in
solar cycle 23 (3 eastern events not included). The data was presented in Mewaldt et al. (2012).

Here the effect of wave amplification provides a factor to account for the reduced Fe/O ratio in
extremely large GLEs: the MFP of oxygen is further reduced compared to iron since oxygen
resonates with waves generated by protons of lower energy. Considering the simplified cyclotron
resonance condition k   /   v  , since  is a function of Q / A , heavy ions at given  and v
are interacting with waves of different wavenumbers depending on the Q / A value of the given
spices. For instance, Fe 14  Q / A  1/ 4  of any given  and v resonates with waves that have
8
half the wavenumber as the waves with which O  Q / A  1/ 2  resonates. From the condition (

v0   / k ) for the minimum speed of energetic ions that resonate with waves of wavenumber k
introduced following equation (61), a factor of 1/2 in wavenumber results in a factor of 2 in the

v0 ; the minimal speed of protons that generate waves resonant with Fe 14  Q / A  1/ 4  of any
given  and v is twice as the speed of the protons that generate waves resonate with
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O8  Q / A  1/ 2  of the same  and v . In the case where proton-excited waves dominate the
ambient interplanetary waves, the mean free paths of oxygen shall be further reduced compared
to iron due to the inverse power-law dependence of   r , v0  on v0 . We note that Li & Lee
(2015) calculated the number of crossings in a spherically symmetric diffusive model and obtain
the number of crossings to be NC  r / MFP ; the further reduced MFP for oxygen would
enhance the number of crossing of oxygen and therefore reduce the Fe/O ratio at a given energy.
Finally we discuss the dependence of   r , v0  on r at fixed v0 . Considering that
 /  nVA   1/ n1/2  r and f0  r 1 , we have   r , v0   1/ r . This suggests that even for a

small event where the integrated wave growth rate is   r, v0   0.1 at r  1 AU , the wave
growth rate can exceed the linear growth range and should be treated nonlinearly at r  0.1 AU .
Taking wave amplification and its feedback on transport is therefore critical in the inner
heliosphere even for smaller events.

4.4 Analysis Limitations and Summary
We enumerate a few limitations of our calculation. We treat the transport of the SEP protons
in Section 4.2 with a test-particle approach and neglected the influence of the proton-excited
waves on the protons. This confines our calculation of the wave growth   to be valid only for



1 . When calculating the “local” wave growth, we neglect the divergence of the solar wind

and the damping of the waves as they do work on the wind. We also neglect wave propagation
which confines the validity of our model to ~10 hours after the event onset, after which the effect
of solar wind convection is essential on both the transport of SEPs and the waves. This timescale
limits our model to SEPs of high energies (  10MeV/nuc ) at and above which the transport from
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the Sun to 1AU takes less than ~10 hours. A more thorough and numerical treatment of the
growth of wave intensity can be found in Ng et al. (2003), which solved the wave kinetic
equation numerically in a spherically symmetric geometry to illustrate the coupled evolution of
solar energetic protons and interplanetary Alfvenic waves.
In summary, we have calculated the event-integrated wave growth rate of proton-excited
Alfvénic waves in interplanetary space to address the question of how “large” an event should be
so that the passage of the streaming protons is enough to noticeably amplify the interplanetary
hydromagnetic waves at corresponding wavelengths. We obtain the characteristic size of the
proton differential fluence dF / dE

6.3 106 cm2 sr 1 MeV 1 at 10 MeV/nuc, larger than

which the event should cause noticeable wave amplification at the resonant wavelength at 1 AU.
We also calculate the radial dependence of the integrated wave growth rate and find that it
depends inversely on heliocentric distance r as 1/ r , which indicates stronger wave
amplification at smaller r . Stronger wave amplification reduces particle mean free paths and
results in a more rapidly diminished particle anisotropy compared with the case in which wave
amplification is absent. The amplified turbulence would enhance the effect of solar wind
convection and adiabatic cooling for the particles at resonant energy ranges. These effects of
wave excitation will be more clearly observed close to the Sun by Solar Orbiter and Solar Probe,
which will be launched near the end of this decade.
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CHAPTER 5

SUMMARY AND CONCLUSIONS
We summarize the motivation, the innovative aspects, the major conclusions, and the
observationally testable results of our analysis in this Chapter.
The evolution of SEP intensity at 1 AU results from the convolution of SEP acceleration
processes near the Sun and the interplanetary transport from the lower corona to 1 AU. The
challenge has been to disentangle the effects of transport from those of acceleration. The
established theoretical framework presented in this thesis focuses on the interplanetary transport
of SEPs. It provides deeper insight into the consequences of SEP propagation through turbulent
plasma in an expanding solar wind, which in return facilitates investigation of the acceleration
and injection mechanisms near the Sun.
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Protons of energies larger than 1 GeV in GLE events consist of a rapid, anisotropic onset
associated with a beam of anti-sunward moving particles aligned with the interplanetary
magnetic field. As the event progresses the distribution becomes isotropic and decays. The fast
evolving pitch-angle distribution during the onset phase imposes an observational challenge for
interpreting the data observed, by PAMELA for instance (O. Adriani et al. 2015), at 1 AU as
well as a theoretical challenge for particle transport since the assumption of a nearly isotropic
distribution required by the Parker transport equation (Parker, 1965) fails during this phase. We
solved the focused transport equation of fixed focusing length at small pitch-angles analytically
and interpreted the anisotropic initial onset as a result of magnetic focusing with little scattering.
Compared to the approach of scatter-free transport, our model provides a much more rigorous
description of the spatial and pitch-angle distribution of particles during the onset phase. We find
that the time-intensity profile arising from a monoenergetic injection of particles resembles a
Reid-Axford profile. The duration of the rising and decaying phase of the Reid-Axford profile is
related to the pitch-angle diffusion coefficient through our model. It is the first time that the
Reid-Axford profile is interpreted as a result of weak scattering through interplanetary transport
rather than of particle acceleration/injection processes near the Sun. Furthermore, we
demonstrate that the mildly decaying phase following the event onset can naturally arise from
interpelanetary transport, though we do not eliminate the possibility that it results from particles
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scattered by a magnetic bottleneck beyond 1 AU (Bieber et al. 2002) or by local scattering in
Earth‟s magnetosheath (Adriani et al. 2015).
Since we attribute the particles in the mildly decaying phase as the late arrival of the particles
of larger pitch angles being stripped off the beam-like structure of the anisotropic onset phase of
a SEP event, the total number of particles in the two phases shall be preserved. Figure 2.8
illustrates how the partition of particles in the two phases changes as the observing point moves
closer to the Sun; the number of particles contained within the beam-like structure decreases
exponentially with increasing solar radius according to equation (15). The situation shall be
extremely interesting when Parker Solar Probe records the SEP spectra at tens of solar radii:
particles of tens of MeV that do not have a distinctive anisotropic phase at 1 AU may exhibit a
sharp anisotropic peak in the time-intensity profile.
The SEPs at and below tens of MeV/nuc in SEP events usually do not exhibit a distinctive
anisotropic onset phase at 1 AU and are nearly isotropic through the event. The transport of these
lower energy particles is well governed by the Parker transport equation. The power-law spectra
observed below tens of MeV/nuc are considered signatures of diffusive shock acceleration.
However, measurements have shown that the energy spectra of actually all large SEP events
have a break at higher energies (e.g., between ~5 to 50 MeV for protons) following the powerlaw component at low energies. To understand the cause of spectral breaks and the spectral shape
above the break is not only interesting theoretically but important practically for determining
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whether an SEP event constitutes a radiation hazard. Schwadron et al. (2015) interprets the
formation of the broken power-law as a result of particle acceleration at an expanding CME
driven shock with finite spatial extent. Our model interprets the broken power law as a result of
adiabatic cooling, which hardens the differential fluence spectrum below the break energy since
particles with a lower momentum lose a larger portion of energy through interplanetary transport.
While our interpretation does not attempt to eliminate the possibility of a broken power law
arising from the acceleration mechanism, it is the first attempt to explain the break based on the
transport effect. It emphasizes the importance of adiabatic cooling for the interplanetary transport
of SEPs at energies below ~ 10 MeV/nuc.
We selected nine western GLEs out of the 16 GLEs during Solar Cycle 23 and fit the observed
double power-law spectra to the analytical predictions. The compression ratio of the accelerating
shock wave, the power-law index of the ambient wave intensity, and the proton radial scattering
mean free path are determined for the nine GLEs. The derived parameters are in surprisingly
good agreement with the characteristic values expected for large gradual SEP events. While we
treat the double-power law problem with an instantaneous release of a single power-law
spectrum close to the Sun, we acknowledge the importance of extended acceleration at a
travelling shock and consider it to be an important factor for the formation of the double powerlaw spectra in near-central meridian GLEs. It is certainly possible in these cases that the double
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power-law spectra in large gradual events reflect particle anisotropy/escape (Li et al. 2005)
and/or the evolving obliquity of the travelling shocks (Tylka & Lee 2006).
In both our treatments of SEP transport using the focused transport equation and Parker
transport equation, we use the test particle approach in which the influence of particles on the
ambient interplanetary turbulence is considered negligible. Although the test particle approach is
the standard approach in modeling the interplanetary transport of SEPs, in view of the large
number of energetic protons injected in large gradual events, particularly at lower energies, the
amplification of interplanetary hydromagnetic waves by streaming protons is inevitable. The
dynamical evolution of interplanetary waves throttles the maximum intensities of particles
allowed to escape ahead of the shock into the ambient medium and affects the temporal
evolution of SEPs in interplanetary space (Ng & Reames 1994; Ng et al. 1999; Vanio 2003) .
Vanio (2003) made the first analytical attempt to relate the time-integrated net proton flux to the
wave growth. Our work employs a more rigorous diffusive transport model and examines the
wave growth arising from the first-order anisotropy of SEPs. We, for the first time, relate the
wave growth to proton differential fluence and derive the characteristic magnitude

dF / dE  6.3 106 cm2 sr 1 MeV 1 at 10 MeV/nuc. If dF / dE is below this value, testparticle theory is a valid description of particle transport for SEPs at and above 10 MeV/nuc.
Above this value, the nonlinear effect of wave growth must be addressed for the transport of
particles at energies at and even above 10 MeV/nuc. We did not discuss observational evidence
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for such interplanetary wave excitation since, with the exception of enhanced turbulence in the
foreshock region upstream of interplanetary shocks, direct measurement of the magnetic field
turbulence during the time of the events is rare. The most convincing indirect evidence for wave
amplification in interplanetary space is perhaps the rapid reduction of the intensity of streaming
particles in the largest gradual events (Reames, Ng, & Berdichevsky 2001), which cannot be
explained by the linear diffusion theory when wave amplification is absent. We shall examine
this feature in detail when we expand Chapter 4 into a paper and submit it for publication during
the summer.

APPENDICES

APPENDIX A

ANALYTICAL SOLUTION OF FOCUSED TRANSPORT EQUATION
WITH FIXED FOCUSING LENGTH AND SMALL PITCH-ANGLE

APPROXIMATION
We solve equation (7) with the boundary condition that
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G0  0 as    and G0 is finite as r  0

(A1) .

We introduce the Laplace transform

g0  ,s,    



0





0

e

 s  z  z0    T T0 

G0  ,T,z  dzdT

(A2)

to equation (7) and obtain the ordinary differential equation
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d 2
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(A3)

The two independent solutions of the homogeneous equation (A3) are
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(A4)

where      1  1 and    2  2s 1 . The Wronskian of the solutions is
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With equation (A5) and the boundary condition (A1), we obtain the solution of equation (A3) as
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where H  x  is the step fuction. In the limit of 0  0 , we have
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1
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for   0 . Regarded as a function of  , equation (A7) has simple poles at
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near      2n  1 and

U   n;1; x    1 n! Ln  x 
n
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(A10)

where Ln  x  is Laguerre polynomial of degree n. We invert equation (A7) with respect to  as

1 c  i
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2 i c i
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To invert equation (A11) with respect to s , we expand Ln  x  in power series as

 1
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(A12)

and obtain
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(A13)

.(A11)

Un

 z 


 1   i
n!
1
 n  1
1/ 2
d


exp

z

z




 0
n


2



i

2 i
2
2
 m 0  m!   n  m  !

3/ 2

m







m

m

m





 n
1

n
 n1/ 2





=n! exp  
He
 
m2
2
   z  z0  
 2  z  z0   m 0  m!   n  m  !    z  z0  



(A14)

The term by term inversion of equation (A14) was carried out using the formula from Erdelyi et
al.. Equations (A13) and (A14) give the solution of equation (8).

APPENDIX B

ESTIMATING THE UPPER BOUND OF THE SERIES SOLUTION IN
EQUATION (8)

The probabilist‟s Hermite polynomials satisfy the bound

Hem 2  z   0.816   m  2  !  1/ 2 

1/ 2

With the equation (B1), we can estimate the limit of U n as
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n

Since during the onset phase particles have a beam-like distribution, we take   0 and obtain


n
U n   0   0.816 6 1/ 4 exp  
 . (B3)
4

z

z


0



Notice that the factor in the exponential function can be written as

n

4  z  z0 

  n  1 / 2 T  T  /    /  4  

0

 z  z0  / 

In this Chapter, we consider T  T0 ~ 2 , 

2

. (B4)

1 ,  /  4  ~ O 1 , and  z  z0  /  ~ O 1 .

Therefore U n decreases quickly as n increases with the above conditions. We therefore only
include the first term U 0 to describe the behavior of particles in the GLE onset.
It is true that if z  z0

 or that 

 , the decrease of U n with increasing n is not

significant. Our approximation is not valid to model the particle distribution function at large
pitch angles or at late times in the event. In general, it is equation (2) that shall be solved to
describe the transport of particles through a ground level event.
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APPENDIX C
SCATTER-DOMINATED INTERPLANETARY TRANSPORT
With a constant radial solar wind speed Vsw and a radial ambient interplanetary magnetic field,
the evolution of the gyrotropic phase-space density f  r , p,  , t  on a radial magnetic flux tube is
governed by the focused transport equation incorporating solar wind convection, adiabatic
deceleration, magnetic focusing, and pitch angle scattering (Roelof 1969; Earl 1981; Ruffolo
1995; Isenberg 1997).

f
f 1   2
f 1   2
f
 
f 
   v  Vsw  
Vsw p 
( Vsw  v)

1   2  D
.(C1)


t
r
r
p
r
  
 

Note that r and t are measured in the fixed frame of the Sun, whereas v , p , and  are
measured in the solar wind frame.
We define dimensionless variables tˆ  t / Ts , rˆ  r / Rs , and Dˆ   D / D s , where Ts , Rs ,
and D s are scales for t , r , and D respectively. Then equation (C1) becomes

V
f
 sw
D sTs tˆ Rs D s
1

 f 1   2 f
1   2 f 


 
 ˆ
rˆ  ln p
rˆ
 
 r

 f 1   2 f   
f 
+   

1   2  Dˆ 
,



rˆ    
 
 rˆ

(C2)

where   v /  Rs D s  . Since we are considering scatter-dominated transport,  satisfies 
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1.

In addition, we consider SEPs characterized by particle speeds v
and therefore

Vsw and require Vsw / v ~  ,

Vsw  Rs D s  ~  2 . We shall see later that particles have a convective-diffusive
1

behavior in scatter-dominated transport with a convection speed Vsw and a diffusion coefficient

K ~ v2 / D s . The quantity Ts is characterized by Ts ~ Rs2 / K if diffusion dominates convection
and by Ts ~ Rs / Vsw if the reverse is true. It can be readily verified that in both cases
1/  D sTs  ~  2 .

We expand f in a power series in  as

f  r , p,  , t   f 0   f1   2 f 2  ... .

(C3)

Substituting equation (C3) into equation (C2), we find at leading order in  that f0 is
independent of  . At the first order we obtain



f 0
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1   2  Dˆ  1  .


rˆ  
 

(C4)

Equation can be integrated over  twice to yield f1 as

f1  

1 f 0
2 rˆ
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1
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 c  rˆ, p, t  ,

(C5)
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where c  rˆ, p, t  is an integration constant. At the second order in  , equation (C2) becomes

 f 1   2 f 0 
f 0
V
 sw  0 

D sTs tˆ Rs D s  rˆ
rˆ  ln p 
1

 f 1   2 f1 
f 
 
+ 2   1 
2
1   2  Dˆ  2  .



rˆ  
 
 
 rˆ

(C6)

After substituting equation (C5) into equation (C6), we integrate over  to obtain

f 0
f 0 1   2  v 2
 Vsw

r 
t
r r 2 r   8

1   2  f 0  2Vsw f 0
1 d  D  r   3r p p  0 ,


1

(C7)

where we have used the fact that c(rˆ, p, t ) is independent of  . It is interesting to note that the
diffusion term in equation (C7) results from the integration over  of the last two terms on the
left-hand side of equation (C6), which shows that magnetic focusing contributes to the diffusive
flux of scatter-dominated particles.

APPENDIX D
DIFFERENTIAL FLUENCE SPECTRUM: APPROXIMATE
SOLUTION
We simplify equation (46) in a certain region  g1 , g2  containing the point g0 where the
integrand is maximized. Instead of obtaining g0 by differentiating the integrand in equation (46),
114

we simplify the integrand with prescribed values of g0 and then differentiate the simplified
integrand to verify our presumptions. Three situations, g0  1 ,  rs / r 

 2/3 

g0 

1 , and

g 0   rs / r  , are dealt with separately.
2/3

D.1 g0  1
Since we are simplifying equation (46) in a narrow region containing g0 , we take g as

1 . We expand 1  g  to the first order in  and set   0 in all the

g  1   , where 0  

other factors. The quantity  rs / r 

1 

in the exponential function is dropped because we are

calculating dF / dE at 1 AU. Additionally, we apply the small argument expansion to the Bessel
function as I 1   / 1   ( )   1   / 1   , the validity of which will be addressed later. Then equation
(46) is simplified as
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x g2 



x g1 
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dxx
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exp   x

1
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 exp  -C 

1

1  g 

1


(D1)

where x   C 1   3 / 2  (1-  ) 2 K Vsw r   . If x 2/ 1   exp   x 1  decays rapidly as x deviates
1

from x  g0  , the integral in equation (D1) is dominated by the integrand evaluated near x  g0  ;
the space and momentum dependence of the integral is less crucial. Thus, we obtain

dF / dE  r 1  p   .
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The validity of equation (D1) is restricted by the approximations made in the derivation. It can
be readily shown that the integrand x 2/ 1   exp   x 1  is maximized at

  21 1    C  1  31 1    Vsw rK 1 .
1

The presumption g0  1 requires 

Vsw r / K  r , p 

(D2)

1 , and therefore p must satisfy

3 1    .

(D3)

Equation (D3) gives the estimated range of p for dF / dE  r 1  p   to be valid. The other
constraint comes from the expansion I 1   / 1   ( )   1   / 1   that requires 0  

1.

Substituting  as given by equation (D2) into the modified Bessel function in equation (D1), we
verify that the expansion is valid if

 rs / r 

1   /2

41 1    ,

which is consistent with rs / r
D.2  rs / r 

 2/3 

g 0

(D4)

1.

1
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We still neglect the quantity (rs / r )1  in the exponential function and perform the small
argument expansion to the modified Bessel function. In addition, we take 1  g   1 and simplify
equation (46) as

dF / dE  r
r
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g2

p    dgg

   13   /4
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2  (1  )(  1) 
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I 1  Dg
dyy
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 exp  -Cg 

 1  1  1  1  1



(D5)

exp   y ,

where y  Cg    2 / 3 (1-  )2 Vsw rK 1 g  . To obtain an analytical expression for the spectral
slope,

we

neglect

the

modification

1

introduced

by

the

integral

and

take

1

dF / dE  r 2(1 )( 1)  p   ( 1)  approximately.
The valid range of p is constrained by the presumption  rs / r 

 2/3 

g 0

1 . Through

differentiating the simplified integrand in the second line of equation (D5), we obtain

g 0    K Vsw r  ,
1

where

 rs / r 

(D6)
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g 0
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1
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1 we find
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.

Using



Vsw r / K

  r / rs 

 2/3 

.

(D7)

For representative parameters   1.67 and   4 ( X  2 ), we find   1.12 . Except for the
extreme case of   1 where   0 , the value of  is of order of magnitude unity. We
therefore expect equation (D7) to be approximately correct within the energy domain
1

Vsw r / K

 r / rs 

2/3 

. Substituting g0 as given by equation (D6) into the modified Bessel

function in equation (D5), we obtain the condition required by the small argument expansion as

  rs / r 

1   /2

g 0

3/4 1  

.

(D8)

Notice that condition (D8) becomes poorly satisfied if   1 where   1 and    . For

  4 and 1.4    1.9 , we have 1.8    5.1 . Therefore the condition is generally consistent
with

 rs / r 

2/3 

D.3 g 0   rs / r 

g 0 for representative parameters.
2/3

We take 1  g   1 and expand the modified Bessel function in equation (46) for large
argument as I 1   / 1   ( )   1/2 exp( ) , the validity of which will be justified later. Then we
obtain
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exponential function to second order in  and set   0 in all the other factors. This yields
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(D10)

dz exp  - z 2 

dz exp  - z 2 ,

where z   3 / 4 1    C1/2 0

 /2 1 3   /4

 . Notice that the integrand in equation (D10) is a

Gaussian function of z and peaks at   0 , which is consistent with the presumption
g 0   rs / r  .
2/3

Through requiring the variance of  /  0 in the Gaussian integrand of equation (D10) to be
much smaller than 1, we find the valid energy range to be

Vsw r / K

 4 / 3  1  r / rs 

2/3 

.

(D11)
119

If equation (D11) is satisfied, the integral in equation (D10) hardly changes the dependence of
the differential fluence on r and p , and therefore dF / dE  r  2 4/3 p  . The expansion
I 1   / 1   ( )   1/2 exp( ) requires 

1 . Substituting g   rs / r 

2/3

into the modified Bessel

function in equation (D9), we determine the constraint on p to be

Vsw r / K

 3 / 4   1 1     r / rs 
2

2/3 

,

(D12)

which is consistent with equation (D11).
Combining equations (D1), (D5), and (D10), and their estimated valid energy ranges as
discussed previously, we obtain the approximate solution presented in equation (47). At the
highest energies ( Vsw r / K

1), particles diffuse out so fast that adiabatic cooling is a higher

order effect for them. Within the energy domain 1

 r / rs 

Vsw r / K

2/3 

, adiabatic cooling

hardens the differential fluence spectrum since particles with a lower momentum lose a larger
portion of energy through interplanetary transport. This effect is quantitatively illustrated by
1

equation (D8), which can be rearranged to obtain p / p0  p . Particles satisfying
Vsw r / K

 r / rs 

2/3 

are frozen into the solar wind once being injected at rs . Since these

particles lose the same ratio of energy through interplanetary transport, adiabatic cooling does
not harden the spectrum in the lowest energy domain.
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APPENDIX E
EXTENDED DIFFUSIVE SHOCK ACCELERATION IN
NEAR-CENTRAL MERIDIAN GLE EVENTS
In near-central meridian GLE events, the shock transit speed can be over 1000 km/s and the
observer sees a characteristic ESP enhancement as the shock approaches Earth. We believe
diffusive shock acceleration at the interplanetary shock is an important factor that softens the
high-energy spectral slope in the observed double power-law differential fluence spectra. To
illustrate this behavior, we neglect interplanetary scattering and calculate the differential fluence
arising from the extended injection at a travelling shock.
We reasonably assume that the source function uinj in equation (32) has the Ellison-Ramaty
(Ellison & Ramaty 1985) form and the cutoff momentum pc of the spectral rollover satisfies
pc  p1AU rE r 1 , where p1AU is the cutoff momentum observed following the arrival of the shock

at rE  1 AU . For non-relativistic protons we specify uinj as

N
uinj  r , p, t   3sh
pinj

 p 


p
inj



3 X  X 1

1

  pr  2 
exp   
    r  rsh  ,
  p1AU rE  

(E1)

where rsh  t  is the position of the travelling shock and pinj is the proton injection momentum at
the shock. The coefficient N sh , in units of ions cm 2 s 1 , is associated with the injection rate of
solar wind protons into the shock acceleration process. We note that N sh is usually assumed to
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satisfy Nsh  Vsh  Vsw  . For our illustrative purposes here, we take for simplicity Nsh   nVsh ,
where Vsh is the radial speed of the CME-driven shock,  is a constant usually of order 103 to

102 (Lee, 2005), and n  r  is the number density of protons in the ambient plasma. To
accommodate the spherical geometry, we take n  nE  rE / r  , where nE is the proton number
2

density at 1 AU. We also take pinj and X to be constant. Using U  r , p   16 2 r 2 p 2  uinjdt and
t2

t1

dt  Vsh1drsh , we obtain

16 2 nE rE2
U  r, p  
pinj



  pr 2 
 p 

 exp   
 ,
  p1AU rE  
 pinj 

(E2)

where   3 X  X  1  2 . Note that equations (E1) and (E2) are defined in the spatial domain
 rsh  t1  , rsh  t2   where the shock has formed and the diffusive acceleration remains efficient. For

a central meridian GLE event, rsh  t1 

1AU and rsh  t2   1AU . The source function vanishes

outside of the domain.
At the onset of a central meridian event, the observer is not well-connected to the shock front
and records fewer high-energy protons than it does in western events. The magnetic connection
between the observing spacecraft and the nose of the CME-driven shock improves with time.
The proton fluence below ~ 1 MeV is usually dominated by the ESP enhancement prior to shock
passage. To qualitatively reflect the improvement of the magnetic connection between the
observer and the nose of the shock as the shock approaches 1 AU, we introduce a heuristic
weighting factor  r / rE  , where w   0 is a constant. The weighting factor suppresses the
w
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contribution of the sources injected at r / rE  1 to the event fluence. A larger w indicates a
stronger influence of locally shock-accelerated particles compared to particles accelerated near
the Sun. Ignoring interplanetary scattering, we obtain from equations (52) and (E2) the
differential fluence at rE

 dF / dE S  16 2 rE 2   dp / dE  r
1

rE
sh  t1 

=

 nE rE  p 

 w 1



pinj  p1AU 

dr0U  r0 , p   r0 / rE 



w

1
 p   dp  pp1AU
d  w exp    2 ,

 
 0
p
dE

 inj  

(E3)

1
where   pp1AU
rrE1 . Note that  dF / dE S is the differential fluence of the streaming particles.

Energy losses and the multiple-crossing effect are neglected. We consider the momentum domain
1
pp1AU
rsh  t1  rE1

1 , which is equivalent to assuming that, early in a GLE event, the high-energy

rollover of the injected protons occurs at an energy much higher than the energy we consider.
Notice that the lower limit of the integral in equation (E3) has been replaced by 0 since the
integrand is convergent as   0 . If p / p1AU

1 , we find  dF / dE s  p  1 , which has the

identical momentum dependence as equation (52) since the spectral rollover does not occur in
this

energy

domain.

If

p / p1AU

1 ,



p / p1AU

0

d  w exp    2     w  1 / 2 / 2

and

 dF / dE S  p w2 .
Our calculation shows that, if an ESP contribution dominates the low-energy fluence, the
break momentum of the double power-law spectrum is p1AU , the rollover momentum observed
in the ESP event. Following the particle escape picture proposed by Cohen et al. (2005), the
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rollover energy of different elements in an ESP event is expected to be scaled by the ion chargeto-mass ratio as  Q / M  with P  2 in the limiting case given by Li et al. (2005b). On the
P

other hand, the value of P given by our model is 0.18  P  0.75 for 1.4    1.9 . Therefore
the break energy of different elements is expected to be more sensitively dependent on Q / M in
the events where the spectral break originates from local diffusive shock acceleration ( P  2 )
than in the events where the spectral break originates from scatter-dominated interplanetary
transport ( 0.18  P  0.75 ).
In addition, we have demonstrated that, as the influence of locally shock-accelerated
particles increases (larger w ), the high-energy spectral slope  2 becomes steeper. The strong
spectral steepening (large  2   1 ) and the sensitive dependence of the break energy on Q / M
naturally result in a strongly decreasing Fe/O ratio above the break energy of iron. Such a feature
is probably responsible for why the near-central meridian GLEs in Table 3.1 tend to have Fe/O <
0.134 at tens of MeV/nuc.

124

Bibliography
Adriani, O., Barbarino, G. C., Bazilevskaya, G. A., Bellotti, R., Boezio, M., Bogomolov, E.
A., Bongi, M., Bonvicini, V., Bottai, S., Bravar, U., Bruno, A., Cafagna, F., Campana, D.,
Carbone, R., Carlson, P., Casolino, M., Castellini, G., Christian, E. R., De Donato, C., de
Nolfo, G. A., De Santis, C., De Simone, N., Di Felice, V., Formato, V., Galper, A. M.,
Karelin, A. V., Koldashov, S. V., Koldobskiy, S., Krutkov, S. Y., Kvashnin, A. N., Lee, M.,
Leonov, A., Malakhov, V., Marcelli, L., Martucci, M., Mayorov, A. G., Menn, W., Mergé,
M., Mikhailov, V. V., Mocchiutti, E., Monaco, A., Mori, N., Munini, R., Osteria, G., Palma,
F., Panico, B., Papini, P., Pearce, M., Picozza, P., Ricci, M., Ricciarini, S. B., Ryan, J. M.,
Sarkar, R., Scotti, V., Simon, M., Sparvoli, R., Spillantini, P., Stochaj, S., Stozhkov, Y. I.,
Thakur, N., Vacchi, A., Vannuccini, E., Vasilyev, G. I., Voronov, S. A., Yurkin, Y. T.,
Zampa, G., Zampa, N, 2015, Pamela‟s Measurements of Magnetospheric Effects On High
Energy Solar Particles, The Astrophysical Journal, 801, L3
Axford, W. I, 1965. Anisotropic diffusion of solar cosmic rays, Planetary and Space Science, 13,
1301
Axford, W. I., Leer, E., & Skadron, G., 1978. The acceleration of cosmic rays by shock waves,
Proceedings, 15th International Cosmic Ray Conference, Plovdiv, Bulgaria, 11, 132
Band, D., Matteson, J., Ford, L., Schaefer, B., Palmer, D., Teegarden, B., Cline, T., Briggs, M.,
Paciesas, W., Pendleton, G., Fishman, G., Kouveliotou, C., Meegan, C., Wilson, R., Lestrade, P.,
1993. BATSE observations of gamma-ray burst spectra. I - Spectral diversity, The Astrophysical
Journal, 413, 281

125

Beeck, J., Wibberenz, G., 1986. Pitch angle distributions of solar energetic particles and the local
scattering properties of the interplanetary medium, The Astrophysical Journal, 311, 437
Bell, A. R., 1978. The acceleration of cosmic rays in shock fronts, Monthly Notices of the Royal
Astronomical Society, 182, 147
Bieber, J. W., 1977. Numerical and analytic solutions of the Boltzmann equation for cosmic ray
transport, Ph.D. Thesis Maryland University, College Park.
Bieber, J. W., Earl, J. A., Green, G., et al. 1980. Interplanetary pitch angle scattering and coronal
transport of solar energetic particles: New information from HELlOS. Journal of Geophysical
Research, 85, 2313-2323
Bieber, J. W., Dröge, W., Evenson, P., A., Pyle, R., Ruffolo, D., Pinsook, U., Tooprakai, P.,
Rujiwarodom, M., Khumlumlert, T., and Krucker, S., 2004. Energetic Particle Observations
during the 2000 July 14 Solar Event, The Astrophysical Journal, 601, L103
Blandford, R. D., & Ostriker, J. P. 1978. Particle acceleration by astrophysical shocks, The
Astrophysical Journal, 221, L29
Cane, H. V., Mewaldt, R. A., Cohen, C. M. S., & von Rosenvinge, T. T. 2006. Role of flares and
shocks in determining solar energetic particle abundances, Journal of Geophysical Research,
111, A06S90
Cane, H. V., McGuire, R. E., & von Rosenvinge, T. T. 1986. Two classes of solar energetic
particle events associated with impulsive and long-duration soft X-ray flares, The Astrophysical
Journal, 301, 448
Cane, H. V., von Rosenvinge, T. T., Cohen, C. M. S., & Mewaldt, R. A. 2003. Two components
in major solar particle events, Geophysical Research Letter, 30 (12), 8017

126

Chandran, B. D. G., 2000. Scattering of Energetic Particles by Anisotropic
Magnetohydrodynamic Turbulence with a Goldreich-Sridhar Power Spectrum, Physics Review
Letters, 85, 4656
Cohen, C.M.S., Stone, E.C., Mewaldt, R.A. et al. 2005. Heavy ion abundances and spectra from
the large solar energetic particle events of October–November 2003, Journal of Geophysics
Research, 110, A09S16
Dalla, S., Marsh, M. S., Kelly, J., & Laitinen, T. 2013. Drift-induced deceleration of solar
energetic particles, Journal of Geophysical Research, 118, 5979
Desai, M., Mason, G. M., Dayeh, M. A. et al, 2016. Spectral Properties of Large Gradual Solar
Energetic Particle Events. II. Systematic Q/M Dependence of Heavy Ion Spectral Breaks. I. The
Astrophysical Journal, 828, 106
Earl, J. A. 1976. The effect of adiabatic focusing upon charged-particle propagation in random
magnetic fields, The Astrophysical Journal, 205, 900
Earl, J. A. 1981. Analytical description of charged particle transport along arbitrary guiding field
configurations. The Astrophysical Journal, 251, 739
Ellison, D. C., & Ramaty, R. 1985. Shock acceleration of electrons and ions in solar flares, The
Astrophysical Journal, 298, 400
Fisk, L. A., & Lee, M. A. 1980. Shock acceleration of energetic particles in corotating
interaction regions in the solar wind, The Astrophysical Journal, 237, 620
Forbush, S.E., 1946, Three Unusual Cosmic-Ray Increases Possibly Due to Charged Particles
from the Sun, Physics Review 70, 771
Gleeson, L. J., & Axford, W. I. 1967. Cosmic Rays in the Interplanetary Medium, The
Astrophysical Journal, 149, Ll15

127

Gloeckler, G., Sciambi, R. K., Fan, C. Y., et al. 1976. A direct measurement of the charge states
of energetic ion emitted by the Sun, The Astrophysical Journal, 209, L93
Gopalswamy, N., Xie, H., Yashiro, S., et al. 2012. Properties of ground level enhancement
events and the associated solar eruptions during solar cycle 23, Space Science Review, 171, 23
Goldreich, P., Sridhar, S., 1995, Toward a theory of interstellar turbulence. 2: Strong alfvenic
turbulence. The Astrophysical Journal, 438, 763
Goldstein M. L., Roberts D. A., & Matthaeus W. H., 1995, Magnetohydrodynamic turbulence in
the solar wind, Annual Review of Astronomy and Astrophysics, 33, 283
Gordon, B. E., Lee, M. A., Möbius, E., & Trattner, K. H. 1999. Coupled hydromagnetic wave
excitation and ion acceleration at interplanetary traveling shocks and Earth's bow shock revisited,
Journal of Geophysics Research, 104, 28263
Hollweg, J. V. 1973. Alfvén waves in the solar wind: Wave pressure, Poynting flux, and angular
momentum, Journal of Geophysics Research, 78, 3643
Isenberg, P. A. 1997. A hemispherical model of anisotropic inter- stellar pickup ions, Journal of
Geophysics Research, 102, 4719
Jokipii, J. R. 1966. A Model of Fermi Acceleration at Shock Fronts with an Application to the
Earth's Bow Shock. The Astrophysical Journal, 143, 961
Jokipii, J. R. 1982, Particle drift, diffusion, and acceleration at shocks, The Astrophysical
Journal, 255, 716
Jokipii, J. R., Lee, M. A. 2010. Compression Acceleration In Astrophysical Plasmas and the
Production of

f  v   v5 spectra in the heliosphere, The Astrophysical Journal, 713, 475

Kahler, S. W., Hildner, E., & Van Hollebeke, M. A. I. 1978. Prompt solar proton events and
coronal mass ejections, Solar Physics, 57, 429
128

Kahler, S.W., Sheeley, N. R., Jr., Howard, et al. 1984. Associations between coronal mass
ejections and solar energetic proton events, Journal of Geophysics Research, 89, 9683
Kahler, S. 1994. Injection profiles of solar energetic particles as functions of coronal mass
ejection heights. The Astrophysical Journal, 428, 837
Kruskal, M., 1962. Asymptotic Theory of Hamiltonian and other Systems with all Solutions
Nearly Periodic. Journal of Mathematical Physics, 3, 806
Krymsky, G. F. 1977. Acceleration of Particles at Shocks. Doklady Akademii Nauk SSSR, 234,
1306
Kunstmann, J. E., 1979, A new transport mode for energetic charged particles in magnetic
fluctuations superposed on a diverging mean field, The Astrophysical Journal, 229, 812
Lange, I. and Forbush, S.E., 1942, Note on the Effect on Cosmic-Ray Intensity of the Magnetic
Storm of March 1, 1942, Terrestrial Magnetism and Atmospheric Electricity, 47, 2, 185
Lee, M. A. 1982, Coupled hydromagnetic wave excitation and Self-consistent kinetic ion
acceleration upstream of the earth's bow shock, Journal of Geophysics Research, 87, 5063
Lee, M. A. 1983, Coupled hydromagnetic wave excitation and ion acceleration at interplanetary
traveling shocks, Journal of Geophysics Research, 88, 6109
Lee, M. A. 2005, Coupled Hydromagnetic Wave Excitation and Ion Acceleration at an Evolving
Coronal/Interplanetary Shock, The Astrophysical Journal Supplement Series, 158, 38
Lee, M. A., & Ryan, J. M. 1986, Time-dependent coronal shock acceleration of energetic solar
flare particles, The Astrophysics Journal, 303, 829
Li, G., Hu, Q., & Zank, G.P. 2005, Upstream turbulence and the particle spectrum at CMEdriven Shocks, 4th Annual IGPP International Astrophysics Conference, AIP Conference
Proceedings, 781, 223

129

Li, G. & Lee, M. A. 2015, Scatter-Dominated Interplanetary Transport of Solar Energetic
Particles in Large Gradual Events and the Formation of Double Power-Law Differential Fluence
Spectra of Ground Level Events during Solar Cycle 23, The Astrophysics Journal, 810, 82
Li, G., Zank, G. P., & Rice, W. K. M. 2005, Acceleration and transport of heavy ions at coronal
mass ejection-driven shocks, Journal of Geophysics Research, 110, A06104
Li, G., Zank, G. P., Verkhoglyadova, O., et al. 2009, Shock Geometry and Spectral Breaks in
Large SEP Events, The Astrophysics Journal, 702, 998
Lockwood, J. A., Debrunner, H., Flfickiger, E., et al. 1982, A model of propagation of solar flare
particles and its application to cosmic ray ground level events, Journal of Geophysics Research,
87, 4338
Lockwood, J. A., Debrunner, H., & Fluckiger, E. 1990, Indications for diffusive coronal shock
acceleration of protons in selected solar cosmic ray events, Journal of Geophysics Research, 95,
4187
Marsh, M. S., Dalla, S., Kelly, J., & Laitinen, T. 2013, Drift-induced perpendicular transport of
Solar Energetic Particles, The Astrophysics Journal, 774, 4
G. M., Desai, M. I., Cohen, C. M. S., et al. 2006, The Role of Interplanetary Scattering in
Western Hemisphere Large Solar Energetic Particle Events, Mason, The Astrophysical J, 647,
L65
Morgan, T. 2010, Measurements of the 2001 April 15 and 2005 January 20 ground -level
enhancements by the Milagro water Cerenkov detector, Ph.D. Thesis, University of New
Hampshire

130

McKibben, R. B. 1972, Azimuthal propagation of low-energy solar-flare protons as observed
from spacecraft very widely separated in solar azimuth, Journal of Geophysics Research, 77,
3957
McCracken, K. G., H. Moraal, & P. H. Stoker 2008, Investigation of the multiple-component
structure of the 20 January 2005 cosmic ray ground level enhancement, Journal of Geophysics
Research, 113, A12101
Mewaldt, R. A., Cohen, C. M. S., Haggerty, D. K., et at. 2008, The charge-to-mass dependence
of solar energetic particle spectral breaks, Proc. 30th Int. Cosmic-Ray Conf. (Mexico City), 1, 99
Mewaldt, R. A., Cohen, C. M. S., Labrador, A. W., et al. 2005, Proton, helium, and electron
spectra during the large solar particle events of October–November 2003, Journal of Geophysics
Research, 110, A09S18
Mewaldt, R. A., Looper, M. D., Cohen, C. M. S., et al. 2012, Energy Spectra, Composition, and
Other Properties of Ground-Level Events During Solar Cycle 23, Space Science Review, 171, 97
Morse, P.M. and Feshbach, H., 1953, Methods of Theoretical Physics.
Neugebauer, M., & Giacalone, J. 2005, Multispacecraft observations of interplanetary shocks:
Nonplanarity and energetic particles, Journal of Geophysics Research, 110, A12106
Ng, C. K., & Reames, D. V. 1994, Focused interplanetary transport of approximately 1 MeV
solar energetic protons through self-generated Alfven waves, The Astrophysical Journal, 424,
1032
Ng, C. K., & Reames, D. V., 2008, Shock Acceleration of Solar Energetic Protons: The First 10
Minutes, The Astrophysical Journal, 686, L123

131

Ng, C. K., Reames, D. V., & Tylka, A. J. 1999, Effect of proton-amplified waves on the
evolution of solar energetic particle composition in gradual events, Geophysics Research Letter,
26, 2145
Ng, C. K., Reames, D. V., & Tylka, A. J., 2003, Modeling Shock-accelerated Solar Energetic
Particles Coupled to Interplanetary Alfvén Waves, The Astrophysical Journal, 591, 461
Ng, C. K., & K. Y. Wong, 1979, Focused interplanetary transport of approximately 1 MeV solar
energetic protons through self-generated Alfven waves, in Proc. 16th Int. Cosmic Ray Conf.
(Kyoto), 5, 252,
Northrop, T. G., 1963, Adiabatic charged particle motion, Review of Geophysics, 1, 3, 283
Palmer, I. D. 1982, Transport coefficients of low-energy cosmic rays in interplanetary space,
Reviews of Geophysics and Space, 20, 335
Parker, E. N. 1965, The passage of energetic charged particles through interplanetary space,
Planetary and Space Science, 13, 9
Parker, E. N. 1965, Dynamic theory of the solar wind, Space Sci. Rev., 4, 666
Reames, D. V. 1990, Acceleration of energetic particles by shock waves from large solar flares,
The Astrophysical Journal, 358, L63
Reames, D. V. 1995, Coronal abundances determined from energetic particles, Advanced Space
Research, 15, 41
Reames, D. V. 2009, Solar Release Times of Energetic Particles in Ground Level Events, The
Astrophysical Journal, 693, 812
Reames, D. V., & Ng, C. K. 1998, Streaming-limited Intensities of Solar Energetic Particles, The
Astrophysical Journal, 504, 1002

132

Reames, D. V., Ng, C. K., & Berdichevsky, D. 2001, Angular Distributions of Solar Energetic
Particles, The Astrophysical Journal, 550, 1064
Reames, D.V., Barbier, L.M., von Rosenvinge, T. T. et al., 1997, Energy Spectra of Ions
Accelerated in Impulsive and Gradual Solar Events, The Astrophysical Journal, 483, 515
Reames, D. V., & Ng, C. K. 2010, Streaming-limited intensities of solar energetic particles on
the intensity plateau, The Astrophysical Journal, 723, 1286
Reid, G. C., 1964, A diffusion model for the initial phase of a solar proton event, J. Geophys.
Res., 69, 2659
Roelof, E. C. 1969, in Lectures in High Energy Astrophysics, ed. H. Ogelmann & J. R. Wayland
(SP-199; Washington: GPO), 111
Ruffolo, D. 1995, Effect of adiabatic deceleration on the focused transport of solar cosmic rays,
The Astrophysical Journal, 442, 861
Sandroos, A., & Vainio, R. 2007, Simulation Results for Heavy Ion Spectral Variability in Large
Gradual Solar Energetic Particle Events, The Astrophysical Journal, 662, L127
Sciambi, R. K., Gloeckler, G., Fan, C. Y., et al. 1977, Direct measurement of the ionization
states of energetic carbon and oxygen emitted by the sun, The Astrophysical Journal, 214, 316
Stix, T., 1992, Waves in plasma, New York : American Institute of Physics
Strauss, R. D., Ogunjobi, O., Moraal, H., McCracken, K. G., Caballero-Lopez, R. A., 2017, On
the Pulse Shape of Ground-Level Enhancements, Solar Physics, 292, 51
Tan, L. C., Reames, D. Y., & Ng, C. K. 2007, Bulk Flow Velocity and First-Order Anisotropy of
Solar Energetic Particles Observed on the Wind Spacecraft: Overview of Three "Gradual"
Particle Events, The Astrophysical Journal, 661, 1297

133

Tan, L. C., Reames, D. Y., & Ng, C. K., 2008, Ion Anisotropy and High-Energy Variability of
Large Solar Particle Events: A Comparative Study, The Astrophysical Journal, 678, 1471
Tylka, A. J., Boberg, P. R., McGuire, R. E., Ng, C. K., & Reames, D. V. 2000. Temporal
evolution in the spectra of gradual solar energetic particle events, in AIP Conf. Proc. 528, R. A.
Mewaldt, J. R. Jokipii, M. A. Lee, E. Moebius, & T. H. Zurbuchen (New York: AIP)
Acceleration and Transport of Energetic Particles Observed in the Heliosphere.
Solanki, S. K., Usoskin, I. G., Kromer, B., Schussler M., & Beer, J., Unusual activity of the Sun
during recent decades compared to the previous 11,000 years, Nature, 431, 1084
Tylka, A. J., Cohen, C. M. S., Dietrich, W. F., et al. 2005. Shock Geometry, Seed Populations,
and the Origin of Variable Elemental Composition at High Energies in Large Gradual Solar
Particle Events. The Astrophysical Journal, 625, 474
Tylka, A. J., Reames, D. V., & Ng, C. K. 1999a. Observations of systematic temporal evolution
in elemental composition during gradual solar energetic particle events. Geophysics Research
Letter, 26, 2141
Tylka, A. J., & Lee, M. A. 2006, A Model for Spectral and Compositional Variability at High
Energies in Large, Gradual Solar Particle Events, Astrophysics Journal, 646, 1319
Usoskin, I. G., Solanki, S. K., Kovaltsov, G. A., Beer, J., & Kromer, B., 2006, Solar Proton
events in cosmogenic isotope data, Geophysical Research Letters, 33, L08107
Vanio, R., Kocharov, L., & Laitinen, T., 2000. Interplanetary and Interacting Protons
Accelerated in a Parallel Shock Wave, Astrophysics Journal, 528, 1015
Vainio, R. 2003. On the generation of Alfvén waves by solar energetic particles,
Astronomy&Astrophysics, 406, 735

134

Völk, H. J., Morfill, G., Alpers, W., & Lee, M. A, 1974, Spatial Dependence of the Pitch-Angle
and Associated Spatial Diffusion Coefficients for Cosmic Rays in Interplanetary Space,
Astrophysics and Space Science, 26, 2, 403
Wanner, W. & Wibberenz, G., 1993. A study of the propagation of solar energetic protons in the
inner heliosphere, Journal of Geophysics Research, 98, 3513
Wang, L., Krucker, S., & Mason, G. M., 2016. The injection of ten electron/3He-rich SEP
events, Astronomy&Astrophysics, 585, A119
Webb, G. M., & Gleeson, L. J., 1974, Solutions of the cosmic ray equation of transport,
Astronomical Society of Australia, Proceedings, Vol. 2, p. 299
Webb, G.M. 1981, Time-dependent Green's functions of the cosmic ray equation of
transport, Astrophysics and Space Science, 80, 323

135

