University of New Hampshire

University of New Hampshire Scholars' Repository

Doctoral Dissertations Student Scholarship

Spring 1997

Contributions to the theory of neighborhoods and its applications

Michael Joseph Cullinane
University of New Hampshire, Durham

Follow this and additional works at: https://scholars.unh.edu/dissertation

Recommended Citation

Cullinane, Michael Joseph, "Contributions to the theory of neighborhoods and its applications" (1997).
Doctoral Dissertations. 1942.
https://scholars.unh.edu/dissertation/1942

This Dissertation is brought to you for free and open access by the Student Scholarship at University of New
Hampshire Scholars' Repository. It has been accepted for inclusion in Doctoral Dissertations by an authorized
administrator of University of New Hampshire Scholars' Repository. For more information, please contact
Scholarly.Communication@unh.edu.


https://scholars.unh.edu/
https://scholars.unh.edu/dissertation
https://scholars.unh.edu/student
https://scholars.unh.edu/dissertation?utm_source=scholars.unh.edu%2Fdissertation%2F1942&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholars.unh.edu/dissertation/1942?utm_source=scholars.unh.edu%2Fdissertation%2F1942&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:Scholarly.Communication@unh.edu

INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to

order.

UMI

A Bell & Howell Information Company
300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/761-4700  800/521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CONTRIBUTIONS TO THE THEORY OF
NEIGHBORHOODS AND ITS APPLICATIONS

BY

Michael J. Cullinane
B.S., University of New Hampshire, 1987
M.S., University of New Hampshire, 1990

DISSERTATION

Submitted to the University of New Hampshire
in Partial Fulfillment of
the Requirements for the Degree of

Doctor of Philosophy
in

Mathematics

May, 1997

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9730825

UMI Microform 9730825
Copyright 1997, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This dissertation has been examined and approved.

Il

Dissertation Director, Samuel D. Shore, Professor of
Mathematics

Doned M B s,

David M. Burton, Professor of Mathematics

(CBH, e o

Arthur H. Copeland, Pfofessor of Mathematics

Donovan H. Van Osdol, Professor of Mathematics

EY

Lee L. Zia, @ssociate Professor of Mathematics

April 254497
Date

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DEDICATION

To my parents

ili

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGMENT

I would like to acknowledge Sam Shore for his many contributions to my growth as a
mathematician and educator. His professionalism and friendship helped tremendously in

guiding this dissertation to fruition. Thanks, Sam!

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

DEDICATION il
ACKNOWLEDGMENT iv
LIST OF FIGURES vi
ABSTRACT vii
CHAPTER PAGE
INTRODUCTION 1
1. ANOVERVIEW OF THE EVOLUTION OF
NEIGHBORHOODS IN GENERAL TOPOLOGY 2
2. NEIGHBORHOODS AND NON-HAUSDORFF TOPOLOGIES 16
1. Neighborhoods and Weak Neighborhoods 16
2. An Application to the Theory of Distances 26
3. The y -spaces and their Dual, the y" -spaces 32
4. The Developable Spaces and their Dual, the Nagata Spaces 36
S. Pseudoquasimetrizability 50
6. Pseudometrizability 61
3. NEIGHBORHOOD STRUCTURES,
BINARY RELATIONS, AND WEAK DISTANCES 72
4. CONCLUSION 83
LIST OF REFERENCES 84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF FIGURES

FIGURE PAGE
1 21
2 33
3 49
4 60
5 64
6 71
vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT

CONTRIBUTIONS TO THE THEORY OF
NEIGHBORHOODS AND ITS APPLICATIONS

by

Michael J. Cullinane
University of New Hampshire, May, 1997

Neighborhoods have played a fundamental role in general topology since the birth of
the field. This work outlines the historical evolution of the notion of neighborhood and
employs neighborhood assignments, weak neighborhood assignments, and a naturally
induced notion of duality in a study of non-Hausdorff topological spaces. Neighborhood
characterizations of various classes of spaces, among them the developable and the
pseudometrizable spaces, are obtained. A generalization of topological spaces based upon
a primitive notion of neighborhood is explored and examples are supplied to motivate the

investigation.

vii
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INTRODUCTION

This work focuses on the mathematical notion of neighborhood.

Chapter One traces the formulation and evolution of this concept during the early part
of the twentieth century and examines its connections with the historical development of
topological spaces.

In Chapter Two neighborhood assignments are employed in a study of non-
Hausdorff topological spaces. The important topological concepts of pseudometrizability
and developability, among others, receive close scrutiny.

A generalized setting for the introduction of neighborhoods is provided in Chapter
Three. Several examples are developed there to suggest the significance of non-topological
neighborhood structures.

In the body of the text boldface type is used to indicate a word or phrase is being
defined. Although we have suppressed the only if, definitions are, of course, understood
to be if and only if statements.

We denote the set of positive integers and the set of real numbers by N and R,
respectively.

A sequence x will be denoted by (x,,), where x, represents x(n). If (x,,) is a
sequence in a topological space (X, T) and (x,,) converges to p, we write x, —>p

If (X, T) is a topological space and A C X, we write A or simply A for the closure
of A in (X, 7), Int(A) for the interior of A in (X, t), and ]A for the relative topology
on A induced by T.

The reader may refer to Munkres' Topology, A First Course [Mu] for standard

topological terminology and notations not defined in this dissertation.
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CHAPTER ONE

AN OVERVIEW OF THE EVOLUTION OF
NEIGHBORHOODS IN GENERAL TOPOLOGY

Given a topological space (X, ), anelement pEX,and aset NC X, it is common
to refer to N as a neighborhood of p provided that there exists G €t such that
pEG C N. The collection of all neighborhoods of p in (X, ) will be denoted by
Ne(p)-

This notion of neighborhood can be considered primitive and from it the theory of

topological spaces can be derived. Specifically:

1.1 Theorem. If X is a nonempty set and for each x EX there is a nonempty
collection A(x) of subsets of X satisfying

(1) AEA(x) == x€EA,

Q) ABEA(x) = ANBEA(x),

(3) (AEA(x) and ACB) = BEA(x),and

(4 A€A(x) = (IBEA(x) with BC A and BEA(y)V yEB),
then T = {SQ X:Vx€E€S,3A, EA(x), A, C S} isa topology on X and, for each x€X,

Ng(x) = A(x).

In this chapter we sketch the evolution of the notion of neighborhood in general
topology from its roles in Hilbert’s axioms for an abstract plane and Veblen’s definition of
a linear continuum to its appearances, in more or less contemporary form, in Hausdorff's
and, later, Fréchet’s, axioms for a topological space. We also discuss the relationship of

the neighborhood concept to other primitive notions on which mathematicians of the early
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part of the twentieth century attempted to base a theory of abstract spaces. Generalization
and axiomatization were motivating a great deal of mathematical research during this time
and it is worth remembering that many mathematics practitioners of this time were careful
to distinguish between the terms point and element. Points were the members of well-
known mathematical sets and were often capable of being interpreted geometrically, for
example the points of n -dimensional Euclidean space, while elements were members of
sets or classes which were to be understood solely through the axioms imposed on them.
Thus, in paraphrasing the axioms laid out by the mathematicians cited in this chapter, we
have paid more attention to this distinction than would normally be desirable (and more
than will be paid to it in the following chapters of this dissertation).
We begin with David Hilbert [Hlb] who, in 1902, employs a notion of neighborhood

to formulate axioms for an “abstract plane” in his book Grundlagen der Geometrie .
Included among these axioms are the following:

(1) The plane is a set of objects called points. Every point determines certain

subsets of the plane, called neighborhoods of the point. A point belongs to

each of its neighborhoods.
(2) If q isany point in a neighborhood of p, then this neighborhood is also

a neighborhood of ¢q.

(3) For any two neighborhoods of a point p, there exists a neighborhood of

p thatis contained in their intersection.

(4) If p and q are any two points of the plane, then there exists a

neighborhood of p which also contains the point q .

[t needs to be pointed out that Hilbert’s objective in setting down these, and several

other, axioms is the exploration of the foundations of plane geometry, not the study of
abstract spaces per se.1 To Hilbert, the abstract plane is simply an axiomatized version of

what he calls the “number plane,” that is, the Cartesian plane.

I'Thus, Hilbert uses the word point rather than element.
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However, it is also apparent that Hilbert’s axiomatic system documents several ideas
that will later emerge as cornerstones in the formulation of an abstract notion of
neighborhood and, on a broader level, the development of the theory of topological spaces.
For instance, we may note that, in relation to modern terminology, Hilbert’s
neighborhoods of a point are open (Axiom 2) and constitute a structure closer to a
neighborhood base at the point rather than an actual neighborhood system. Exactly how
much influence Hilbert’s conception of neighborhoods had on the development of
neighborhoods in general topology is unclear because the evidence on this front is sketchy.

Although he does not use the term neighborhood, Oswald Veblen [Ve], in his 1905
definition of a linear continuum , introduces the term segment to refer to the set of all
elementsin a linearly ordered set that lie (strictly) between two given elements. Veblen’s
axioms, besides defining a linear order, define completeness in terms of Dedekind cuts and
include postulates of closure, density, and uniformity. Together, these axioms allow him
to conclude that every bounded set in a linear continuum has a supremum, an infimum, and
at least one limiting element (for Veblen, a limiting element of a set § is an element p
having the property that every segment containing p contains an element of S distinct from
P ), and to prove a version of the Heine-Borel Theorem.

Veblen’s observations clearly convey the spirit of Cantor’s point-set theory for the
real line. In fact, the evolution of the notion of neighborhood cannot be separated from the
attempt to generalize this theory. The formulation, in an abstract setting, of an appropriate
notion of limiting element of a set had become a primary goal of mathematical analysts
around the turn of the century. The idea of taking a notion of neighborhood of a point as
primitive was not as popular. Since Veblen’s segments may be viewed as neighborhoods
of each of their elements, his work contributes not only to the explicitly defined limiting
element concept, but also, quite significantly, to the development of neighborhoods. As
with Hilbert, there is a sense of “openness™ attaching itself to the neighborhood concept

and, like Hilbert’s axioms, Veblen’s explorations are anchored to a specific agenda
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(defining a linear continuum). Itis with the investigations of Maurice Fréchet and Frederic
Riesz that we begin to encounter truly abstract settings for the study of point-sets.
By 1906 Maurice Fréchet [Fr1] has defined several different types of abstract spaces

in an attempt to develop an axiomatic point-set theory. In each of these spaces an element
p is a limit element of a set § if there is a sequence of distinct elements from § that
converges to p. The set of all limit elements of a set is called the derived set of the given
set. A set is then taken to be closed if it contains its derived set. The notion of
convergence of a sequence varies from space to space, however.

In those spaces Fréchet referred to as being classe (V), the notion of limit of a
sequence is defined through the use of what Fréchet calls a voisinage, a kind of distance
function. The voisinage (, ) returns, for every pair of elements, a nonnegative real
number to be interpreted as the distance between the elements, and is required to satisfy the
following properties:

() (a,b)=0 < a=b;
() (a,b)=(b,a);
(3) there exists a nonnegative real-valued function ¢ defined on R for which
¢p(x,,) — 0 whenever x, — 0, and
((a,b) <8, (b.c) <8) = (a,c)<g(d).
A sequence (a,) is then taken to converge to p ifand only if (a,, p) = 0 as n — .

[t should be noted that the French word voisinage can be translated as neighborhood.
Thus, Fréchet, in his classe (V), which we may observe is actually the class of metrizable
topological spaces, introduces a notion of neighborhood. Of course, this notion of
neighborhood is still quite far removed from the modern topological notion of
neighborhood in the sense that, formally, a voisinage does not represent a set of elements,
but rather a nonnegative real number. However, once our attention is fixed on a certain

element p, the set S(p, €) of all elements whose distances from p are less than some

specified positive number ¢ forms, on an intuitive level, what we may think of as a
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neighborhood of p, that is, a set of elements “near” the given element p. Thus, Fréchet's
use of abstract distances leads naturally to a notion of sphere centered at an element and
these spheres can be regarded as neighborhoods in the distance setting, although they may
not represent neighborhoods in the topological setting induced by the distance.

Atapproximately the same time (1907), Frederic Riesz [Ri], working independently
of Fréchet, puts forth axioms for what he terms a mathematical continuum. Significantly,
where Fréchet makes use of distances, Riesz suppresses any notion of distance and
concentrates instead on a primitive notion of derived set and a consequent notion of
neighborhood of a point. Part of the motivation for Riesz’s approach results from his
belief that certain mathematical theories, such as Cantor’s theory of ordinal numbers and
order types, are not equipped with intrinsic notions of distance, and, thus, any suitably
abstract conception of space should not rely on distance at the primitive level.

Riesz’s axioms for a mathematical continuum employ an undefined notion of derived
set built upon the principle that for any element of the continuum and any set in the
continuum, either the element is isolated from the set or the element is a limit element of the
set. Intuitively, Riesz is thinking of the derived set, denoted S, of a set § as being the set
of all limitelements of S. Thus, an element is isolated from § if it is not a member of S'.
Riesz’s axioms may be stated as follows:

(1) if S isfinite, then S’ = ;
) ifS=TUU,thenS'=T UU';
(3) if pES’ and g = p, then there exists TC S with pET' and q &T".

[t is at this point that Riesz formally introduces a notion of neighborhood? of an
element in a continuum X :

A set U is a neighborhood of an element p if
(1) p€EU, and

2[n German the word for neighborhood is Umbegung. Hence, Riesz uses the letter U to represent an
arbitrary neighborhood of an element.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(2) p isisolated from the complementof U (i.e. p&(X-U )’).

In this context, Riesz makes the following observations:

(1) Any finite intersection of neighborhoods of an element is a neighborhood of
that element.

(2) p€&S' if and only if every neighborhood of p contains infinitely many
elementsof §.

Both Fréchet and Riesz believe their works to be “first drafts” for a generalized
version of Cantor’s point-set theory. By 1910 a number of American mathematicians,
among them E.H. Moore [Mo] and his student T.H. Hildebrandt [Hld], have begun to
consider and build upon the research of Fréchet and Riesz. It is E.R. Hedrick [Hed], a
mathematician at the University of Missouri, and Ralph Root ([Rol], [Ro2], [Ro3]),
another doctoral student of E.H. Moore at the University of Chicago, however, who offer
the most significant contributions to an abstract theory of point-sets based upon a notion of
neighborhood.

Following Fréchet, Hedrick (1910) considers spaces for which there is a primitive
notion of sequential limiting element. The derived set of aset § is taken to be the set of all
limiting elements of sequences in §. Hedrick also assumes that every infinite set has a
limiting element (i.e. the space is compact) and that every derived set is closed (that is,
contains all of its limiting elements). He then develops an axiom of “enclosability” that is

based on the nested intervals property of the set of real numbers.

1.2 Nested Intervals Property. Suppose that, for each n €N, aq, and b, are real

numbers with a,, < b, and the interval [a,H,l,b,,H] is a subset of the interval [a,,,b,,]. If

-]
lim (b, - a,) = 0, then there exists a real number p such that [a,,, b,,]-= {p}.
n=]

n—»x

Hedrick’s enclosability axiom is:
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For each element p €X there exists a sequence (Q,,( p)) of closed sets such that
o]
(1) len(p) ={r}
nN=

(2) foreach n €N, Q,,1(p)C Q,(p), and
(3) for each n €N, there exists m,, €N such that for any element a €X, if
a EQy(x), then Qy(x) C O, (a).
The closed sets whose existence is assumed in this axiom have the “flavor” of closed
neighborhoods which are “shrinking down™ on a particular element. Thus, the
neighborhoods of an element distinguish that element from the other elements in the space.
Hedrick cites Veblen’s work with the linear continuum as partial motivation for his axiom.
Then, Ralph Root, in two papers published in 1914, but completed in April, 1912
[Ro2], and March, 1913 [Ro3], delineates axiom systems in which neighborhoods occupy
the primitive role.3 Root chooses a neighborhood approach based on his “thought that in
most of the definitions of limit that are employed in current mathematics a notion analogous
to that of ‘neighborhood’ or ‘vicinity’ of an element is fundamental.™
In the earlier of the two papers, Root considers a system that includes a class P of
elements and a class U of what he calls ideal elements, together with a binary relation
between subclasses of P and elements of PUU that can be viewed as describing
neighborhoods of elements and which results in the following set of axioms:
(1) If N isaneighborhood of p €P,then pEN.

(2) Every neighborhood of an ideal element contains an element of P.
(3) For any p €P there is a sequence (A,,) of neighborhoods of p such that for

any neighborhood N of p there exists k suchthat A, C N forevery nzk.
(4) For every neighborhood N of p €P there is a neighborhood My, of p for
which each element of My, has a neighborhood that is a subset of N.

3Root announced his work in an abstract [Rol] published in the Bulletin of the American Mathematical
Society in 1911.

4Root, Iterated limits in general analysis, American Journal of Mathematics 36 (1914), p. 79.
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(5) Distinct elements of P have disjoint neighborhoods.

Root then defines an element to be a limit element of a set S if each neighborhood of
the element includes an element of § distinct from the given element. He also defines an
element to be a limit of a sequence of elements if the terms of the sequence are eventually in
any neighborhood of the element. He is then able to show that x is a limit element of a set
§ if and only if x is a limit of some sequence in §, in other words, the “neighborhood”
and the “sequential”™ definitions of limiting element agree, and that derived sets are closed,
that is, the set of all limit elements of a set contains all of its limit elements. Further, Root
shows that the derived set axioms of Riesz discussed above are satisfied.

Before completing the second paper, Root spends a year at the University of Missouri
studying with Hedrick. The resulting paper is also clearly influenced by the prior work of
Veblen. An undefined notion of an element being between two other elements is employed
to obtain a definition of segment mirroring that used by Veblen.5 A segment is then to be
regarded as a neighborhood of each of its elements. Root then imposes the following
axioms:

(1) Every element belongs to some segment (such a segment is called a
neighborhood of the element).

(2) Given two neighborhoods of an element there is a neighborhood of the element
that is contained in their intersection.

(3) Any two distinct elements have neighborhoods whose intersection is empty.

Finally, by providing two examples of what will soon be known as non-first
countable topological spaces, Root points out that, for the spaces being considered in this
paper, the neighborhood and sequential definitions of limiting element need not yield
identical theories.

It is unclear how Root’s investigations may have influenced Felix Hausdorff’s

seminal contributions to the concept of neighborhood which lead directly to the formulation

5A segment consists of all the elements (strictly) between two elements.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of topological space that so much mathematics of our century has relied upon [Ha]. Ina
series of lectures he offered in Bonn during 1912, Hausdorff describes four properties of
the interiors of spheres (he refers to the interior of a sphere centered at a point p as a
neighborhood of p) determined by the usual metric for the set E of points in
n -dimensional Euclidean space:
(a) Each neighborhood of p contains p.
(B) Forany two neighborhoods U and V of p,either UCV or VCU.
(y) If q isin a neighborhood U of p, then there exists a neighborhood V of g
such that VC U.
(6) If p=gq, then there exist neighborhoods U of p and V of g such that
unv=4g.

Although Hausdorff states these properties within a specific mathematical context, his
subsequent remarks suggest that he intends to take them as axioms for an abstract space
constructed from a primitive notion of neighborhood: “The following considerations
depend only on these properties. They are valid, therefore, when E is a point set to whose
points x correspond sets U, having the four properties listed.™®

Then, in 1914, Hausdorff’s famous text, Grundziige der Mengenlehre, is published.
In it he considers three possible primitives for an abstract space: distance, limit element of
a sequence, and neighborhood. He settles on the notion of neighborhood because he
believes it to offer more generality than distances and because it is not tied to countability as
are sequences. Hausdorff then introduces the notion of topological space, an abstract class
in which each element is assigned a collection of subsets, called neighborhoods of the
element, from the class that are subject to the following axioms:

(A) Each element of the class has at least one neighborhood and the element is

contained in each of its neighborhoods.

STaylor, A study of Maurice Fréchet: I1. Mainly about his work on general topology, 1909-1928, Archive
for History of Exact Sciences 34 (1985), p. 301 (Hausdorff as quoted by Professor Giinter Bergmann of the
University of Miinster and translated by A.E. Taylor).

10
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(B) If U and V are neighborhoods of p, there exists a neighborhood W of p
suchthat WCUNV.
(C) If q is in a neighborhood U of p, then there exists a neighborhood V of ¢
such that VC U.
(D) If p=gq, then there exist neighborhoods U of p and V of g such that
unNnv=yg.
We may note that axioms (A), (C), and (D) are, respectively, the properties (a),
(y), and (6) Hausdorff considered in his Bonn lectures. It seems reasonable to view
property () as a preliminary version of axiom (B), although, according to A.E. Taylor
[Tay], a mathematician-historian who has had access to what remains of Hausdorff’s
unpublished notes, there does not appear to be any extant evidence suggesting how
Hausdorff eventually decides to replace (8) with (B) or exactly when the replacement
occurs. The obvious questions are:
(1) Was Hausdorff aware of Root’s work with neighborhoods?
(2) To what degree might Hilbert’s axioms have influenced the substitution of (B)
for (B)?
At this time, resolution of these issues seems highly unlikely.
The neighborhoods of an element utilized in Hausdorff’s axioms for a topological
space are actually, in modern terminology, open neighborhoods of the element and form a

neighborhood base for a (Hausdorff) topology on the given class.
1.3 Definition. Let (X, t) be a topological space and let pEX. A collection

B(p)E N (p) is a neighborhood base for p provided that the collection of all
supersets of members of B(p) is Ny(p).

1.4 Theorem. If X is a nonempty set and for each xE€X there is a nonempty

collection A(x) of subsets of X satisfying

11
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(1) AEA(x) = x€EA,
(2) A,BEA(x) = (3CEAXx),CCANB), and
B) AEAx) = (IA9EAM),Y yEAg, IA, EA(Y), A, C 4),
then t = {S CX:VxeES A, EAMX). A C S} is a topology on X and, for each xE€X,

A(x) is a neighborhood base at x in (X, 7).

Of course, by omitting Hausdorff’s axiom (D), we find ourselves within the realm of
arbitrary topological spaces rather than just Hausdorff topological spaces.

Hausdorff’s book is, at least after World War I, widely read and offers a particularly
lucid and instructive account of his ideas. Meanwhile, Fréchet [Fr4], who is apparently
unaware of Hausdorff’s work with neighborhoods, begins (in 1917) to reformulate his
various abstract spaces along the lines of a neighborhood approach.

In his 1906 thesis Fréchet had introduced a class of spaces he called classe (L) which
are based on a primitive notion of limit element of a sequence and for which the following
axioms hold:

(1) A constant sequence converges (to the obvious limit).
(2) Any subsequence of a convergent sequence converges to the same limit.
(3) Sequential limits are unique.
He now redefines classe (V) to refer to those spaces X of classe (L) having the

property that to each element x €X there is assigned a sequence (U,,(x)) of subsets, called
neighborhoods of x, of X such that x, = p iff Vn 3k, Vmzk,, x, €U,(p). It

[+ o}
then follows that, for each x €EX, (] U,(x) ={x}.
n=l

However, Fréchet [Fr2] almost immediately discards this definition of classe (V) in
favor of a more general definition that allows, as a consequence, for limit elements of sets
to be defined without reference to sequences (and, thus, to do away with any direct link to
countability). A space X will now be called classe (V) if, to each element x €X, there is

assigned a nonempty collection of subsets of X called neighborhoods of x. No axioms

12
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for these neighborhoods are assumed (it is not even required that an element be in each of
its neighborhoods). An element p €X is then taken to be a limit element of a set S C X if
every neighborhood of p contains an element of § different from p. Fréchet states that
this new definition of classe (V) is based on notes he had put together before the war,
although there is no corroborating evidence of this. A fairly extensive treatment of the new
classe (V) can be found in Sierpinski’s 1934 book, Intfroduction to General Topology [Si].

In 1918 Fréchet publishes a paper [Fr3] in which he notes that the derived sets,
defined in the usual manner, in a classe (V) satisfy the following properties:

() ACB = A'CBH';

W) pEA = pe(A-{p) .
He also notes that (I) and (II) follow from the first two of Riesz’s derived set axioms.
Then, he observes that an arbitrary class X based upon a primitive notion of derived set
that satisfies (I) and (II) generates a classe (V) whose induced derived sets are identical to
the original primitive-based derived sets.”

Recall that Riesz required that an element should belong to each of its neighborhoods.
Fréchet, on the other hand, believes that assuming an element is not in any of its
neighborhoods provides for simpler, and more elegant, arguments. Ultimately, it makes
no difference which approach is taken as the theories developed from them are parallel.
With Riesz, there is a unique element that is a member of all of the neighborhoods of a
given element, namely the given element; with Fréchet, the intersection of all of the
neighborhoods of a given element is empty.

Fréchet next defines a classe (H)8 to be a classe (V) satisfying:

(H1) An element belongs to each of its neighborhoods.

7Simply define N to be a neighborhood of p provided that p &(X - N )'.

8Fréchet mentions in his 1921 paper [Fr5], Sur les ensembles abstraits (Annales Ecole Norm. Sup. 38, PP-
341-388), that he has chosen this designation to honor Hedrick, whom he credited for generating the idea of
this classe.
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(H2) Given two neighborhoods of an element there is a neighborhood of the
element contained in the intersection of the two given neighborhoods.

(H3) Given two distinct elements there is a neighborhood of each that does not
contain the other.

(H4) Given a neighborhood N of an element there is a neighborhood of that
element each of whose elements has a neighborhood contained in N.

Observe that (H1) and (H2) are the same as Hausdorff’s axioms (A) and (B),
respectively, while (H3) is the 7} separation axiom which, of course, is less restrictive
than Hausdorff’s axiom (D).

Comparison of (H4) with Hausdorff’s axiom (C) is instructive. Following the
convention of Riesz, Fréchet defines an element to be an interior element of a set if the set
is a neighborhood of the element. Hausdorff’s axiom (C) requires that all of the elements
of a neighborhood be interior elements of the neighborhood (i.e. the neighborhood must be
open), while (H4) requires only that each neighborhood of an element be associated to a
neighborhood of that element all of whose elements are interior elements of the original
neighborhood (hence, neighborhoods need not be open). Fréchet’s opinion, even when he
finally does become familiar with Hausdorff’s work, is that "openness” of neighborhoods
may be unnecessarily restrictive and perhaps even contrary to the very nature of the
neighborhood concept. In fact Fréchet’s desire for generality leads him to refer to any
space based upon a primitive notion of derived set satisfying only property (II) described
above as a topological space.

In some respects the evolution of the neighborhood concept reaches its climax with
Hausdorff’s axioms. We have expounded at some length on Fréchet’s contributions, some
of which seem likely to have been made after the publication of Grundziige der
Mengenlehre, simply because it appears that he formulated his axioms concerning

neighborhoods without any knowledge of Hausdorff’s investigations. Root, also, must
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receive credit as his results generally pre-date Hausdorff’s and are published in very widely
circulated journals.?

Following the efforts of Hausdorff and Fréchet, topological spaces came to be
regarded by most mathematicians as the “appropriate” setting for the study of continuity
and a variety of limit processes. The field matured, a great number of problems were
posed (and many of them solved), and aspects of the theory were applied to other branches
of mathematics. For more than half a century the notions of topological space and
neighborhood remained essentially “unrevised.”

In the last twenty years, though, spawned primarily as a result of problems in applied
and theoretical computer science, general topology has undergone a renaissance of sorts.
Non-Hausdorff topologies have finally found meaningful applications'? and, hence, there
is a great need for additional research into and deeper understanding of the spaces they
generate. Chapter Two of the present work contributes to the theory of non-Hausdorff
topological spaces by focusing attention on the neighborhood assignments their topologies
generate.

And, once more, mathematicians as well as computer scientists, are giving attention
to foundational issues and considering structures more general than topological spaces.!!
Central to many of these generalizations is a notion of neighborhood. Chapter Three of this
dissertation investigates a generalization introduced by M.B. Smyth [Sm] and known as a

neighborhood space.

9Root’s initial abstract was published in the Bulletin of the American Mathematical Society (1911). The
1912 manuscript was published in the American Journal of Mathematics and the 1913 manuscript in the
Transactions of the American Mathematical Society.

10A pproximating a computer’s output, for instance, requires that not all of the approximations be separated
from the output in the T, sense.

1 1Most of these structures are, however, less general than Fréchet’s classe (V).
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CHAPTER TWO

NEIGHBORHOODS AND
NON-HAUSDORFF TOPOLOGIES

Due primarily to a variety of applications in computer science and its theoretical
foundations (see, for example, [Sm] and [Ko]), non-Hausdorff topologies are playing a
more prominent role in general topology than at any other time in the history of the field.
That many such topologies can be generated through the use of neighborhoods is of
particular interest to us. In this chapter we initiate a study of neighborhoods with the goal
of developing useful non-Hausdorff generalizations of classes of topological spaces that
have found significance in the Hausdorff setting. In addition we indicate how
neighborhood assignments satisfying various conditions can be used to identify differences
among certain fundamentally important topological properties, including

pseudometrizability, developability, and pseudoquasimetrizability.
1. Neighborhoods and Weak Neighborhoods

An indexed family {Na(x):xEX,aEI} of subsets of X is called a

neighborhood assignment in the topological space (X, t) provided that
foreach p €X and each a €1, N, (p)ENy(p).

In what follows the word neighborhood will often be abbreviated to nbhd.

2.1.1 Theorem. For any nbhd assignment {Na(x):xEX,aEI} in (X, 1), the

following are equivalent:

(1) forevery pEX, {Na(p):aEI} is a nbhd base for p in (X, 1) ;

16
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(2) r-{AQX:VpEA, BaPEI,NaP(p)QA}.

Proof. Assume (1) and let S = {AQ X:VpEA, 3ap €l Nap(p)g A}. Every member
of S is clearly a neighborhood of each of its points, so SC 7. On the other hand, if
p EGE, there exists, by hypothesis, a, €I with Nap( p) S G;hence, TCS.

Conversely, assume (2) and suppose N ENy(p). Then pE€Int (N)CE N and,
since Int ;(N) €1, there exists, by hypothesis, ap €1 with Nap(p) Clnt,(N)CN.

Neighborhood assignments that are indexed by N will be particularly significant in
what follows. Any family {S,,(x) :XxEX, n EN} of subsets of X is decreasing [Ho2] if

foreach p€X, §,,1(p)C S,(p) forevery nEN.

2.1.2 Theorem. For any decreasing nbhd assignment {N,,(x):xEX,nGN} in

(X, 7), the following are equivalent:
(1) forevery pEX, {N,,(p):n EN} is a nbhd base for p in (X, 1) ;
(2) forevery pEX, x, EN,(p),Vn = Xn =7 P;

(3) forevery pEX, x, EN,(p),Vn = (x,) clusters at p.12

Proof. (1)=>(2) and (1)=>(3): Assume (1), suppose x, EN,(p)Vn, and consider any
MEN,(p). By hypothesis there exists kK EN such that Ny (p)SM. Then, as
{N,,(x):xEX,nEN} is decreasing, it follows that N,(p)C Ni(p) Vnzk so that
X, EMVYnz=k.

12Recall that a sequence (x,) in a topological space (X, ) clustersat pEX provided that, whenever
NEN,(p) and nEN, there exists m2n for which x, EN. Generally, in the neighborhood
characterizationsappearing in this chapter, x,—— p can be replaced with (x,,) clusters at p when the
given nbhd assignment is decreasing or can itself be replaced by a decreasing nbhd assignment.
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(2)=>(1): Suppose that there exists p €X for which {N,,( p):n EN} is not a nbhd
base for p. Then there exists M ENy(p) such that N,(p)& M for any n €EN. So,
Vn,3x, EN,(p) with x, M. Thus, (x,) does not converge to p.

(3)=>(2): Assume (3) and suppose x, EN,(p) Vn. Then (x,,) clustersat p.

Claim. x,——p

Pf. Otherwise, IM EN(p) such that ¥ n, 3k, = n with k,,; >k, and
X, €EX-M. Now, as {N,,(x):x €X,n EN} is decreasing,
X, EN (p) S Ny(p) so that, by hypothesis, (xk,,) clusters at p, which

is impossible since (xk") isneverin M.

2.1.3 Corollary. The following are equivalent for a topological space (X, 7):

(1) (X, 7) is first countable;
(2) there exists a nbhd assignment {N,,(x) x€eX,n EN} in (X, ) such that, for
every pEX, x, ENy(p).Vn = x,——p.

(3) there exists a decreasing nbhd assignment {N,,(x) XEX,n EN} in (X, 1)
such that, for every pE€X, x, EN,(p),Vn = Xn—>P-

Proof. (2)=>(3): If the given neighborhood assignment {N,,(x):x eX,n GN} is not

n
decreasing, define M,(p)= ﬂNk(p). Clearly, {M,,(x):xEX,nGN} is a decreasing
k=1

nbhd assignmentin (X, 7). Note thatif x, EN,(p)Vn = Xp———>p, then it follows

that x, EM,(p)Vn = Xn—"">P.
Given a family {Sa(x) x€X a EI} of subsets of X, we define, for each p EX
andeach a €1, S;(p) so that

Sa(P) = {xEX: pES, (1)}

and refer to S;( p) as the dual of S, (p).

18
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2.1.4 Lemma. Forany family {S,,(x) xE€X,n EN} of subsets of X,
{S,,(x) XEX n GN} is decreasing iff {S,:(x) XEX,)n EN} is decreasing.

Also, for a family {Sa(x) xEX a EI} of subsets of X, we define, forany AC X

and any a €/,
SelAl= |JSa(x).
XEA

2.1.5 Remark. If {Na(x) xEX, a EI} is a neighborhood assignment in (X, 7),
given p €X and a €1, it does not necessarily follow that N;( p) is a neighborhood of p.

For instance, consider the topology T = {R,Q}U{(a, ) aER} on R and, for each
p €R and each n €EN, define N,(p) = (p —517, 00). Clearly, {Nn(x) :XER,n EN} is a

neighborhood assignment in (R, ). But, given pER and nEN, observe that
Ny(p) = p+ L) E NP

Corollary 2.1.3 characterizes first countability using neighborhood assignments. We
now define a topological property which may be viewed as dual to first countability. A
topological space (X, t) is semistratifiable if there is a (decreasing) neighborhood
assignment {N,,(x) XEX,)n EN} in (X, ) such that

forevery pEX, x, EN(p),Vn = Xp—>p-13

G.D. Creede [Cr] wrote his dissertation on semistratifiability and attributes the notion
to E.A. Michael. The following theorem occurs as a known formulation of semistratifiable
spaces.
2.1.6 Theorem. The following are equivalent for a topological space (X, 7):

(1) (X, 7) issemistratifiable;

13Again, we may replace x,—* p with (x,,) clusters at p.
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(2) there exists a (decreasing) nbhd assignment {N,,(x) XxEX,n EN} in (X, 1)

such that, for every closed set F, F = ﬂ{ N,F]:n GN}.

Proof. Let {N,,(x):xeX,nEN} be a nbhd assignment in (X, t) such that
x, EN (p).Vn = 4 and consider any closed set F. If p€E€F, then,

Vn, pEN,(p) € N,[F]. On the other hand, if p €[ \{N,[F]:n €N}, then ¥n, Ix, EF
such that pEN,,(x,,). So, by hypothesis, Xn—P and, therefore, as F is closed,
PEF.

Conversely, assume (2), note that there is no loss of generality in assuming the
nbhd assignment is decreasing, and suppose x, EN,','( p) Vn. If p EGE, it follows that
X - G=[Y{NX - G]: n €N} and, therefore, p €Ni[X - G] for some k EN. So, as
pEN(x.), it follows that x, €X-G. Then, since {N,,(x) :XxEX,n EN} is
decreasing, Vnzk, p&N,[X-G] and, as peN,,(x,,), x, €X -G. Therefore,
Vnzk, x, €G.

In order to facilitate our study of duality, we define a topological space (X, ) to be
(1) a y;—space if there is a nbhd assignment {N,,(x) X EX,nEN} in (X, )

such that
foreach pE€X, x, EN,(p),Vn = X~ p;

2) a yf—space if there is a nbhd assignment {N,,(x) 3 4 EX,nEN} in (X, 1)

such that
foreach p €X, x, EN,:(p),Vn = x,,-—r->p;and

3) ay; yf-space if there is a nbhd assignment {N,,(x) x€EX,n EN} in (X, 1)

such that
forevery p EX, x, EN,(p)NN,(p),Vn = Xp—>p-

Clearly, the y,~spaces are precisely the first countable spaces, while the y; —spaces

are precisely the semistratifiable spaces.
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If a topological space (X, T) is a yj—space, we refer to any nbhd assignment in
(X, 7) satisfying the “y;-space condition” as a y;-nbhd assignment. We employ
similar terminology in any situation where a space is defined through the use of nbhd
assignments. Thus, besides y;-nbhd assignments, we also have yf—nbhd assignments
and y, yl' —nbhd assignments. Others will be introduced in due course.

If (X, ©) is both a y;-space and a yl'—space, we will say that (X, 7) isa yl-,yf—
space. Similar notation is used to refer to other spaces satisfying multiple conditions
involving nbhd assignments.

The diagram below summarizes how the spaces we have just introduced relate to one

another:

(X,7) is a 71—, y]-space

/ N\

(X,7)is a y;-space (X, 7) is a 47-space

N /

(X, 1) is a y17;-space

-

Figure 1. y, and its dual yf

2.1.7 Lemma. Suppose that {L,,(x) :xeX,n EN} is a yy~nbhd assignment in (X, )
and {M,,(x) XEX,n EN} isa yl'—nbhd assignment in (X, ). For each p €X and each

n €N, define

n n
Np(p) = ( nLk(P)) n( ﬂMk(P)) -

k=1 k=1
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Then {N,,(x) 1XEX,n EN} is a decreasing nbhd assignment in (X, 7) thatis botha

y1~nbhd assignment and a y; —nbhd assignment.

The construction presented in Lemma 2.1.7 frequently provides a decreasing

neighborhood assignment possessing multiple properties.

2.1.8 Theorem. The following are equivalent for a topological space (X, 7):
() (X,7) isa yl—,yf—space;
(2) there exists a (decreasing) nbhd assignment {N,,(x) :x€X,nEN } in (X, 1)
such that forevery pEX, x, EN,(p) UN(p).¥Yn = Xp—F>p.14

Proof. (2) = (1): This implication is obvious.

(1) = (2): Let {[,(x):xEX,nEN} and {M,(x):xEX,nEN} be y;- and
yf—nbhd assignments, respectively, in (X, T) and use Lemma 2.1.7 to construct a
decreasing nbhd assignment {N,,(x):x €X,n EN} that is both y; and yf . Note that
Nu(p) = Ln(p) N\ My(p).

Now consider any p €X and suppose x, €EN,(p) UN,:(p) Vn. If (x,,) does not
converge to p, then there exists U €ENy(p) such that Vn, 3k, = n with k,,; >k, and
x, EX-U. Since both {N,(x):x€X,n€N} and {N;(x): xEX,neN} are
decreasing, it follows that, Vn, x, €N,(p)U N (p).

Either infinitely many terms of the sequence (xk") belong to U{N,,(p) n EN} or
infinitely many belong to U{N',,( p):n €N } In the former case, Vn,3j; =k, with

k.., > Jk, and Xji. GNJ-,‘" (P) EN(P)EL,(P); s0, as {L,,(x):x EX,nEN} isa y;-

n+l

nbhd assignment, it follows that x, —*Pp so that (xjk ) is eventually in U, a

contradiction.  In the latter case, Vnm 3j; 2k, with ji >ji and

140nce more we may replace X,—* p with (x,,) clusters at p.
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x EN;—,M(P)QN;(P)QM;(P): so, as {M,(x):xEX,n€N} is a yj-nbhd

Ji

assignment, it follows that x k. TP so that (x i ) is eventually in U, a contradiction.
n n

Topological properties parallel to those of first countability and semistratifiability
(among others) can be developed through the use of a more generalized neighborhood-like
structure called a weak base. This notion points the way toward the generalization of

topological spaces we will discuss in Chapter 3.
A collection {Wa x):x€X,a El} of subsets of a set X is called a weak

neighborhood assignment in a topological space (X, T) provided that

(1) foreach pEX andeach a €1, p EW,(p), and
(2) whenever p EGE 1, there exists ap €1 with Wa,, (pCEG.

The collection is called a weak neighborhood base or simply a weak base for T if

(1) foreach pE€X andeach a €1, p EW,(p),
) GET < VpEG,BaPGI,WaP(p)QG,and

() YpEX,Yay,a; €1, 3a3 &I, Wy, (p)S Wy, (p) MW, (p).
Observe that we can always construct a decreasing weak base for a topology T on X

n
from a given weak base {W,,(x): xEX,nEN} for T by defining V,(p)= an(p).
k=l

The collection {V,,(x) XEX, nEN} is then a decreasing weak base for t.

2.1.9 Theorem. Let (X, 7) be a topological space and {S,,(x) :x€EXn EN} be a
decreasing family of subsets of X having the property that p €S,(p) for each p EX and

each n €N. The following are equivalent:
(n {S,,(x) XEX,n EN} is a weak nbhd assignment in (X, 1) ;
(2) foreach pEX, x, €S, (p).Vn = Xn—>P-

Proof. (1) = (2): This implication is obvious.
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(2) = (1): Assume (2) and suppose p EGET with S,(p)Z G,Vn. Then,
Vn, 3x, €S,(p) such that x, €G. By hypothesis, x, ——* P, acontradiction.

We now define a topological space (X, ) to be weakly first countable [Ar;
1966] if there is a (decreasing) weak base {W,, (x): x€X, nEEN} for T. Similarly, (X, T)

is weakly semistratifiable if there is a (decreasing) weak base {W,,(x): xEX, nEN}

for T such that
foreach pEX, x, EW,(p),Vn = x, —P-
Weakly semistratifiable spaces can be characterized in such a way as to parallel the
characterization of semistratifiable spaces given in Theorem 2.1.6. The proofs are similar

as well.

2.1.10 Theorem. The following are equivalent for a topological space (X, 7):
(1) (X, ©) is weakly semistratifiable;
(2) there exists a decreasing weak base {W,, (x): xEX,nEN } for T such that for
everyclosed set F, F = ﬂ{Wn[F] n EN}.

We conclude this section with a construction that allows us to manufacture a weak

base having the potential to satisfy multiple properties.

2.1.11 Lemma. If {N,,(x) 1 xE€EX,n EN} is a decreasing nbhd assignment in (X, ),
{W,,(x): XEX, nEN} is a weak base for 7, and for each pE€X and each n EN, we

define

Va(P)= Np(p) Wy (p),
then {V,,(x) (XEX, nEN} is a weak base for t.
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Proof. Clearly, pEV,(p) Vn. Also, if pEGET, there exists m such that
W, (p)S G ; hence, Ny, (p) N Wy (p) ©G.
Claim 1. If G C X has the property that V¥ p €G, 3n such that V,(p)C G,
then G Ez.
Pf. Consider any p €G. Then 3m such that N, (p) N W,,(p) CG and,
as N, (p) EN(p), 3k with Wp(p) © N,,(p). It follows that 3/ such
that Wy(p) SW(p)NW(P)CS N, (p)NW,(P)CG. Thus, as
{W,, (x): xEX, nEN} is a weak base for T, we conclude that G €.
Claim2. ¥Y'm,n, 3k such that Vi(p) CV,(p)NV,(p).
Pf. Consider any m, n€N. There exist i, j such that W;(p) C N,,(p) and
Wj(p)g N,(p). Then there exist &, such that
Wa(p) EWi(p) MW p(P) S Npy(p) N W, (p) , and
Wg(p) SW (p) N W, (p)E Ny(p)NW,(p),
and there exists k such that W.(p) SW,(p) N Wﬁ (p). Thus,

Ne(p)NW(p) SWi(p) SV ,(p) NV (p) .
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2. An Application to the Theory of Distances

A function d : X x X — [0, ) is a distance for the set X provided that

d(p, p) =0 foreach pEX.
Given a distance 4 for X, we define the sphere centered at p €X of radius € >0,
denoted S,(p, €), so that
Sy(p. €) ={x EX:d(p, x) < ¢}.
We then define

Ty = {Ag X:VpEA e, >0,5,p.¢p) gA}.
Observe that ; is a topology on X .
A distance d for X is an asymmetric!5if
forany p,q€X, d(p9)=0 = p=gq.

A topological space (X, T) is asymmetrizable if there is an asymmetric d for X such
that T = 74 ; in this case we say that d is an asymmetric for (X, 7). An arbitrary distance
for X is sometimes called a pseudoasymmetric for X ; a topological space (X, t) is
then taken to be pseudoasymmetrizable if there is a distance (i.e. pseudoasymmetric)
for X such that 7 = 7,.

If, for each pEX, {Sd(p, g):e> 0} is a neighborhood base at p in a topological
space (X, T), it follows that T =t4;. In general, however, S;(p, €) need not be a
neighborhood of p in (X,ty). A topological space (X,7) is said to be
(pseudo)asemimetrizable if there is an (pseudo)asymmetric d for X such that

foreach p €X, {Sd(p, £):e£> O} is a neighborhood base at p in (X, 7);
in this case we say that d is an (pseudo)asemimetric for (X, 7).
The following lemma provides several well-known characterizations of

pseudoasemimetrizable spaces.

15Nedev [Ne; 1971] calls such a distance an o-metric.
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2.2.1 Lemma. ([SR]Letd be adistance for X and (X, T) be a topological space. The

following are equivalent:
(1) foreach pEX, {Sd(p, £): € >O} is a neighborhood base for p in (X, 1) ;

(2) (X, ) isfirst countable and, foreach pEX,

=P < d(p,x,)—>0;

(3) (X, 7) is Fréchetl6 and, for each p €X,
=P d(p,x,)—0;

(4) for each nonemptyset AC X, AT - {x €X:d(x,A] -O} 17

First countability and weak first countability can be used to distinguish

pseudoasemimetrizability from the more general notion of pseudoasymmetrizability.

2.2.2 Theorem. A topological space (X, t) is pseudoasymmetrizable iff it is weakly

first countable.

Proof. If (X, t) is pseudoasymmetrizable and d is a pseudoasymmetric for (X, 7), then
{Sd(x, 1/2"): XEX,n EN} is a weak base for T, making (X, T) weakly first countable.

Conversely, if {W,, (x): x€EX,nEN } is a decreasing weak base for 7, then the

distance d for X defined by
4 0, if g EW(p) Vk;
(p.9) = 1/2", where n = min {k: q$Wk(p)}, otherwise,

is a pseudoasymmetric for (X, 1), as Sd(p, 1/2") =W,(p).

16A topological space (X, T) is Fréchet provided that, forany pEX andany AC X, pEA’ iff there is a
sequencein A that convergesto p.

171f d is a distance for X, pEX,and AC X, then we define d(p.A]-inf{d(p,a):aeA}.
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2.2.3 Corollary. A topological space (X, t) is pseudoasemimetrizable iff it is first

countable.

A distance d for X is symmetric!8 provided that
forany p,q €X, d(p,q) = d(q, p) -
A symmetric asymmetric is referred to as a symmetric. A topological space (X, 1) is said
to be symmetrizable if there is a symmetric d for X such that T =7, ; we then say that
d is a symmetric for (X, 7).

A topological space (X, 7) is semimetrizable if there is a symmetric d for (X, 1)
such that, for each p €X, {Sd(p, £): ¢ >0} is a neighborhood base for p in (X, 7); in
this case we say that d is a semimetric for (X, 7).

Once again the prefix pseudo is used to allow for the possibility that d(p, g) =0 even
when p=gq.

Given real numbers a and b, we will let a A b and a v b stand for the minimum and
the maximum, respectively, of a and b.

If d; and d, are distances for X, we define (d; A d),(d; v d,): X x X — [0,®) so
that forany p, g €X,

(dy 7 d3)(p. ) = d1(P.q) A dy(p, @), and
(41 v d)(p. g) = dy(P.q) v &y (. ).
It follows that (d; A d,) and (d; v d,) are distances for X.

Given distances d; and dp for X we will write dj sd, provided that

di(p,q) sdy(p, q) forall p,q EX.

2.2.4 Lemma. Letd and d, bedistances for X. Then:
(1) dy sdy = S4(p,)S 84,(p, €);

18Fréchet [Fr4] introduces this notion in 1918 as what he calls an écart.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(2) Sg nd, (P €)=S54,(P, €)USy, (P, €);
(3) Sdvd, (P, &) = Sz (P, €)N Sy, (P, €);
4 4 sdy, = T4, Q‘L’dz.

Also, given adistance d for X, we define d*: X x X — [0, ), called the dual
[Ko; 1993] of d, so that for any p, g €X,
d*(p.q) = d(q, p).

Note that d” is a distance for X and that d A d” and d v d* are symmetrics for X .

2.2.5 Lemma. Letd beadistance for X. Then:
(1y if d'(p,x,,)—*O = d(p, x,) >0, then Ty STy and Ty=1;

(actually, Ty St iff Tg =7, p);

2y if d(p,x,,)->0 = d'(p,x,,)—*O, then 7,- Sty and 75=1, ;

(actually, if Tz = T, 4, then T - C 7y).

Neighborhoods may be used to characterize pseudosemimetrizable spaces and weak

neighborhoods to characterize pseudosymmetrizable spaces.

2.2.6 Theorem. The following are equivalent for a topological space (X, 1):
(1) (X, 7) is pseudosemimetrizable;
(2) (X, 7) is first countable and semistratifiable;
(3) there is a nbhd assignment {N,,(x) x€X,n EN} in (X, ) such that
(a) foreach pEX, x, EN,(p).Vn = Xn—>P, and

(b) forany p,q €X, gEN,(p) = PpEN,(q).

Proof. It suffices to show (1)=>(3)=(2)=(1). Now (3)=>(2) is obvious and
(1) =>(3) follows by taking N,(p) = Sd(p, 1/2").
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(2)=>(1): Suppose (X, ) is [irst countable and semistratifiable. Then, by
Lemma 2.1.7, there is a decreasing nbhd assignment {N,,(x) x€X,n EN} in (X, 7) that
is both a y,-nbhd assignment and a y; -nbhd assignment.

Define d: X x X — [0, ®) so that
4 0, if g ENi(p) Yk,
(P9 = 1/2", where n = min {k: q%Nk(p)}, otherwise,

and observe that Sd(p, 1/2") = N,(p). It then follows, since {N,,( p):n GN} is a nbhd
base for p in (X, 7), that T = t4. Thus, d is a pseudoasemimetric for (X, 7). Also, as
Sd(p, 1/?.") = Np(p), it follows that

n——p < d(p,x,)—0.

We now show that 7; = And" It suffices, according to Lemma 2.2.5, to show
that whenever d”(p, x,)— O, there is a subsequence (xk") of (x,,) for which
d(p, xkn)—»O. So suppose d*(p, x,) = 0. Then, ¥ n, 3k, such that d*(p, x,) < 2%, or,
equivalently, d(xk,, , p) < % So, Vn, p ESd(xku, 1/2") = 1\1’,,(xk'l ) . Therefore, as
{N,,(x):xEX,nEN} is a yq-nbhd assignment, it follows that X, —p so that
d(p, X ) 0.

Thus, dad" is a pseudosymmetric for (X, 7). However, since
SdAd-(p, £)=S4(p, €) USd-(p, g), it is clear that SdAd.(p, €) EN.(p). Hence,

(d A d') is a pseudosemimetric for (X, 7).

2.2.7 Theorem. The following are equivalent for a topological space (X, 7):
(1) (X, 7) is pseudosymmetrizable;
(2) (X, 1) is weakly semistratifiable;
(3) there is a weak base {W,,(x): XEX, nEN} for T such that

forany p,qE€X, qEW,(p) = pEW,(q).
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Proof. 1t suffices to show (1) =>(3) = (2) = (1) . Paralleling the proof of Theorem 2.2.6,
we see that (3)=>(2) is obvious and that (1)=>(3) follows by taking
Wa(P) = S4(p. 12").

(2)=>(1): Suppose (X, 1) is weakly semistratifiable. Then there is a decreasing

weak base {W,,(x): xEX, nEN} for T such that
foreach p €X, x, EW,(p),Vn = Xn—">p.

Define A,(p) = W,(p) UW,(p); it follows that {A,,(x):xGX,nEN} is a

decreasing weak base in (X, 7).

Now define d : X x X — [0, ©) so that
4 0. if g EA(p) Vk;
(p.9) = {1/2", where 7 = min {k: q$Ak(p)},otherwise.

Since g €A, (p) = pEA,(q),itfollows that d(p,q) =d(q,p) Vp.qEX.
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3. The y-spaces and their Dual, the y -spaces

A topological space (X, ) isa y —space [Hol; 1972] if there is a (decreasing) nbhd
assignment {N,,(x) XEX,)n EN} in (X, 7) such that foreach pEX,
(xn ENn(yn)’ Yn ENy(P), v") = Xy—7 P

The class of y —spaces is significant because it forms a generalization of the class of
pseudoquasimetrizable spaces (pseudoquasimetrizable spaces are discussed in §5 of this
chapter). Ralph Fox and Jacob Kofner [FK] have developed an example of a regular y —
space that is not pseudoquasimetrizable.19

Y —spaces can also be used in characterizing both pseudoquasimetrizable and
pseudometrizable spaces.20

A topological space (X, T) is

(1) a y -space if there is a (decreasing) neighborhood assignment
{N,,(x) XxEX,)n EN} in (X, t) such that for each p €X,
(P ENa(Yn): Yo ENn(x,). Y1) = x,——p.and
(2) a vy y'-space if there is a (decreasing) neighborhood assignment
{N,,(x) xEX,n EN} in (X, 7) such thatforeach p€EX,
(%22 2 ENu(yn). Yo EN(%2) O Np(p), Vi) = x,——p.

The y —spaces and the y" —spaces are dual to each other in the sense that, by
replacing each occurrence of N, in the defining property of the y —spaces by N,, we
obtain the defining property of the y* —spaces. The y y'—spaces might be characterized as
self-dual, since replacing each occurrence of N, in the defining property of the y y*—
spaces by N,: produces the identical property.

Figure 2 summarizes how these spaces relate to one another:

19This provides a counterexample to the long-standing conjecture that every y —space is
pseudoquasimetrizable.
20See §5 and §6 of this chapter.
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(X.7) is a y-, y"-space

/ ~\

(X,7) is a y-space (X.7) is a y"-space

hY /

(X,7)is a yy=-space

Figure 2. y and its dual y"

2.3.1 Lemma. Forany topological space (X, 7):
(1) (X, 1) is a y —space iff there is a nbhd assignment {N,,(x) :XEX,n EN} in

(X, T) such that foreach pE€X,

(2) (X, 7) isa y" —space iff there is a nbhd assignment {N,,(x) XEX,n EN} in

(X, 7) such that foreach pE€X,
(N,,(x,,)ﬂN,:(p)aeQ,Vn) = Xp—P;

(3) (X, 7) isa y y" —space iff there is a nbhd assignment {N,,(x) ‘X EX,n EN} in

(X, 7) such thatforeach pEX,
(Na(x2) N NS(x,) NP O N (P) = BV ) = 2 ——p;

4) (X,7)isay —,y'—space iff there is a nbhd assignment {N,,(x) xEX,n EN}

in (X, 7) such that foreach p €X,
(Mn(xa) O M) U (Nolx) O VD) = 2, Vn) = x,—p.

T

Given a family {S(x) x€X } of subsets of X and a subset A of X, we define
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S*[A]= {x€X:3a €A, IyEX, xES(y), yES(a)}.

2.3.2 Theorem. Forany topological space (X, T):
(1) (X, 7) is a y-space iff there is a (decreasing) neighborhood assignment
{N,,(x) XxEX,n EN} in (X, T) such that
(K compact, F closed, KNF = @) = N,[K]NF = forsomen;
2) (X,7)isa y'-space iff there is a (decreasing) neighborhood assignment
{N,,(x) XEX,n EN} in (X, T) such that
for each closed set F, F= ﬂ{N,%[F]: n EN}.

Proof. (1) Let {N,,(x) :x€EX,n EN} be a decreasing y —nbhd assignment in (X, t).
Consider any compact K and any closed F and suppose that ¥n, 3x, EN,[K]NF so
that V n, x, €N,,(y, ) for some y, EK and x, EF. It follows that (y,) has a cluster
point p€K. So, Vn3k,=n such that y, EN,(p). Then, since
{N,,(x):x €eX,n EN} is decreasing, Xk, GN,,(ykn). Thus, as {N,,(x) x€X,n EN} is
a y —nbhd assignment, Xk, —7>P- So, as (xku) is a sequence in the closed set F, it
follows that pEF. Hence, KN F= J.

Conversely, suppose there is a decreasing nbhd assignment {N,,(x) X EX,n EN}
in (X, 7) such that whenever K is compact, F is closed, and KN F = &, it follows that
N,[KINF = for some n. Suppose also that (X, 1) is not a y-space. Then
{N,,(x) x€EX,n EN} is not a y —nbhd assignment. So there exist p €X and sequences
(x,,) and ( y,,) in X such that Vn,y, EN;(x,,) N N,(p), but (x,,) does not converge to
p. Thus, 3G Et with p €G such that (x,,) is frequently in the closed set X - G.

Claiml. pEHET = 3An,N,(p)CH

Pf. Suppose pEHET. Now {p} is compact, X - H is closed, and
{PIN(X-H)=D. So N,[{p}]N (X~ H)=D for some n. Thus,
Np(p)CH.
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Let ¥ = {y, : nEN} and K = (¥ NG) U{p}.

Claim2. K is compact

Pf. Consider any HET with pEH. By Claim 1, 3n such that
N,(p)C H. Since {N,,(x):xEX,nEN} is decreasing, it follows that
Ym ENp(p) ¥ m =z n. Thus, all but finitely many members of Y NG are in
H.

Claim3. Vn,N,[KIN(X-G)=D (which, as K is compact, X -G is

closed, and K N(X ~ G) = &, provides a contradiction to our hypothesis)
Pf. Consider any n €N then 3i, = n such that x; €EX-G. If y; €G,

then x; EN,(y, ) so that x €N,(y, )N (X-G) SN, [KIN(X-G)
which means N,[K]N(X-G)=@. Otherwise, y;, €X-G so that
Vi, EN(PIN(X-G) C Ny[KIN(X~G) which also means
N, KIN(X-G) =D.
(2) Let {N,,(x) x€X,n EN} be a y'-nbhd assignment in (X, ) and consider
any closed set F. If p €F, then, as p EN,(p) Vn, it follows that pEN,%[F] Vn. If
p ENA[F] Vn, then, Vn,Ax, EF, Iy, EX with pEN,(y,) and y, EN,(x,) so that

x,——>p; but, as F is closed, it follows that pEF'.
T

Conversely, suppose there is a decreasing nbhd assignment {N,,(x) :x€X,n EN}
in (X, 7) such that for each closed set F, F = ﬂ{N,f[F ]: n EN}. Consider any p €X

and suppose there exist sequences (x,,) and (y,,) in X such that, Vn,
¥n ENn(32) N Ny(p).-
Claim. xp,———p
Pf. Otherwise, 3G Et with p EG such that V¥ n, 3k, =2 n with &k, >k,
and xx €X-G. Then, since {N,,(x):xEX,n EN} is decreasing,
pEN,,(ykn) Vn and y;_ EN,,(xkn) V n; hence, pEN,%(xkn) Vn. So, as
X-G=({|NX~Gl:nEN} and x, €X-GVn, it follows that

p €X- G, acontradiction.
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4. The Developable Spaces and their Dual, the Nagata Spaces

A topological space (X,t) is a A-space?! if there is a (decreasing) nbhd
assignment {N,,(x) xEX,n EN} such that
foreach p €X, x,, pEN,(y,).Vn = Xn—7—>P-

A topological space (X, 7) is a Nagata space [Hol; 1972] or an N-space?2 if

there is a (decreasing) nbhd assignment {N,,(x) xE€EX,n EN} such that
foreach pEX, Ny(p) N Ny(x,) =3, Vn = g 2

Note that the neighborhood assignments whose existence is provided for in the above
definitions may be assumed to be decreasing, in which case it follows that, for each p €X,
(WP UN;(p): nEN}
is a nbhd base for p in (X, 7).23 Thus, by Theorem 2.2.6, both A ~spaces and Nagata

spaces are pseudosemimetrizable.
Given a collection A of subsets of X and p €X, we define the star of p in A,
denoted st( p, A), so that
st(p, A) = U{AEA: pEA}.
If SC X, we also define the star of S in A4, denoted st[S, A), so that
st[S, A) = U{AG:‘I: ANS = @}.
Note also that st[S, A) = | J{st(p, A): pES}.

21This terminology is suggested by the historical definition of a wA —space.
22Again, the historical definition of a wN —space suggests this choice of terminology.

23If (X,t) is a A-space and {N,(x): xEX,n€EN} is a decreasing nbhd assignment such that
x,,.pEN,,(y,,).Vn = Xx,—>p.to show that {N,,(p)UN,:(p):nEN} is a nbhd base for p. it
suffices, by Theorem 2.1.2, to show that x,EN,(P)UN,(p.Vn = x,—>p. So suppose

X, EN,(P)UN.(p).Vn. If x,EN,(p),let y, = p; otherwise, let y, = x,. It then follows that, ¥ n,
Xp, pEEN,,(_v,,) so that x,—— p. If (X, t)is a Nagata space, a similar argument can be employed.

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A topological space (X, 7) is developable [Bi; 1951] if there is a sequence (G,,) of
open covers of X such that for each p €X, {st(p, g,,): nEN} is a nbhd base for p (such

a sequence of open covers is called a development for (X, 1) ).24

2.4.1 Lemma. Everydevelopable space is semistratifiable.

Proof. Consider any developable space (X, t) and let (g,,) be a development for (X, 7).

It may be assumed that, Vn, G, <G,?> (if necessary, for each n replace g, with

n
U, = {nG,-: G €g; Vie{l, 2,...,n}}). Then {st(x,G,): x €X,nEN} is a y{ -nbhd

i=]

assignment.

2.4.2 Theorem. The following are equivalent for a topological space (X, T):
(1) (X, 7) isdevelopable;
(2) (X, 1) isa A -space;
(3) there is a nbhd assignment {N,,(x) xEX,n GN} in (X, 7) such that for every
closedset F, F= n{st [F, {N,,(x) : xEX}):n EN}.

Proof. (1)< (2) is due to Heath [Hea; 1962].

(2)=(3): Let {N,,(x) XEX,n EN} be a A —-nbhd assignment in (X, ), denote
{N,,(x):x EX} by N,, and consider any closed set F. Clearly,
FC n{st[F, N,,):nEN}. So suppose pESI[F, N,) ¥n. Then Vn,3y, €X,3x, EF
such that p, x, EN,,(y,,). Since {N,,(x):xEX,n EN} is a A-nbhd assignment, it

follows that x, — > p and, therefore, as F is closed, that p EF.

24A developable T;-space is known as a Moore space. Moore spaces have been the focus of much

attention by topologists (the Normal Moore Space Conjecture, etc.). See [Tal] and [Fl] for a detailed
discussion of Moore spaces and the issues surrounding them.

25We write G,,, <G, to indicate that G,,, refines G,,.
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(3)=(1): Assume (3) and denote {N,,(x):xEX} by N,. Without loss of
generality, assume {N,,(x) xEX,n EN} Ct. It follows that (A},) is a development for

(X, 1).

Interest in A -spaces stems from the fact that the class of developable spaces

generalizes the class of pseudometrizable spaces.

2.43 Example. A Hausdorffdevelopable space that is not metrizable.
Let A={(x,y):x,y€R,y> O}, B={(x,0):xER}, X=AUB, U be the usual

topology on A, I be the set of interiors of disks lying in A whose boundaries are tangent
to B, T= {D U {ID}: DE[}, where for each D€EI, tp is the point of tangency of the

boundary of D with B,and K=/ UT. Then K is a base fora topology T on X.
For each pEA and each n €N, let U,,(p)-{x EA:e(p,x)<l/2"}, where

e( p, x) is the usual Euclidean distance between p and x.
Foreach p&Bandeach n €N, let V,(p)= D(p,n) U {p} where D(p,n) is the
interior of the disk centered at ( p.p+ 2") having radius 1/2" .

Now for each n €N, define G, = {U,,(x) : xEA} U {V,,(x) : xEB} and note that
(Gp) is adevelopment for (X, ). Clearly, (X, 7) is Hausdorff.

Note also that (X, T) is separable since, if Q is the set of rational numbers,
X N(Qx Q) is countable and dense. However, (X, T) is not second countable since, if it

were, (B, T B) , an uncountable discrete subspace, would be as well. Hence, (X, 1) is not

metrizable.

Observe that the developable spaces and the Nagata spaces are dual to each other in
the same sense that the y —spaces are dual to the y * -spaces.

Given a topological space (X, t) and a family A of subsets of X, A is discrete if

every pointof X has a nbhd that intersects at most one member of A, A is o-discrete
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if A is a countable union of discrete families of subsets of X, A is locally finite if

every point of X has a nbhd that intersects only finitely many members of A, and A is a
net provided that whenever p €G €, there exists A, €A such that p€A, C G. Note

thatanet in (X, 7) isacover of X and a discrete family in (X, ) is locally finite.

24.4 Lemma. Let(X, 1) be a topological space and A be a locally finite family of
closed setsin (X, ). If BC A, then UK is closed.

Our next goal is to show that every developable space is a y'—space. The proof

makes use of a covering property known as subparacompactness. A topological space

(X, 7) is subparacompact if every open cover of X has a closed o—discrete refining

COVver.

2.4.5 Lemma. Everysemistratifiable space is subparacompact.

Proof. Consider any semistratifiable space (X, T) and let {U,,(x) I XEX, nEN} be a y{ -
nbhd assignment in (X, T) consisting of open sets. For each G €t and each n €N,
define F,[G]= X - U,[X - G] and note that these sets are closed. Now consider any open
cover G of X and well-order G so that G = {Ga ra <A} for some A . Define, for each
nEN, Hy , = F,[G ]and H,_, = F,,[Ga]—U{Gp :f<af. Then, for each n €N, let

=]
Hy = {Ha' pla< A}. [t follows that H = UH,, is a closed o—discrete cover of X that

n=l

refines G.

2.4.6 Theorem. Every developable spaceisa y”-space. In fact,
1N = 2 = (3 = (4,

where,
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(1) (X, 7) isdevelopable,

(2) (X, ) has aclosed o—discrete net,

(3) there exists a yf -nbhd assignment {N,,(x) x€EX,n EN} for (X, T) such that
XEN,(p) = Np(x) S Ny(p),

(4) (X, 7)isay" -space.

Proof. (1) => (2): Suppose (X, 7) is developable and let (g,,) be a development for
(X, 7). Since (X, 7) is developable, it is semistratifiable and, therefore, subparacompact.
So, Vn, mEN, there exists a discrete family 7, ,, of closed sets such that 7, ,, <G, and
I =U{Fn.m : mEN} covers X . It follows that 7= | }{,, m :n, mEN} is a o~discrete
family of closed sets.

Now suppose pEGET. As (g,,) is a development, there exists £ such that
st(p, gk) C G, and as 7 is a cover of X, there exists F €7, such that pEF. Then,
since }, <Gy, FC H forsome HEG,. So pEFC Hgst(p,gk)QG. Thus, 7 is a
net.

(2) => (3): Suppose that, Vn EN, 7, is adiscrete family of closed sets in (X, 1),
and that 7= [ J{F,: n €N} is a net. For each n €N, let F; be the collection of all finite

n
intersections of members of U?,-; then let 7 -U{?,:: nGN}. Note that ¥ is a

i=}]
collection of closed sets, ¥ is a net, and, ¥n,J; CF»,;. Note also that, Vn, 7, is
locally finite; thus, ¥ p X, Yn €N, Ny(p) = X -U{F EF:p ¢F} ex.
Claim1. xENy(p) = Ny(x)C Nu(p)
Pf. Suppose x EN,(p). Consider any yEN,(x) and any F E’}; for
which p&F. As xEN,(p), it follows that xé&F. Then, as y EN,(x), it
follows that y€F. Hence, y EN,(p).
Claim 2. {N,,(x) xE€EX,n EN} isa yf —-nbhd assignment
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Pf. Assume x, GN;( P), Y n and suppose to the contrary that (x,,) does

not converge to p. Then, 3G Et such that p €G and, Vn, 3k, = n with
kney >k, and x, €G. Since 7 is a net, ImEN, IF" €7, such that

pEF CG. Then, since 7, C%,,; Vn, we observe that F~ E?,:" Y
with k, 2 m. But, as x;_ @F" Vnand pEF", it follows that, Vn with
k,=m, pEU{FE};:’x DX, GEF} so that, Vn with k,2m,
pENg, (xk,, ) a contradiction.

(3) = (4): Suppose there exists a yf —-nbhd assignment {N,,(x) xE€EX,n GN}
for (X,7) such that xEN,(p) = N,(x)EN,(p). Suppose also that,
Vn, pEN,(y,) and y, EN,(x,).

Claim. Xx,——p

Pf. Tt suffices, as {N,,(x):xEX,n EN} is a y[ -nbhd assignment, to
show that, Vn,pEN,,(x,,). Since Yy, EN,,(x,J, Vn, it follows that
N,,(y,,) QN,,(x,,),Vn; then, sincep EN,,(y,,), Vn, it follows that
pPEN,(x,) Vn.

We now consider several classes of spaces which generalize developable spaces.

A topological space (X, t) is a AN-space (or MN-space [HH; 1973]) if (as
expected) there is a (decreasing) nbhd assignment {N,,(x) :x€EX,n EN} in (X, T) such
that foreach pEX,

(N,,(x,, )N N, (p) =B, ¥n and Ny(x,) AN, (p) = 2, ‘v'n) = Xp—P.

A topological space (X, 7) is a Ay—space (or 8-space [Hol; 1972)) if there is a
(decreasing) nbhd assignment {N,,(x) x€X,n GN} in (X, 7) such that foreach pEX,

Nu(P)\Ny(P) Ny (xp) = B,V = x,——>p.

A topological space (X,7) is a Ay —space if there is a (decreasing) nbhd
assignment {N,,(x) x€X,n EN} in (X, 7) such that foreach p€EX,
Nu(x2) ONp(x,) O NG (p) = B,V = Xp—*p.
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A topological space (X, ) is a AyN-space if there is a (decreasing) nbhd
assignment {N,,(x):xEX,n EN} in (X, 7) suchthatforeach pE€X,
(Na(p) N N3(P) NN (x,) = @,V and Np(p) O\ Np(,) = B, ¥ ) = x—>p.

Hodel has shown that a topological space is developable if and only if it is a

semistratifiable Ay —space [Hol; 1972]. Our next theorem provides more of the

interrelationships among the classes of spaces we have just defined.

2.4.7 Theorem. Forany topological space (X, 7):
(1) (X, 7) isa AN-spaceiff (X, 7) is a semistratifiable AyN —space;
(2) (X, ) isa Ay —spaceiff (X, T) is a semistratifiable y y *~space;
A3) (X, 1) isa (Ay)'—space iff (X, 7)i1sa y'—space.

Proof. The proofs of (2) and (3) involve arguments similar to those employed in the proof
of (1); hence, we provide only the proof of (1).

(=) Clearly, any A N-nbhd assignment is both a AyN-nbhd assignment and a
y1 —nbhd assignment.

(=) Suppose (X, 7) is a semistratifiable AyN-space. Using the construction
given in Lemma 2.1.7 we can obtain a decreasing nbhd assignment {N,,(x) xEX,n EN}
in (X, 7) thatis botha yf -nbhd assignment and a AyN-nbhd assignment. Now suppose
that, for each n €N, 3y, EN,(x,) N N,(p) and 3z, EN;(x,) N N1 (p).

Claim 1. (x,,) clusters at p

Pf. Since z, ENp(p) and {N,(x):xEX,nEN} is a yj-nbhd

assignment, it follows that z;,——p. So, Vn,3k, = n such that

%, ENy(p). Then, as {N,,(x) xE€EX,n EN} is decreasing, it follows that
V2, €N, (3, )0 M, (I W33, ) W

therefore, Vn,
2k, ENa(P) N N;(p) NNy (xe, ).
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Similarly, Vn,
Yk, ENi, (P) NN, (x5, ) © Nu(p) O N (1 ).
Thus, as {N,,(x) :XEX,nEN } is a AyN-nbhd assignment, it follows that
X~ P-
Actually, we have now established that
€] (Vn, N,(a,) NN, (q) =D and Ny(a,) N N(q) = Q) = (a,) clusters at q.
Claim?2. x, P
Pf. Otherwise, IM EN,(p) such that Vn, 3k, = n with k,,, >k, and
Xk, €X-M. Then, Vn,
Vi, ENg, (%, )N N, (p) S Ny x| N Nap)
and
%, ENf (xx, ) O NE, () © N2, ) A ().
Thus, by (1), it follows that (xk") clusters at p, which is impossible since

X; Jisneverin M.
n

In the neighborhood characterizations of Ay -spaces and Ay " —spaces given below,

we make use of the following notation:

Given a nbhd assignment {N,,(x) xEX,n EN} in a topological space (X, ), we
define 1\7,,( p) so that
Na(p) = Na Na(P) O N3P

Note that {X/n(x) x€X,n EN} is also a nbhd assignment in (X, 7).

2.4.8 Theorem. Forany topological space (X, 7):
(1) (X, 7) isa Ay-space iff there is a nbhd assignment {N,,(x) 1xE€X,n EN} in

(X, ©) such that

foreachpEX,x,,El\;,,(p),Vn = X —/p;
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(2) (X, ) isa Ay —spaceiff there is a nbhd assignment {N,,(x) XEX,n EN} in
(X, T) such that
for each closed set F, F= n{l\;,,[F]: n EN}.

Proof. (1) Observe that
b Ei,,(p) @ X, EN,,(y,,) for some y, €EN,(p)N N;(p)
s Yy EN(P)N Np(p) N Np(x,).
(2) (=) Let {N,,(x):x EX,nEN} be a Ay‘—nbhd assignment in (X, ) and

consider any closed set F. Clearly, FC ﬂ{ﬁ,, [F]: nEN }

So suppose pEI\Z,[F], Vn. Then, Vn, Ix, EF such that peﬁ,,(x,,). So,
Vn,3y,EN,(x,) N, (x,) such that pEN,(y,). Thus,

Vn, y, EN,(x,) N Np(x,) N Ny(p) so that, as {N,,(x) xEX,n EN} is Ay", it follows
that x,——>p. Since F is closed and x, EF, ¥ n, we may conclude that p EF .

(=) Let {N,,(x) x€X,n EN} be a nbhd assignment in (X, 7) such that for each

closedset F, F= ﬂ{Nn[F]: n EN}. Note that we may assume this nbhd assignment is

decreasing. It suffices, by (2) of Theorem 2.4.7, to show that {Nn(x) XxXEX,n EN} is
both y; and y y".
Claim 1. {N,(x):x €EX,nE€N} is y]
Pf. Assume x, EN;( p) Vn and suppose to the contrary that (x,,) does
not converge to p. Then 3GEt such that p €G and Vn, Ik, = n with
Knpe1 > ky and x €EX-G. By hypothesis,
X-G= ﬂ{ﬁn[X—G]: n EN}, so 3j such that p¢1\;j[X ~G]. Thus,
VYaEX-G,VbEN;@)NNj(a), it follows that p&N;(b). So,
Va€X-G, pENj(a). Choose n so that k,=j. Then pGENj(xkn)
and, as N (xk" ) CN j(xk" ) it follows that p €Ny (xk,, ) a contradiction.
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Claim?2. {N,(x):xEX,n€N}isyy’

Pf. Assume that, Yn, y,EN,(x,)N Ny(x,)N N, (p) N Ny(p) and
suppose to the contrary that (x,,) does not converge to p. Then IGET
such that p €G and Vn, 3k, = n with k,,; >k, and x, €X-G. By

hypothesis, X—G-ﬂ{i,,[X—G]:nEN}, so 3 such that

p&N,(X-G]. Thus, Ya€X-G,VbEN (a)NN}(a), it follows that
p$Nj(b). Choose n so that k,=j. Then
ykn GNkn(xkn)ﬂN,:n(xh)QNj(xkn)ﬂN;(xkn) so that peNkn(Ykn)' a

contradiction.

Some of the classes of spaces we have studied are easily seen to be generalizations of
Nagata spaces. These classes can also be related to several other well-known classes of
spaces which we now define.

A topological space (X, 7) is

(1) stratifiable26 if there is a (decreasing) neighborhood assignment
{N,,(x) x€X,n EN} in (X, ©) such that
foreach closed set F, F = n{m n EN};
(2) k-semistratifiable [Lu] if there is a (decreasing) neighborhood assignment
{Nn(x): x EX,nEN} in (X, 7) such that
(K compact, F closed, KNF=@) = KNN,[F]=3 for some n;and
(3) N-semistratifiable2” if there is a (decreasing) neighborhood assignment
{Nn(x): x EX,n €N} in (X, ) such that
foreach p €X, (y,, EN,(x,), Vn and y,,—r—»p) = x,—p.

26Stratifiable spaces were originally known as M, -spaces and were studied by Ceder [Ce] in his 1959 thesis
which was directed by E.A. Michael. Borges [Bo] introduced the term stratifiable. The definition we have
chosen was derived by Heath [Hea].

27The letter N has been chosen in honor of Nagata.
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2.4.9 Theorem. Forany topological space (X, 7):

) =2 = @) =@ =06 = 6 = () = 8,
where,

(1) (X, 7) is a Nagata space,

(2) (X, ) is stratifiable,

(3) (X, 1) is k—semistratifiable,

(4) (X, 1) is N-semistratifiable,

5 (X,7)isa y‘—space,

6) (X,7)isa Ay'—space,

(7) (X, ) isasemistratifiable y y'—space with a o—discrete net,

® (X,7)isay y‘-space.

Proof. (1) = (2): Let {N,,(x):x €X,n EN} be a decreasing A*-nbhd assignment in
(X, ¥) and consider any closed set F. Clearly, F Qﬂ{N,, [(F]:n EN}. So suppose

pEN,F1VYn. Then, Vn,Ax, EF such that N(p)NN,(x,)=D. Hence, as
{Nn(x): x EX,n EN} is A", it follows that x,——>p. As x, EF ¥n and F is closed,

we conclude that p €EF .

(2) == (3): Suppose (X, ) is not k —semistratifiable and consider any decreasing
nbhd assignment {N,,(x):xEX,nEN} in (X, 7). Then there exist compact K and
closed F, along with a sequence (x, ), such that KN F =@ and x, EK NN, [F] Vn.
As (x,,) is a sequence in K, it follows that (x,,) has a cluster point p EX. Thus, p&F.
[t suffices to show that pGNjTﬁ for each jEN. So consider any jEN and any
MENL(p). As (x,) clusters at p, Jizj such that x; EM. Also, as
{N,,(x) :xE€EX,n EN} is decreasing, x; EN,[FIC N;[F]. Thus, MON;[F]=QJ so
that p ENF].

(3) = (4): Let {Nn(x):x €X,n EN} be a decreasing k-semistratifiable nbhd
assignment in (X, 7) and suppose that y, EN,(x,) ¥n and Yn—P-
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Claim. x,——>p

Pf. Otherwise, 3GE such that p €EG and V n, 3k, with k,,; >k, and
x., €EX - G. Since yp, —p, 3/ such that Vn with k, = j, y, €G.
Let msmin{n:k,,zj}. Note that, as {N,,(.x):xEX,n EN} is a
decreasing k-semistratifiable neighborhood assignment, so is

{N,,(x) xEX,n2 m} . Now let K = {yk" tky = j}U{p} and observe that

K is compact and KN(X-G)=J. However, for any n=m,
Yk, ENi, (xk, ) No(,)S Na[X - G] so that, KN N,[X-G]= 2, a

contradiction.
4 = (5): Let {N,,(x):x EX,nEN} be an N -semistratifiable nbhd assignment
in (X, ) and suppose that, Vn, pEN,,(y,,) and y, EN,,(X,,). As any N-

semistratifiable nbhd assignment is yf , it follows that Yn—>P- Then, as
{N,,(x) :x€EX,n EN} is N-semistratifiable, it follows that x, —— p.

(5) = (6): This implication is obvious.

(6) = (7): We have already shown (Theorem 2.4.7) that any Ay*—space is a
semistratifiable y y " —space. It suffices to show that a semistratifiable y y " -space has a
o —discrete net.

Let {U,,(x) : X EX, nEN} be a decreasing open nbhd assignment in (X, 7) that is
both y; and yy*. Choose a well-ordering <« of X and for each pEX let
Zp(p) = min{y EX:p EU,,(y)}. Now, for each p €X and all n, k €N, define

A0 1(P) = X = ((UfUe(0): 1 €U0} U(UfUn(m: x 2 p 2= 1)),
and note that {A,,‘ e (x): xEX} is discrete. Then, for each p €X and all n, k,m €N,

define
Ank, m(P) = Ay k(P) NUp(p).

Forall n, k,m €N, define
’4rl.lc,m - {A,,'k'm(x) : xEX}
and thenlet A= U{A,,‘ kom:mk, mEN}. It follows that A is a o—discrete net.
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(7) = (8): This implication is obvious.

2.4.10 Theorem. The following are equivalent for a topological space (X, 7):
(1) (X, 7) is a Nagata space;
(2) (X, 7) isstratifiable and first countable;
3) (X, 1) is k -semistratifiable and first countable;

(4 (X, T) is N-semistratifiable and first countable.

Proof. Note that (1)=>(2), (2)=>(3), and (3)=>(4) are obvious in light of the previous
theorem and the observation that Nagata spaces are first countable. So suppose (X, 1) is

N —semistratifiable and first countable. Then there is a decreasing nbhd assignment

{N,,(x) xeX,n EN} in (X, 7) that is both N-semistratifiable and y;. Now suppose

yn EN(p)N N,,(x,,) Vn. It follows, since {N,,(x):xEX,neN} is yj, that
Yn—3>P- Thus, as {N,,(x):xEX,n EN} is N-semistratifiable, it follows that

xn_t'p-

Dennis Burke [Bu] has provided an example of a developable space that is neither a
y —space nor a Nagata space. This example is also studied in [Sa]. Since it is developable,

it is a first countable y*-space. But as it is not a y—space, it is not metrizable (see

Theorem 2.6.2 in §6 of this chapter).

The following diagram summarizes the relationships among the spaces studied in this

section; compare with the diagram in Figure 2.
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7Y-space,y -space; or
semistrat. y—-space

N\

pseudoquasi- developable;

metrizable or A-space Nagata space
] _ AyN-space
i yspace y"~space

N N SN SN

1%t countable

+—space stratifiable

A~y-space AN-space

N SN N/

1%* countable
A~~-space

N SN/

’ A~vN-space ~*-space

1

1% countable .
. A~~~space
Yy~ -space
|
| 1°* countable ¥Y*-~space semistratifiable space
t
|

Figure 3. Developable and its dual Nagata
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5. Pseudoquasimetrizability

A pseudoquasimetric for a set X is a distance d for X such that
Vp.q,xEX,d(p,q) sd(p, x)+d(x, q).
In other words a pseudoquasimetric is a distance that satisfies the Triangle Inequality.
A topological space (X,t) is pseudoquasimetrizable if there is a
pseudoquasimetric d for X such that T =7,.
Part of the significance of pseudoquasimetrics lies in the fact that any topological

space can be generated from a family of pseudoquasimetrics.28

2.5.1 Theorem. [Gr] The following are equivalent for a topological space (X, 7):
(1) (X, 7) is pseudoquasimetrizable;
(2) there is a (decreasing) nbhd assignment {N,,(x) :x€X,nEeN } in (X, T) such

that
(a) foreach pE€X, x, EN,(p), Vn = Xp —7>P, and

(b) gEN,(p) = N,,1(9) € N,(p).

Proof. (1)=>(2): If d is a pseudoquasimetric for X such that T =1t;, simply let
Na(p) = S4(p. 1/2").

(2)=>(1): Suppose there is a decreasing nbhd assignment {N,,(x) xE€EX,n EN}
in  (X,7) for which both x,&Ny(p),Vn = x,———p and

qENIH-l(p) = Nn+l(q)-gNn(p)

Define adistance d for X so that
p 0, if gENL(p) Vk;
(P.9)= /2", where n= min{k: q¢Nk(p)}, otherwise.

28Given a topological space (X, t), define, for each G Et, a pseudoquasimetric d; for X so that
dg(p.q) =0 if pEG and q &G, and dg(p. q) =1 otherwise. Then t is the coarsest topology generated

by {rdc : GE‘L’} .
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Note that Sd(p, 1/2") = N,(p); hence, 7; = T. Note also that d(p, p) =0 VpEX;

however, d may not satisfy the Triangle Inequality.
So define the distance D for X so that

n
D(p.q) =inf{2d(x,-,x,-+l):nEN, x; €X ViE-{O,l, n+1}, X0 = D> Xpel =q}.
i=0

It follows that D is a pseudoquasimetric for X and t© =t p.2°

A nonarchimedean pseudoquasimetric foraset X is a distance d for X such

that
Vp, q,x€X, d(p, q) s max {d(p, x),d(x,q)}.

A topological space (X, 7) is nonarchimedean pseudoquasimetrizable if there
is a nonarchimedean pseudoquasimetric 4 for X such that T =t,.

Clearly, any nonarchimedean pseudoquasimetrizable space is pseudoquasimetrizable.
Kofner [Kof] provides an example of a (pseudo)quasimetrizable space that is not

nonarchimedean (pseudo)quasimetrizable.

2.5.2 Theorem. [Gr] The following are equivalent for a topological space (X, t):
(1) (X, 7) is nonarchimedean pseudoquasimetrizable;

(2) there is a (decreasing) nbhd assignment {N,,(x) :x€X,n EN} in (X, T) such

that
(a) foreach pEX, x, EN,(p), Vn = Xp—>p, and

(b) gEN(p) = N (@S Ny(P).

The proof of Theorem 2.5.2 is similar to that of Theorem 2.5.1.

29This proof makes implicit use of Frink’s Lemma (see [Gr]).
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Given aset X and a subset V of X x X, we define
V2 ={(x,y)EX xX : 32 EX, (x,2) EV and (z, y) EV}

and, for each positive integer n 23,
V" - {(x, Y)EX xX :37EX, (x,2) EV and (z, y)ev""},
and, for each p €X, we write V[p] for {x:(p, x)EV}.

Hence, if {Sq(x):xE€X, a EI} is a family of subsets of X and if, for each a €1,
we consider S, to be the subset of X x X having the property that S, [x] = S,(x) for each
X EX, then, for each n EN, we may define Sg(x) so that Sg,(x) = Sg [x].

If (X, 7) is a topological space and VC X x X, we say V is a neighbornet [Ju]
(abbreviated nbnet) in (X, ) if foreach p €X, V[p]EN(p).

A sequence (V,,) of nbnets in (X, 7) is

(1) decreasing if the induced nbhd assignment {V,[x]:xEX,nEN} is
decreasing, and
(2) a normal basic sequence if V,%H CV, Vn and, for each p€EX,

{V,,[p]: n GN} is a nbhd base at p.

2.5.3 Lemma. Let(X, t) bea topological space.
(1) [LF] (X, 7) isa y —space iff there is a decreasing sequence (V,,) of nbnets in
(X, ) such that foreach p €EX, {V,%[p]: n EN} is a nbhd base at p.
(2) [Ju] (X, 7) is pseudoquasimetrizable iff (X, T) has a normal basic sequence.
(3) [Fo] If (X, 7) isadevelopable y —space and U isa nbnetin (X, ), then there
isanbnet W in (X, 7) suchthat W C U2.

Proof. (1) If {N,,(x):xEX,nEN} 1s a y —nbhd assignment in (X, t), it follows that
(x,, EN,%(p) Vn) = x,—*p. Define a sequence (V,,) of nbnets so that

Valpl= N,(p) and note that V,%[p]- N,%(p). Then {V,?[p]: n EN} is anbhd base at p.
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Conversely, if (V,,) is a sequence of nbnets in (X, T) such that for each pEX,
{v,f[p]: n eN} is a nbhd base at p, it follows that {V,[x]: xEX, nEN} is a y-nbhd

assignmentin (X, 7).

(2) If (X, 7) is pseudoquasimetrizable, then there is a decreasing nbhd assignment
{N,,(x):x EX,nEN} in (X, 7) for which both x, EN,(p), Vn = Xn=>P (so
that {N,(p):n €N} is a nbhd base at p) and EN,((P) = Np.1(q)C Ny(p).
Define a sequence (V,,) of nbnets so that V,[p] = N,(p) and note that V3+1 CV,.

Conversely, let (V,,) be a sequence of nbnets in (X, ) for which V3+1 CV, Vn
and {V,[p]: n EN} isanbhd base at p. Define Ny(p) =V,[p]. As {V,[p]l:n€EN} isa
nbhd base at p, it follows that x, ENy(p), Yn = x,——>p. Now if ¢ €N, (p)
and xEN,,1(q), then (p,q) €EV,,; and (g, x) EV,, so that (p, x)EV,%H C V, and,
therefore, x EN,(p).

(3) The following proof is essentially that given by Fox in [Fo; 1981]. Suppose
(X, ©) isadevelopable y —space and U is a nbnet in (X, 7). Let (g,,) be a development
for (X, 7) with G, ,1 <G, Vn and let (V,,) be a decreasing sequence of nbnets in (X, 1)
such that, for each p €X, {V,% [pl:n EN} is a nbhd base at p. Observe that, for each
PEX, {Vf[p]: nEN} isanbhd base at p.

Foreach pE€X, let

Jp= min{n: Vo pIC U[p]} and k), -min{nsz:st(p, Gn) C V-p[p]}.
Then, foreach AEN,(p) N T, let
kg = minfk,: a€A}.
Finally, foreach p€X, let
lp= max{kA :AENL(p) ﬂr}.

Note that j, skp, st(p, gkp) c V-P[p], and !, sk, (since, for each open nbhd A
of p, kg s kp).

Define Cg=@ and, VnEN, C,= {xEX 1k, sn}, and observe that
C, = {xEX s n}. Also note that, V p €X, p¢¢;.
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Now, VpEX, let W(p) = Vkp[p] - CI,,-l and note that W( p) EN.(p).
Claim. ¥ peEX, WHp) CU(p]
Pf. Consider any x4 €W4(p). Then there are x;, x5, x3 €EX such that
x4 EW(x3), x EW(xz), X EW(xl), and x; EW(p). Note that, for
i€{0,1,2,3,4}, x, €C__1 (where xp=p) and, therefore,
Ipsiy sly sl sl . It follows that 3y€U[p]ﬂst(p,glp). Then
Jy sky =1, sl, sk foreach i€{1,2,3,4}. So, as (V,) is decreasing,
Xisl eW(x;) C kai [x,-]g ij[xi] for each ie{O, 12,3, 4}. Hence,
X4 GV}y (pl. But pEst(y, QIP) -st(y,gky) c V-y[y] so that
x4 €V [yIC Uly]. Thus, as yEU[p}, it follows that x4 EU*[p].

2.5.4 Theorem. The following are equivalent for a topological space (X, T):
(1) (X, 7) is a semistratifiable pseudoquasimetrizable space39;
(2) (X, ©) isadevelopable y —space;
3) (X,7)isa y—,y‘-—space;

(4) (X, 7) is a semistratifiable y —space.

Proof. (1)==(4): Itsuffices to show that any pseudoquasimetrizable space is a y ~space.
So let {N,,(x):xex,n EN} be a nbhd assignment in (X,7) for which both
X, ENy(P), Vn = 7 P and gE€Np(p) = Ny(9)E Ny(p). and

suppose that, for each n €N, x, EN,,(y,,) and y, €EN,(p). It follows that

Xn+l eNm»l()’m-l ) Nu(p)
so that x, ,;—— p and, therefore, x, —p.

(2)=(3): This implication is immediate since we have already shown (Theorem

2.4.6) that any developable space is a v ~space.

30A semistratifiable pseudoquasimetrizable space is also known as a strongly pseudoquasimetrizable space.
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(3)=(4): Clearly, any y‘ ~space is semistratifiable.

(4)=>(2): It suffices to show that any semistratifiable y —space is developable. So
let {N,(x): x EX,n EN} be a decreasing nbhd assignment in (X, 7) that is both y; and
y and suppose that, for each n €N, x,, pEN,,(y,,). It follows that y,——p. Hence,
Vn, 3k, =n such that k.. >k, and Yk, ENp(p). Then, since we also have
Xk GNkn(yk")Q N,,(yk") Vn and {N,,(x):xEX,n EN} is a y —nbhd assignment, it

follows that x;_ —p- Thus, (x,,) clustersat p.

Note that we have actually shown that
€] ap,q ENy(b,) Yn = (a,) clusters at p.
Claim. g 4
Pf. Otherwise, AM EN;(p) such that Vn, 3k, 2 n with k,,; >k, and
xy, €EX -M. By hypothesis, x; , pENy ()’k,, )Q N,,(yk") Vn, so that,

by (1), (xk") clusters at p, which contradicts the fact that (xk,,) isS never in

M.
(2)==(1): As we have already shown (Lemma 2.4.1) that any developable space is
semistratifiable, it suffices to show that any developable y-space is

pseudoquasimetrizable. The argument presented is due to Fox [Fo; 1981]. Let (X, 7) bea
developable y —space. Then there is a decreasing sequence (V,,) of nbnets such that, for

each pEX, Vz[ ]: nEN; is a nbhd base at p. Then, by (3) of Lemma 2.5.3, it
nlP

follows that there is a sequence (W,,) of nbnets in (X, ) such that W14 €V, and, for

4 2 2 2 .2
nz2, Weg C(W, NV, ). Then, Vn, (Wi | CSWs. Also, YpEX,VnEN, as

2 . .
W3+1[p]§W,‘:+1[p]§(Wn N V,H,l) [p]QV,%H[p], it follows that {W,%[p]: nEN} isa
nbhd base at p. Thus, (W,%) is a normal basic sequence and, therefore, (X, t) is pseudo-

quasimetrizable.

Next we will examine pseudoquasimetrizability and nonarchimedean pseudo-

quasimetrizability in the context of N-semistratifiable spaces (which, of course, include
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the Nagata spaces and the stratifiable spaces). The investigation requires some preliminary
definitions.

A topological space (X, T) is collectionwise normal, abbreviated cwh, if any
discrete family of closed sets can be separated by disjoint3! open sets and is strongly
screenable if every open cover of X has an open o—discrete refining cover.

A collection of subsets of X is called point finite if each point of X belongs to
only finitely many members of the collection.

A base for a topology on a set X is o-discrete if it can be written as a countable
union of discrete collections of subsets of X and is o—-point finite if it can be written as

a countable union of point finite collections of subsets of X .

2.5.5 Lemma. Let(X, 7) bea topological space.
(1) If (X, ) isstratifiable, then (X, T) is cwN.
(2) If (X, 7) is cwN and subparacompact, then (X, ) is strongly screenable.
(3) [Bi] If (X, 7) isdevelopable and strongly screenable, then T has a o—discrete

base.

(4) [Gr] If T has a o—point finite base, then (X, 7) is nonarchimedean pseudo-

quasimetrizable.

Proof. (1) Let {U,,(x): xEX,nEN} be a stratifiable nbhd assignment in (X, 1)

consisting of open sets and consider any discrete family 7 of closed sets. For each FE7F

31Disjoint can be replaced by discrete in the definition of cwN. If (X, ) iscwN and 7 is a discrete family
of closed sets, then there exists a disjoint family H = {H(F »F E?} of open sets such that
FC H(F) VFE7. As 7 isdiscrete, | J7 is closed. Since, clearly, any cwN space is normal and |7
and X -|JH are disjoint closed sets, there exist disjoint open sets G, and G, with (J7C G, and
X -UHCG,. Now foreach FE7,let G(F)= H(F)NG, andthen let G = {G(F‘): FE?}. It follows
that G is a discrete family of open sets that separates 7.
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and each n EN, define V,,(F)= U{U,,(;“) .FEF, F= F} and W,(F) = U,[F]-V.(F),

@®
and then let W(F) = | JW,,(F). Then W={W(F): FE%} is a family of open sets.

n=l
Claiml. Y FE4, FC W(F)
Pf. Consider any FE7F and suppose p €W(F). Then, Vn, p&EW (F)
sothat p €V, (F),Vn. ButVn,

V)= U{U,,[f-"]:;"e},i’g F} =U,,[U{1-"e7: Fs FH

Now, as 7 is discrete, it follows that U{;’ EF:F=F } is closed. Then,

since the nbhd assignment {U,(x): x €X, nENY} is stratifiable,

U{;eﬁ,p}- ﬁUn[U{fE}’:E:FH.

n=l

So pEU{;' €3:F = F} which means that p &F .

Claim 2. W is disjoint

Pf. Suppose to the contrary that there exist distinct Fy, F, €F and pEX
such that p EW(F;)N W(F,). Then there exist m; and n, such that
p EW,,I(FI) N W,,z(Fz). Without loss of generality we may assume that
nsn. Note that p@V,(F)2U,|F2|2U,|[F] But
W,,(F2) CU,[F>] and, hence, it follows that p&W, (F,), a

contradiction.
(2) Suppose (X, T) is cwN and subparacompact and consider any open cover ¢

of X. Then there is a sequence (5‘,,) of discrete families of closed sets that refine & and

[0}
for which 7= U?,, covers X. As (X, 7) is cwN, for each n, there exists a discrete
n=]

family H,, = {H,,(F) F E’g’,,} of open sets such that F C H,(F) VF €7,. Also, for each
n €N and each FE3,, 3G,(F)EG such that FC G,(F). Now, for each n €N, let
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Uy = {G,,(F) NH,(F): FE}',,}. It follows that,¥ n, U, is a discrete family of open sets

- ]
that refines & and that U = UM,, covers X.

n=1
(3) Suppose (X, 7) is developable and strongly screenable and let (g,,) be a

development for (X, 7). Then, for each n EN, there exists a sequence (M n. k) of discrete
families of open sets that refine &, and for which U {M,,‘ Kk EN} covers X. Note that,
VpEX,Vn Vi, st(p, Mn‘k)gst(p, Gn)- It follows that U{M,,‘k : kEN} is a o—

discrete base for t.

[+ <]
(4) Suppose that, for each n €EN, /B, C T is point finite and K = UB,, is a base

n=]

n
for T. For each p €X and each n €N, let N,(p) -ﬂ{BGUB,-: pEB}, which is open

i=]
since, for each n, /8, is point finite.
Claim 1. Foreach pE€X, x, ENy(p), VYn = x,—p.
Pf. Suppose x, EN,(p), Vn and consider any M EN,(p). Since K is a base
for T, there exists k£ such that pEBC M for some BEK,. But Np(p)C B and,
as {N,,(x) :xE€X,n EN} is decreasing, it follows that x, EB Vn= k. Hence,
wWEMVYnzk.
Claim2. q EN,(p) = Nu(q@)S Nu(p)
Pf. Suppose q EN,(p) and consider any x €EN,(q). Then g belongs to every

n n
member of UE.,— that p belongs to and x belongs to every member of UBi that

i=1 i=1

n
q belongs to. Therefore, x belongs to every member of UB, that p belongs to.

i=]

So xEN,(p).

2.5.6 Theorem. The following are equivalent foran N —semistratifiable space (X, t):
(1) (X, 7) isdevelopable;

(2) (X, 7) is nonarchimedean pseudoquasimetrizable;
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(3) (X, 7) is pseudoquasimetrizabie;
(4) (X, T) isa y—space;
(5) (X, 7) isa Ay-space.

Proof. The implications (2)=>(3), (3)=>(4), and (4) =>(5) hold for any topological space.
Both (2)=>(3) and (4)=>(5) are obvious.

(3)=>(4): Let {N,,(x) xXEX,n EN} be a decreasing nbhd assignment in (X, 7)
for which x, EN,(p),Vn = Xa—>p for each pEX and, in addition,
qEN, (P) = Np,(@)C N,(p). Suppose that, VnEN, x,€EN,(y,) and
Yn ENL(P). Then, Vn, Y, 2EN2(P)E Nppi(p) so  that, Vn,

Nn+l()’n+2) CNu(p). Also, Vn, x,.5ENy, ()‘n+2)§ Nn+l(.Vn+2)- So, Vn,
X,.2 ENL(p). Hence, Xp42—>p so that Xn—>P-

(5)=>(1): This implication follows easily using the facts that any N-
semistratifiable space is (clearly) semistratifiable and a topological space is developable iff it
is a semistratifiable Ay —space [Hol; 1972].

(1)=>(2): Suppose (X, 1) i1s a developable space that is N-semistratifiable. As
any developable space is first countable and any first countable N—semistratifiable space is
a Nagata space (Theorem 2.4.10), it follows that (X, t) is a Nagata space. Since any
Nagata space is stratifiable (Theorem 2.4.9), (X, 7) is stratifiable. Since any stratifiable
space is cwN , (X, 7) is cwN. Also, as any developable space is, being semistratifiable,
subparacompact (Lemmas 2.4.1 and 2.4.5), and as a cwN subparacompact space is
strongly screenable , it follows that (X, ) is strongly screenable. But any developable
space that is strongly screenable has a o—discrete base ; thus, there is a o —discrete base
for T. So, as a o-discrete base is o—point finite, there is a o—point finite base for .

Hence, by Lemma 2.5.5, (X, 7) is nonarchimedean pseudoquasimetrizable.
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The diagram below summarizes the relationships among the spaces considered in this

section.

sernistrat. n.a.—

pseudoquasimetriz.
[
[ n.a. pseudo— Y-,y -space; or
l quasimetriz. semistrat. y-space

NN

. developable; or
pseudoquasi-
. A-space; or
metrizable .
semistrat. A~y-space

!
l y-space
|

Figure 4. Pseudoquasimetrizable and nonarchimedean pseudoquasimetrizable
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6. Pseudometrizability

A pseudometric for a set X is a symmetric pseudoquasimetric for X .

A topological space (X, T) is pseudometrizable if there is a pseudometric d for X
such that T =74

The following theorem provides a weak neighborhood characterization of pseudo-

metrizable spaces, thus generalizing a parallel theorem of Heath [Hea; 1962].

2.6.1 Theorem. The following are equivalent for a topological space (X, t):
(1) (X, 7) is pseudometrizable;
(2) there is a (decreasing) weak base {W,, (x): xEX,nEN } for T such that
(a) foreach p EX, x,, pEW,(y,), ¥n = Xp——>p, and

(b) gEW,(p) = pEW,(q).

Proof. (1)=(2): If d is a pseudometric for X such that T=14, let
Wa(p) = Sa(p.1/2").

(2)=(1): Suppose {W,, (x): xEX,nEN} is a decreasing weak base for T for
which both x,, p EW,(y,), ¥n = xp——>pand gEW,(p) = pEW,(q).

Define adistance d for X so that
0, if g EWi(p) Vk;

dp.9 = {1/2", where n = min{k:quk(p)}, otherwise.
Note that Sd(p, 1/2") = W,(p) ; hence, as {W,l (x): x€EX, nEN} is a weak base for T, it

follows that T = T;. Note, too, that d is symmetric.

[t also follows that
(d(P, }’n)_' 0 and d()’n' Xn ) - 0) = d(P’ xn) -0

so that the spheres are actually open and
VpEX,Ve>0,36 >0 such that (d(p, x)< 6 and d(x,q)<6) = d(p,q)<c¢.
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Thus, for each p €X, there exists a sequence (6,,(p)) of positive real numbers and
a sequence (U,,(p)) of open nbhds of p such that 8,,{(p)s min{é,,(p), 1/2"} and
(d(p, x)< 8,,1(p) and d(x,q)< 8p11(P)) = 9 EUn(P) SSu(P.bn(P))-
So, foreach pEX, {U,,(p): nEN} is a nbhd base at p and
(Uns2(P) N Ups2(p) # @ and 8,(q) s 6,(P) = Uns2(p)UUn2(9) S Un(p).

For each n €N, let U, = {Uz,,(x): xeX } and define a distance d’ so that
4 0, if g€E€st(p,Uy) Yk;
(p.q)= 1/2", where n = rnin{k :q &st(p, [/{k)}, otherwise ,

and note that d’ is symmetricand 75 = Ty = T.

Now let D be the distance for X defined by

n
D(p.q) =inf{2d'(x,-, X)) nEN, ; EX Vi€{0,1,...,n+1}, xg = p, Xppq = q}
i=0

and observe that D is a pseudometric for X and 7p = 7.

2.6.2 Theorem. The following are equivalent for a topological space (X, 7):
(1) (X, 7) is pseudometrizable;
(2) (X, t) isa Nagata y —space;
(3) (X, 7) isa Nagata Ay -space;
(4) (X, 7) is a Nagata developable space.

Stratifiable, or even N —semistratifiable, can replace Nagata in this theorem.

Proof. The equivalence of (2), (3), and (4) follows from Theorem 2.5.6.
(1)=>(4): Let {N,,(x) x€X,n GN} be a decreasing nbhd assignment in (X, 7)

for which both x,, pEN,(y,).Vn = Xn——>p (so that (X, 7) is clearly

developable) and g EN,(p) = pEN,(q). If y, EN,(p)N N,,(x,,) Vn, it follows
that x,,, p EN,,(y,,) Vn so that g £ hence, (X, 7) is also a Nagata space.
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(4)=>(1): We show that every N-semistratifiable developable space is

pseudometrizable. Let {N,,(x) :XxEX,n EN} be a decreasing nbhd assignment in (X, 1)
thatis both N -semistratifiable and developable. For each p €X and each n €N, define
M,(p)= N,(p) UN,:(p) and note that {M,,(x):xEX, nEN} is a nbhd assignment in
(X, 7). Clearly, g EM,(p) = pEM,(q).
Claim. p, x, EM,,(y,,) Vn = x,—p
Pf. Suppose p, x, EM,(y,) Vn.
Case (i): For infinitely many n, p, x, EN,(y,).
Suppose p, x; EN_ (Yk,.) Vn. Then x; ——> p. Now if (x,)
does not converge to p, AL EN (p) such that ¥ n,3j, = n with
Jn+s1>Jp and x; €EX-L. But p,x; EMj,.(yj,.) Vn so for
infinitely many n, p,x; ENj..(yj,.) or p,x; EN; (yjn). From
the former situation, it follows that (xj") clusters at p, a
contradiction. From the latter situation, it follows that
Yj, ENjn(p)ﬂNjn(xjn) for infinitely many n, so that (Yj..)
clusters at p and, therefore, (x jn) clusters at p, again a
contradiction.
Case(ii): For infinitely many n, p, x, ENy(y,).

The argument is similar to that presented in Case (i).

Thus, by Theorem 2.6.1, (X, 7) is pseudometrizable.

Let m €N and suppose (X, 7) is a topological space.
(1) If there is a nbhd assignment {N,,(x) xEX,n EN} in (X, T) such that
foreach pEX, x, EN; (p) Vn = Xn—7>P,
we will say that (X, 7) isa y,,—space.
(2) If there is a nbhd assignment {N,,(x) XEX,n EN} in (X, ) such that
foreach p €X, pEN,',"(x,,) Vn = Xp—>>P,
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we will say that (X, 7) isa y,,—~space.
(3) If there is a nbhd assignment {N,,(x) x€X,n EN} in (X, ) such that
foreach pEX, (x,, ENy, (p) and pEN; (x,) Vn) = P,
we will say that (X, 7) is an §,,—space.32
(4) If there is a nbhd assignment {N,,(x) x€X,n EN} in (X, ) such that
foreach AC X, AC(\{N7'[4]: nEN},
then (X, 7) is called an N,,-space [Ho2].33
The diagram below summarizes the relationships among y,,—spaces, y,',,—spaces,

and S, —spaces.

(-X--. T) isa Tm—, 7;—Space

/ \

(X,7) is a ym~space (X,7)is a y,,-space

N /

(X,7) is a Sm-space

Figure S. y,, and its dual y;,

2.6.3 Lemma. Let {N,,(x) :xE€X,n EN} be a nbhd assignment in (X, ). Then for
any meN, N, (p) C N,','”"l(p) for every p €X and every n EN. Hence:
(1) if (X, 1) isa y,,,1~space, then (X, T) isa y,,—space;

) if(X,7)1sa y;+1-space, then (X, 7) isa y,',,-space;

32The letter S has been chosen because of the symmetry in the hypothesis of this condition.

33Hodel has chosen the letter N in recognition of Nagata.
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(3) if (X, 7) isa §,,,;—space, then (X, ) isa §,,-space;
(4) if (X, T) isa N, ~space, then (X, 1) isa N,,,|~space.

2.6.4 Lemma. Let (X, ) bea topological space.
(1) (X, 7) isa yy-spaceiff (X, ) isa y —space.
(2) (X, 7) isa y,-spaceiff (X, 7) isa y" —space.

For any m €N, we may assume that y,,—, y,‘,,-, and §,,-nbhd assignments are
decreasing. We may also assume that an N;—nbhd assignment is decreasing. However,
Ziqiu [Zi] shows that a decreasing N,,-nbhd assignment cannot necessarily be obtained

from a given N,,~nbhd assignment when m =2.

2.6.5 Lemma. [Ho2] The following are equivalent for a neighborhood assignment
{N,,(x) XxXEX,n GN} in (X, 1):

(H {N,,(x) xE€X\n EN} isan N,,—-nbhd assignment;

() VpEX,¥neN, pEX - {x eX: peezv,’,”(x)}.

Proof. (1)=>(2): Suppose {N,,(x):xex,nEN} is an N,,—nbhd assignment and

suppose to the contrary that there exist p€X and n€EN such that
pe{x EX: p$N,',”(;}. Then pEN,',"[{x EX:p%N,',"(x)}]. So there exists g EX

such that both p EN,' (q) and p $N,'," (¢9) . a contradiction.

(2)=>(1): Suppose {N,,(x) XEX,n EN} is not an N, ~nbhd assignment. Then
there exist AC X. p€EA, and nEN such that PE€N, (a) for any a EA. Hence,
AC {xEX:p¢N,',"(x)} so that AC {xEX:péN,',"(x)}. It follows that

p E{x EX:p $N,',"(x)}.
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2.6.6 Theorem. [Ho2]If (X, ) is N-semistratifiable, then (X, 7) is a y,',,—space for

every m €EN.

Proof. Let {N,,(x) x€X,n EN} be an N -semistratifiable nbhd assignment in (X, 7).

The proof is by inductionon m. As any N -semistratifiable space is semistratifiable, it is
clearthat (X, 1) isa yf -space.
Now consider any m €N, assume (X, 1) is a y,‘,,—space, and suppose

pEN,',"+l(x,,) Vn. Then Vn, 3y, EN,,(x,,) such that pEN,',"(y,,). So, as (X, 1) isa

¥ m—Space, Ya—>>p. But then, as (X, 7) is N-semistratifiable, it follows that
Xn —r-> J 28
2.6.7 Theorem. [Ho2]The following are equivalent for a topological space (X, 7):

(1) (X, 7) isa y —space;
(2) there is a nbhd assignment {N,,(x) xEX,n EN} in (X, T) such that
foreach p €EX, (x,, EN,(y,) Vn and y,,—;—»p) = Xp—/D;

(3) (X, 7) isa y,,-space for every m €EN.

Proof. The implication (3)=>(1) is obvious.
(I)=>(2): Let {N,,(x):xEX,nEN} be a decreasing y —nbhd assignment in
(X, v) and suppose x, GN,,(y,,) Vn and Ya—77P- Then Vn, 3k, = n such that

Yk, ENn(p) and since x;_ ENkn(yk")g N,,(yk"), it follows that x_ — P so that (x,,)

clustersat p.

Claim. x,———p

Pf. Otherwise, IM EN,(p) such that Vn,3j, 2 n with j,,; > j, and
x;, EX~-M. Now since y; ——p, it follows that Vn, 3i; =2 j, such
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that Yi;, €N, (p). Hence, as we also have X, EN,—M (y,-j’l )QN,,(y,-jn ) it

follows that X, —P, which is impossible as (x,-l ) isneverin M.

(2)=>(3): Assume (2). The proof is by induction on m. First, observe that
{N,,(x) x€X,n GN} is a y;-nbhd assignment.
Now consider any m €N, assume {N,,(x):x EX,nEN} i1s a y,,—nbhd

assignment, and suppose x, EN™!(p) ¥Yn. Then Vn, 3y, EN(p) such that
Xy EN,,(y,,). As (X, T) is a y,—space, it follows that Yn—7P- Thus, by our

hypothesis about {N,,(x) :x€EX,nEN } , it follows that x,, —P-

2.6.8 Theorem. The following are equivalent fora topological space (X, ) :
(1) (X, 7) is pseudometrizable;
Q) (X, ) isa y —, Nj—space;
3) (X,T) isa y'—,Nl-space;
(4) (X, 7) isan §,,—, Nj-space for each m EN;
(3) (X, 7) isan §,—, N;-space;
6) (X,t)isany y'—,Nl-—space;
(7 (X, 1) isan S,,,;~, N, ~—space foreach m €EN.

Proof. (1)=>(2) and (1)=>(3): If (X, 7) is pseudometrizable, then there is a decreasing
nbhd assignment {N,,(x):xEX,n EN} in (X,7) for which both
Xy PEN,(y,).Vn = X,—>p and §EN,(p) = pEN,(q).- Note that this
nbhd assignmentis y, y*, and N;.

(2)=>(4): Note that the proof of Theorem 2.6.7 shows that every y-nbhd
assignment is actually a y ,,, —nbhd assignment for every m €N. Note also that, for every

m €N, a y,,~nbhd assignment is an S,,~nbhd assignment.
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(1)=(7): As in the proofs of (1)=>(2) and (1)=>(3), there is a decreasing nbhd
assignment {N,,(x):xEX,n GN} in (X, 1) for which both
Xy, P ENy(yp),¥n = X, ——>p and qEN,(p) = PpEN,(q). We have already

determined that this nbhd assignment is y and so, by our observation in the proof of
(2)=(4), it follows that {N,,(x) x€X,n EN} is y,, forevery m €N and, therefore, S,,
forevery m €N. Since we have also shown that {N,,(x) x€X,n EN} is Nj, and since
an N;-nbhd assignmentis N, forevery m €N, we conclude that {N,,(x) :x €EX,nEN }
is simultaneously §,,,; and N, forevery m €N.

(4)=>(5): This implication is obvious.

(5)=>(6): Note that any S, -nbhd assignmentisa y y " ~nbhd assignment.

6)=>(1): Let {N,,(x): xXEX,n EN} be a decreasing y y'—,Nl—nbhd assignment

in (X, t) and define G,(p) = X - {x €X: p$N,,(x)}.
Claim 1. p EG,(p)

Pf. Otherwise, p E{x EX:p ¢N,,(x)}§ ﬂNk[{xEX: p$N,,(x)}] SO
k=1

that p €N,(x) for some xEX with p&N,(x), which clearly cannot
happen.

Now note that xEG,(p) = pEN,(x).

Define M,(p) = N,(p) NG,(p).
Claim 2. {M,,(x) xEX, n EN} is a Nagata nbhd assignment
Pf. Suppose y,EM,(p)NM,(x,)¥n. It follows that, Vn,
Yn EN(p)N N,,(x,,) and p, x, GN,,(y,,). So, as {N,,(x) xEX,n EN}
is yy", it follows that Xn—>>P-
Claim 3. {M,,(x) :x€X,n EN} is a y —nbhd assignment
Pf. Suppose x, €EM,(y,) and y, EM,(p) Vn. It follows that, ¥n,
Yn EN (PN N,,(x,,) and p, x, EN,,(y,,). So, as {N,,(x):x EX,n EN}

is y y", it follows that Xn—7"*P-
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As a Nagata y-space is pseudometrizable, it follows that (X,7) is

pseudometrizable.

(3)=>(6): Note that any y'—nbhd assignmentisa y y'—nbhd assignment.

(7y=>(5): This implication is obvious.

Note that the condition g EN,(p) => pEN,(q) can replace the N,—property in

this theorem and the next.

2.6.9 Theorem. The following are equivalent for a topological space (X, 7):
(1) (X, 7) is pseudosemimetrizable;
(2) (X, 7) isafirst countable N,-space;
(3) (X, 7) isasemistratifiable Nj-space;

(4) (X, 7) isan §;—,N;~space.

Proof. (1)=>(2) and (1)=>(3): Suppose (X, T) is pseudosemimetrizable. Then, by
Theorem 2.2.6, (X, 7) is both first countable and semistratifiable.
Claim. (X, ) isan N;-space

Pf. Let d be a pseudosemimetric for (X, 7). Then
{Sd(x, 1/2") x€X,n EN} is a nbhd assignment in (X, ). Consider any

[ ]
ACX. By Lemma 2.2.1 it follows that AC ﬂSd[A, 1/2”), where

n=1
Sd[A, if2") -U{Sd(a, 1/2"): aEA}.
(2)=>(4): This implication is obvious since a y;~nbhd assignment is always S .

(3)=>(4): This implication is also obvious since a yl' —nbhd assignment is always

(4=>(1): Let {N,,(x):xex,n EN} be an §;-, Nj-nbhd assignment. Then,

using Lemma 2.6.5, for each p €X and each n EN,
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PEX-{xEX: pEN,(x)}C X ~{x EX: p&N,(x)} = Np(p)
so that N,:(p) ENy(p).
Define Nu(p) = No(p) N N2 (p).
Note that g ENn(p) => p ENn(q) and, as {Na(x): x EX,nEN} is §;,

Xp E&n(p) Vn = Xn—Z P,

so that, by Theorem 2.2.6, (X, 7) is pseudosemimetrizable.

The diagram on the next page summarizes the relationships among the spaces studied

in Chapter 2 of this dissertation.
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pseudometrizable; or
stratifiable A~y-space; or
developable, Nagata space

7\

semistrat. n.a.—
pseudoquasimetriz.

N

N

n.a. pseudo—
quasimetriz.

v-,Y"-space; or
semistrat. y-space

N SN

N\

[ -
i pseudoquasi- developable ,
| metrizable space Nagata space
L
| i A4N
y-space i _’7 -space
' | v*-space

NS YA N

1%t countable

+"—space stratifiable

1
{ A~-space AN-space
!

NSNS NY

1*¢ countable
A~"-space

NN/

1** countable
YY" -space

SN N

A~yN-space ~Y"-space

A~"-space

1%t countable ¥y~ -space semistratifiable space

Figure 6. Generalizations of Pseudometrizable Spaces
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CHAPTER THREE

NEIGHBORHOOD STRUCTURES, BINARY
RELATIONS, AND WEAK DISTANCES

The aim of this chapter is to provide several examples which promote the study of
structures which generalize topologies (neighborhood structures) and distances (weak
distances) and to suggest some of the basic elements of the theory behind these
generalizations. We shall also see that binary relations and even weak distances themselves
are capable of being modeled through neighborhood structures. Significantly, each

generalization supports a natural notion of continuity.
Given a set X we will let P(X) denote the power setof X. A filter in a nonempty

set X is a nonempty subset of P(X) thatis closed under finite intersections and supersets.

Note that X itself is a member of any filterin X. Also, if & is a member of a filter in X,
then the filter is P(X). For any A €EP(X) we will let $ A denote the collection of all

members of P(X) that are supersets of A.
A neighborhood structure [Smjonaset X isamap N: X— P(P( X)) such that

N(p) isafilterin X for each pEX. The pair (X, N) is then called a neighborhood

space and the members of N(p) are referred to as neighborhoodsof p.

3.1 Example. If (X, 1) is a topological space, then N; is a nbhd structure on X and
(X, N) is a nbhd space.

However, a nbhd structure need not be topological. In the topological setting a point

must be a member of each of its nbhds, but clearly the axioms for a nbhd structure do not

require that this be so.
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3.2 Theorem. Let /X, N) be a nbhd space. Evenif p Eﬂ N(p) forevery pEX, it

need not be the case that N= N, fora topology on X .

Proof. Let X ={0,1,2}, N(0)=1{0,1}, N(1) =1{1,2}, and N(2) =1{0,2}. Clearly,
N is a nbhd structure on X. Now if there is a topology T on X such that N= N, it

follows that {O, 1} €7 and {l, 2} €t so that {1} €71 and, therefore, {l} EN(]) (in a

topological space, an open set is a nbhd of each of its points), which is not true.

The example provided in this proof demonstrates some of the versatility of nbhd
structures. The only topology on {0, 1,2} for which {0, 1} is a nbhd of O, {l, 2} is a nbhd
of 1, and {0, 2} is a nbhd of 2 is discrete. The non-topological nbhd structure in the proof
can be viewed as modeling the binary relation R ={(0,0), (0, 1),(1, 1), (1.2),(2,2), (2,0)}
in the sense that (p, g) €R if and only if ¢ Eﬂ N(p). From a graph-theoretic perspective,
R is a directed graph having no parallel edges; the smallest nbhd of a point (i.e. node) p is
exactly the set of nodes reachable by edges emanating from p (i.e. the set of immediate

successors of p).

Observe that the function d: {0, 1, 2} x {0, 1, 2} = [0, ) defined by

4 0, if (p.q)€ER,;
(p.q)= {l, otherwise,

also models R. Itis worth noting that d is a distance for {0, 1,2}.

3.3 Example. Foreach n €N we shall refer to {1, 2,..., n} as an initial segment of N.

Define
Bf= {Q} V) {x |x:a— {0,1} for some initial segment A of N}, and

B; n{x|x: N— {O, 1}1l
B f and /; are, respectively, the sets of finite and infinite bit strings. Let K =K U B;.
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Given x, yER we will say that x is a prefix of y, denoted xs y, provided that
the domain of x is a subset of the domain of y and for each £ in the domain of x,
x(k) = y(k). Note that < is a partial orderon K.

If we define N (p) = T{x €EK:ps x} for each p €K, then N is a nbhd structure

on A3
The function d_ : K x B — [0, ®) for which

d 0,if x<y;
s(X.3) = {l, otherwise ,

is a distance for /4 that encapsulates the prefix ordering.

Of course there is nothing to prevent us from representing the information contained
inan arbitrary binary relation R by constructing a nbhd structure Ny in the above fashion.

Also, for any binary relation R defined on X, the function dg: X x X — [0, ») defined so

that
0, if (p,q)ER,

ar(pP.9) = {l, otherwise,
models R. But since it is not necessarily the case that (p, p) €ER, we may not have
dr(p, p) = 0 and, hence, dg need not be a distance for X. For this reason we introduce
the notion of a weak distance.

A weak distance for a nonempty set X is a function d: X x X — [0, ©). We have

just shown that any binary relation on X can be represented using a weak distance.

Given a weak distance d for X we define, just as we do for distances, the sphere

S4(p. €) centered at p €X of radius € > 0 so that
S4(p, €)= {x €X:d(p, x)< e}.

Weak distances generate both nbhd structures and topologies. If d is a weak
distance for X, we define a nbhd structure Ny on X and a topology 147 on X so that
Ny(p)={AC X:3e>0,8(p e)C A} foreach pEX

and

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



td-{AQ X:VpEX,Hep>0,Sd(p,sp)§A}.
As we have seen, it need not be the case that Sy(p, €) El\l,d(P); however,

Sa(p, €) ENy(p) forevery pEX and every ¢ > 0.
Note that if R is a binary relation on X, NdR = Nr. Hence, the nbhd structure

given in the proof of Theorem 3.2 shows that, even when d is a distance (as opposed to

just a weak distance), there may not be a topology 7 for which Ny = AL

3.4 Theorem. If d isa weak distance for X, then, for each p €X, N,d(p)QNd(p).

However, even if d isadistance, it is possible that Ny = N, .

Proof. Clearly, N, (p)E Ny(p) foreach pEX. If R is the binary relation described in

the proof of Theorem 3.2, we have seen that Ny = N for any topology on {O, 1,2};

hence, Ny, = N e Here is another example of a distance d for a set for which

Ng= N, :
Let X =[0,1] and A= {1/3” ‘n EN} and define a distance d so that
d(0, x) = d(x,0) =1, if x&AU{0}, and
d(x,y)=|x-y|, otherwise.
Note that S4(0, 1) = {0} U A EN;(0).
Claim. $4(0,1) &N, (0)
Pf. Otherwise, 3G E1y with 0EG CS4(0,1). Then, 3¢ >0 such that
54(0.£)CG. But S4(0, €)= {0} U{1/3":nEN, n2k| for some k EN.
So I/3k €G . Hence, 36 >0 such that Sd(1/3k , 6) CG. But
s4(1/3%. 8) = (1/3* - 6,1/3* + 8)n (0.1
so that (1/3* - 6, 1/3* + 8) N[0, 11C 5,00, ), which is impossible.

3.5 Example. Let £¢>0 and suppose that a real number y may be used as an

approximation for a real number x provided that the Euclidean distance between x and y
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is less than €. We can view ¢ as the smallest unit measurable by a particular measuring

device. The distance d, for R defined by
0,if |x-y|<e;

de(x,y) =
+(%3) {l,otherwise,

models this situation by identifying those real numbers “close enough” to a given real

number x to be regarded as approximations to x. Note that d is a pseudosymmetric for

R that is not a pseudometric.

The previous example, although very simple, suggests the utility of distances which
do not satisfy the Triangle Inequality and for which distinct points may, under certain
circumstances, be identified with each other. Our next example establishes the significance

of weak distances that are not distances.

3.6 Example. Let Q be the set of rational numbers in (0, 1] and P=(0,1]- Q. Recall
that each x €(0, 1] has a unique decimal representation that does not terminate; for each
such x, let x(k) be the decimal digit in the k ~th place to the right of the decimal point in

this representation of x. Define a weak distance d for (0, 1] so that
[1, if x,yEP,
d(x,y)=40, if x,yEQ and x=y;
ll/2" . where n = min{k EN: x(k) = y(k)}, otherwise.

The motivation behind the definition of d stems from the attempt to approximate an
irrational in (O, 1] using rationals in (0,1]. Since it would be impractical, from a
computational perspective, to employ irrationals as approximations, we have constructed d
so that irrationals become “far” from one another, even from themselves. Thus, d is a
weak distance that is not a distance. Intuitively, the points of (0, 1] which are close to an
irrational p €(0, 1], as measured by d, are exactly those rationals in (0, 1] which agree

with p in the first several decimal places.
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A similar type of weak distance can be developed in any setting in which a set of
“ideal” elements (the elements actually being computed) are understood only through their
“approximations” (perhaps via a limiting process) and these approximations, distinct from
the ideal elements themselves, are well-understood and capable of being stored in and
retrieved from a computer’s memory.

The weak distance d for (0, 1] that we have described fails to satisfy the Triangle
Inequality (for example, d(v2/2, V2/2) =1 and d(+2/2,0.71) = d(0.71, J2/2) = /4 so
that d(‘fz_ /2, J§/2)> d(Jz_/2,0. 71) +d(0. 7, Ji/2)), providing further evidence that a
“reasonable” notion of distance does not necessarily require that the Triangle Inequality be

satisfied.
Note also that ¥2/2 $Sd(J§/2, 1) so that a sphere determined by a weak distance

need not necessarily contain its center.

Next we show that there are nbhd structures which cannot be induced via weak

distances.

3.7 Theorem. Civen anbhd structure N on X, even if N= N, for some topology on

X, it need not be the case that N= Nj; for a weak distance d for X .

Proof. Let X be the collection of all real-valued functions defined on [0,1]. Given

fEX, £>0,and afinite subset F of [0,1], define
AF, () = {8 EX: VX EF,| f(x)- g(x)| <}

and, foreach fEX, let
AP ={AF.o(N: FCI0, 11, F is finite, e >0}, and

N(NH)={NCS X:JAEAf), AC N}.
Then N is the nbhd structure on X induced by the topology T of pointwise

convergence.
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Claim 1. For any U C N(/f) having the property that
NEN(f) = JUEU,UCN,

there exist U;, U, €U such that U; € U, and U, € U

Pf. Otherwise, 3U © N(f) that is totally ordered by set inclusion and for which
NEN(f) = JUEU,UCN. For each nEN define g, EX so that
8n(X) = f(x)+ 1/2" and note that the sequence ( ,,) converges pointwise to f.
Since (X, t) is HausdorfT, for each n EN there exists U, €U/ such that g, €U,,.
Now, note that for any V €U, there exists n such that V& U, (otherwise,

JVeU with VCU, Vn so that, Yn, g, &V, contradicting the fact that
gn——f). Now suppose fEW Er. Then IVEU with fEVC W and

T

InEN with V¢ U,. But, as U is totally ordered by set inclusion, it then follows
that U, C V so that U, C W. Therefore, {U,, n EN} is a countable nbhd base at
[, contradicting the fact that (X, 7) is a well-known example of a topological space

that is not first countable.

Claim2. N= Nj; for any weak distance d for X

Pf. Suppose to the contrary that N = N; for some weak distance 4 for X and, for
each fEX, let Sy( f) = {Sd(f, €): € >O}. Note that S;(f) EN(f). Then,
given fE€X and N EN(f), there exists S ESy( f) such that SCN. Thus, by
the first claim, there exist §, 8, €S;(f) such that §;¢ S, and S, €S,
contradicting the trivial observation that given two spheres centered at the same

point, one is a subset of the other.

Neighborhood spaces allow, in a very natural manner, for the introduction of notions
of open set, interior point, limit point, closed set, and closure point.
Let (X, N) be a nbhd space, ACX,and pEX.
(1) Aisopenin (X, N) if it contains a nbhd of each of its points;

(2) p isaninterior pointof A if A containsanbhdof p;
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(3) p isalimit pointof A if (N - {p})N A= @ foreach NEN(p);
(4) A iscloesedin (X, N) if it contains all of its limit points;
(5) pisaclosure pointof A if NN A= foreach NEN(p).

We may then define the interior of A, denoted Int 5 (A), to be the set of all interior
points of A, the derived set of A, denoted Lim p(A), to be the set of all limit points of
A, and the closure of A, denoted Cl 5 (A), to be the set of all closure points of A.

The following sequence of results outlines some of the basic theory of nbhd spaces
and provides links to the theory of topological spaces. The proofs follow almost

immediately from the definitions just given.

3.8 Lemma. Let (X, N) beanbhdspaceand ACX.
(1) Inty(A) ={xEX: AEN(X)};
(2) Aisopeniff A Clnty(A);
(3) A isclosediff Clp\(A)C A.

3.9 Theorem. [Sm]If (X, N) is a nbhd space, the set Ty of all open sets in (X, N) is

a topology on X.

3.10 Corollary. Let(X,N) bea nbhd space.
(1) Ng, (p)EN(p) foreach pEX;
(2) ACX isopenrin (X, N,N) iff A€Ty;

(3) AC X isclosedin (X, N) iff A isclosed in (X, Ty).

3.11 Theorem. The following are equivalent for a nbhd space (X, N):
(1) N= N; for some topology T on X ;
(2) pENN(P),VpEX,and VpEX,YVNEN(p),AGEN(p)N T, GCT N.
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Proof. (2)=>(1): Apply Theorem 1.1.

3.12 Theorem. If T and t" are topologieson X,

®
T=T < N‘t"Nr"

3.13 Corollary. If (X, N) is a nbhd space and N= N, for some topology = on X,

thenty=r1.

3.14 Lemma. Letd be a weak distance for X.
(1) ‘tNd =T4
(2) foreach AC X, Cly_ ={xEX :d(x, A] =0}.

We now introduce notions of continuity in the contexts of weak distances and nbhd
structures.

If dy and dy are weak distances for X and Y, respectively, a function f: X =Y is
continuousat p €EX provided that for each € > O there exists 4 > O such that

dy(p.x) <8 = dy(f(p), f(x)<e.

Note that by modeling binary relations Ry on X and Ry on Y using the naturally
associated weak distances, we can consider a function f: X — Y to be continuous at
p €X exactly when (p, x)ERy = (f(p), f(x))ERy.

If (X, Ny) and (Y, Ny) are nbhd spaces, a function f: X — Y is continuous at

p €EX provided that
foreach N ENy(f(p)), there exists M ENy(p) such that f[M]C N.

If f is continuous at every point of X we will say f is continuous.
Our definition of continuity in the weak distance setting is consistent with that of the
nbhd space setting when we consider the nbhd structures induced by weak distances

defined on the domain and codomain of some function. A concrete example (the changing
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rate structure of a telephone system) is developed in [CKS] in which weak distances are
defined on the domain and the codomain of a function in such a way that the resulting
topological and potentially non-topological nbhd structures are distinct from one another
and allow topological continuity to be compared with the notion of continuity derived from
non-topological nbhd structures.

The topological characterizations of continuity in terms of the closure and interior

operalors carry over into arbitrary nbhd spaces.

3.15 Theorem. Let (X, Ny) and (¥, Ny) be nbhd spaces and f: X —=Y. The

following are equivalent:

(1) f iscontinuous;
(2) foreach AC X, f[Cl NX(A)]QCI N,.(f[A]) ;

(3) foreach AC Y, f[inty, (4)]C Inty, (£ 714]).

3.16 Lemma. Let(X, Ny) and (¥, Ny) be nbhd spaces and f: X — Y be one-to-one
and continuous. Then f[Lime (A)]_Q Lim p, (f[A]) forevery AC X.

Proof. Considerany AC X, suppose p ELim y, (A), and consider any N ENy(f(p)).

Since f is continuous there exists M ENy(p) such that f[M]JCN. Now
BxG(M—{p})ﬁA. Then, since f is one-to-one, f(x)= f(p) so that

fEN-{f(p})n fLAl

A nbhd space (X, Ny) is homeomorphic to a nbhd space (Y, Ay) if there is a
bijection f: X — Y such that forevery pEX andevery AC X,
AENg(p) = fIAIEN(f(P)).
Such a function f is called a homeomorphism.

Our next result is essentially a corollary to Lemma 3.16.
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3.17 Theorem. Let (X,Ny) and (Y, Ny) be nbhd spaces and f: X —Y be a
homeomorphism. Then f[Ume (A)]- I.imNy(f[A]) forevery ACX.

If two topologies on a given set X induce the same derived set operator, it follows
that the spaces are homeomorphic. This is not necessarily the case with arbitrary nbhd

spaces, though.

3.18 Theorem. If (X, Ny) and (Y, Ny) are nbhd spaces, f: X — Y, and
f[Lim NX(A)]- Lim y, ( f[A]) for every AC X,

itis possible that (X, Ny) and (Y, Ny) are not homeomorphic.

Proof. Consider the nbhd structures N and M defined on X = {0,1} for which

N(0) = N(1l) = M(1) = ${1} and M(0)= {X}
and observe that Lim p(A) = Lim ,(A) VAC X. But neither of the two bijections on X

are homeomorphisms.

Thus, although there are many topological theorems that translate essentially word for
word into results about arbitrary nbhd spaces, not all do. Theorem 3.18 is particularly
compelling given that so much of the early work in general topology grew out of the study

of limit elements of sets.
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CHAPTER FOUR

CONCLUSION

This work has considered neighborhoods in historical, topological, and non-
topological contexts. The notion of neighborhood played a crucial role in the mathematical
investigations leading up to Hausdorff’s formulation of topological spaces and served as
the primitive concept on which his theory, and later Fréchet’s, was based.

The study of topological spaces through the use of neighborhoods has the advantage
of being very natural and often offers relatively simple proofs that appear to shed more light
on the specific spaces being explored than other approaches. Our focus on neighborhoods
has provided alternate proofs of some known results and helped us to formulate and prove
a variety of new results within the setting of non-Hausdorff spaces. These spaces, once
casually cast aside as pathological, are finally receiving attention due to contemporary
applications in theoretical computer science.

Our use of weak neighborhoods points out that in some situations it is possible to
suppress certain properties of topological neighborhoods and motivates the consideration of
more general neighborhood-like structures such as Smyth’s neighborhood spaces. The
theory of neighborhood spaces simultaneously generalizes topologies, (weak) distances,
and binary relations, and appears to be an area that demands much more exhaustive study.
In particular, the formulation of appropriate notions of compactness and connectedness,
along with various separation properties, especially point-separation properties less
restrictive than Hausdorff’s axiom, should be undertaken. Developing neighborhood space
analogues to topological properties for which simple neighborhood characterizations do not

(yet) exist may prove to be particularly challenging.
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