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ABSTRACT

DISTANCE FUNCTION CONSTRUCTIONS 
IN TOPOLOGICAL SPACES

by

Laur ie  J.  Sa wye r  
Univers i ty  of New Hampshi re ,  December ,  1990

This w o r k  i n v e s t i g a t e s  t h e  use of d i s t a n c e  fun c t i on  

cons t ruc t ions  in t he  s t u d y  of s emime t r i z ab l e  spaces,  especial ly 

as t h i s  r e l a t e s  to deve lopabl e ,  K - s e m i m e t r i z a b l e  an d  1- 

con t i nuous ly  semime t r i zab l e  spaces.

A d is tance  fu n c t io n  for X is a nonnega t ive ,  s y m m e t r i c ,  

r e a l -v a lu ed  funct ion d: X*X—>IR such  t h a t  d(p,q) = 0 iff p = q. 

A d i s t ance  funct ion d is d eve lopab le  iff, w h e n  d(xn,p)—>0 and  

d (yn ,p)-*0, t h en  d(xn,yn)-»0; and  d is a K -d is tan ce  fu n c t io n  iff 

w h e n e v e r  d(xn,p)—>0, d (yn,q)—>0 an d  d(xn,yn)—>0, t hen  p = q.

A topological space (X,T) is se m l m e t r i z a b l e  iff t h e r e  is a 

d i s tance  funct ion d for X such t ha t ,  for e v e r y  A £ X, d-cl(A) = 

AT. A topological space is developable  (resp. Kz, 1-con tm u o u s lv ) 

s e m im e tr i za b le  w h e n  d is a developable (resp. K-, 1-cont inuous)  

d i s tance  funct ion.

Fi rs t ,  w e  use  ou r  a p p r o a c h  to p r o v e  t h e  c lass ical  

m e t r i z a t i o n  t heo rems .  Then,  in sear ch ing  for n e w  resul ts ,  we  

es tabl ish ch a r ac t e r i z a t i o ns  involving sequences  of open covers 

and  diagonal conditions.

v



T h e o r e m . (X,T) is Hausdorff  and  developable  s emime t r i z ab l e  

iff it is a wA -s p ac e  w i th  a G^-diagonal .

T h e o r e m . (X,T) is K-developable  s e m im e t r i z a b l e  iff it is a

wA -s pa c e  wi th  a regular  Gs-diagonal.

We conclude our  s t u d y  w i th  ch a r ac t e r i z a t i o n s  wh ich  a re  

given in t e r m s  of neighborhood s t r uc tu r e s ;  {Un(p): neIN, peX} is 

a n e ig h b o r h o o d  s t r u c t u r e  for (X,T) iff p € U n ( p ) e T  a n d  

Un + 1 (p) Q Un(p), for e v e r y  nelN. We c h a r ac t e r i z e  open,  K- and  

developable s emimet r i zabl e  spaces.  For example ,

T h e o r e m . (X,T) is developable  s e m im e t r i z a b l e  iff t h e r e  is a 

neighborhood s t r u c t u r e  {Un(p): nelN, peX} for (X,T) such  t ha t :

(I ) n{Un(p): nelN} = {p}; and

(I I ) if xn, p € Un(yn) for some y n € X, t h e n  xn—>p (in T).

In r e t r ospec t ,  we  h a v e  found ne w  c h a r a c t e r i z a t i o n s  or 

improve d  old c ha r ac t e r i z a t i o ns  of developable  s e m im e t r i z a b l e  

spaces a nd  o the r  m o r e  r e s t r i c ted  kinds of developable  spaces,  

wh i l e  ou r  s t u d y  of 1 - c o n t i n u o u s l y  s e m i m e t r i z a b l e  spaces  

r em a in s  qui te  incomplete.

v i
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OVERVIEW

The focus of this work  is on t he  use of d i s t ance  funct ion 

cons t ruc t i ons  in topological spaces.  The proofs will explici t ly 

c o n s t r u c t  d i s t a nc e  func t ions ,  as opposed to m e r e l y  p roving  

thei r  existence.

A dis tance  func t ion  for  a set  X is a n y  nonnega t ive ,  r e a l 

va lu ed  func t ion  d: X x X —* 1R such t h a t  d(x,y) = d(y,x),  and  

d(x,y) = 0 iff x = y, for e v e r y  x,y € X.

Di s t ance  f u n c t i o n s  a r e  a p pe a l i n g  b e c a u s e  of t h e i r  

geomet r i c  n a tu r e .  As such,  t h e y  come equipped,  topologically,  

w i t h  an  i n t r i ns i c  not ion of convergence .  Given a d i s t ance  

func t i o n  d for a set  X, a s eq uence  {xn } is d - c o n  v e r a e n  t 

p rovided  t h a t  d (xn ,p)—*0 for some p € X. They also h a v e  a 

"neighborhood" s t r u c tu r e .  Namely,  S^fx.e) = {y e X: d(x,y) < e} 

is t he  sphere  of radius  e about  x.

In a t t e m p t i n g  to descr ibe  or c h a r a c t e r i z e  a topological 

space (X,T),  we  of ten ident i fy  ne ighborhoods  for e ach  point.  

Then,  t he  closed sets a re  those wh ich  conta in  the i r  l imit  points.  

Thus,  t he  quest ion of how to describe t he  conve rgen t  sequences 

m u s t  also be answered .  In deal ing wi th  these  issues, we  might  

m a k e  use of t he  concept  of a "distance" for t he  set X.

In Chapte r  I we  include a brief descr ipt ion of t he  var i ous  

kinds of d i s t ance  func t ions  and  some of t he i r  proper t ies ,  and  

show t h a t  t h e y  can  indeed be used to describe these  topological 

s t r uc tu r e s .
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C h a p te r  II shows  how ou r  a p p r o a c h  m a y  be used to 

establ ish t he  classical met r iz a t i on  results.

C h a p t e r  III p rov ide s  n e w  proofs  of old r e s u l t s ,  a nd  

establ ishes  new  resul t s  for developable s emime t r i z ab l e  and  1- 

con t i nuous ly  s emimet r i z ab le  spaces.

Ch a p t e r  IV c h a r a c t e r i z e s  t h e  topological  spaces  u n d e r  

considera t ion in this work  wi th  neighborhood propert ies.

The r e a d e r  is r e f e r r ed  to Wil lard's General  Topology [52] 

for defini t ions and  s t a n d a r d  topological nota t ion  wh ich  a r e  not  

defined in this disser tat ion.
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CHAPTER I

AN INTRODUCTION TO DISTANCE FUNCTIONS AND THEIR
TOPOLOGIES

1. Kinds of D istance  F u n ct io n s

A m e t r i c  is a d i s tance  funct ion which  satisfies t he  t r iangle 

i nequal i ty,  t h a t  is, d(x,y) < d(x,z) + d(z,y), for e v e r y  x,y,z € X.

A d i s t ance  funct ion d is con t m u o u s  iff w h e n  d(xr , p )—*0 

and  d (yn,q) —> 0, t h en  d(xn ,yn)-»d(p,q); it is 1-co n t in u o u s  iff, for 

a n y  q € X, w h e n  d(xn>p)—*0, t h en  d(xn q) —> d(p,q).

A di s t ance  funct ion d is deve lopable  iff, w h e n  d(xr ,p)—>0 

a n d  d ( y n ,p)-*0,  t h e n  d ( x n , y n)-*0; it is c o h e r e n  t iff w h e n  

d(xn ,p)-*0 and  d(xn ,yn )—>0, t hen  d (yn ,p)-*0.

A d i s t an c e  fu nc t i on  d is a K - d i s t a n c e  f u n c t i o n  iff 

w h e n e v e r  d(xn p )—>0, d ( y n q ) —>0, and  d(xn,yn) —*0, t h e n  p = q; 

it ha s  un ique  l imits  iff w h e n  d(xn,p)->0 and  d(xn,q)-*0, t hen  

p = q.

1.1.1 T h e o r e m . A m e t r i c  is a con t i nuous  d i s t ance  funct ion.  

A ny  c o n t i n u o u s  d i s t a n c e  f u n c t i o n  is a 1 - c o n t i n u o u s ,  

developable,  K-dis tance funct ion.  K-dis tance  func t ions  and  1- 

cont i nuous  di s tance  funct ions  a lways  hav e  un ique  limits.

These facts a r e  s u m m a r i z e d  in t he  following di agram:

3



developable 

me t r i c  => cont i nuous  ==> * 1 - con t inuous

^K-distance funct ion

This t hes i s  will focus on developable  d i s t an ce  func t ions ,  1- 

cont i nuous  di s tance  funct ions,  and  K-distance funct ions.

Given a d i s tance  funct ion d for a set X, a sequence  {xn} is 

d - c a u c h v  iff for e v e r y  e > 0, t h e r e  is an  N e IN such t h a t  for 

e v e r y  m,  n > N, d(xm ,xn) < e. One expects  t h a t  d - c o nv e rg en t  

sequences  a r e  d - ca u ch y .  However ,  this  is not  a lw ays  t he  case. 

An i m m e d ia t e  observat ion is t he  following t heo rem.

1.1.2 T h e o r e m . If d is a d i s t ance  funct ion for X, t he  following 

a r e  equivalent :

(I) d is developable;

(I I ) for e v e r y  p € X, t h e r e  a r e  spheres ,  c en t e r ed  at  p, of 

a rb i t r a r i l y  small  d iameter ;

(m) d - conve rgen t  sequences  a re  d - cauchy .

The r e m a i n d e r  of th i s  sect ion is devoted  to cons t ruc t i ng  

example s  wh ich  will be used t h r o u g h o u t  this  thesis.  In each  

case, we  define a d i s tance  funct ion for t he  given set.

4



1.1.3 Example  (The Single Sequence  Space).

Let X = {an : n € IN) U (0), w h e r e  a n = l / 3 n , a nd  define d as 

follows:

d ( an,am) = 1, n * m; and  

d(x,y) = |x - y|, otherwise.

The d i s t ance  funct ion  d is a K-dis tance  func t ion  w h i c h  is not 

developable,  since {an} is a d - conve rgen t  sequence  wh ich  is not 

d - ca uch y .  It is not  1 - cont inuous  since d ( an,0)—>0, bu t  for a ny  

m  € IN, d (an,am) 7^d(0,am).

1.1.4 Example  (The Double Sequence  Space).

Let X = A U B, w h e r e  A = {an: n € IN) U (0), B = {bn: n € B\l) U 

(1), a n = l / 3 n, and  bn = 1 + a n. Define d as follows: 

d( an,bn) = d(bn ,an) = l / 3 n; and  

d(x,y) = Ix - y|, otherwise.

Then ,  d is developable  (each d - c o n v e r g e n t  s eq ue n c e  is d- 

c a u c h y )  a n d  1 - con t i nuous .  It is not  a K-d i s t ance  func t ion  

because  d ( a n ,0)—>0, d(bn , l ) —*0, d ( a n,bn) —>0, bu t  0*1.  Thus,  a 

1 - co n t i n uo us ,  developable  d i s t an ce  func t i on  need  no t  be a 

cont i nuous  di s tance  funct ion nor  a K-distance funct ion.

1.1.5 Example  (Galvin [20]). A n o th e r  double sequence  space  

Let X = A U B, w h e r e  A = {an: n € IN) U {0), B = {bn: n € IN), a n

= l / 3 n, bn = - a n. Define d as follows:

d(x,y) = d(y,x) = max{2y,y-x) ,  if x < 0 < y; and

5



d(x,y) = Ix - y|, otherwise.

A sequence  {xn} is d - co nv e rg en t  iff it is e v e n tu a l l y  con s t an t  or 

IxnI —* 0. Therefore ,  d is a developable  K-d is t ance  funct ion .  

However ,  d is not  1-cont inuous ,  since d(bn ,0)—>0, bu t  for a n y  k 

c IN, d(bn,ak) —* 2ak * d(0,ak).

1.1.6 D e f i n i t i o n . Two d i s t a n c e  f u n c t i o n s  d t an d  d 2 a r e  

e q u i v a l e n t  provided t h a t  d 1(xn ,p)-*0 iff d 2(xn ,p)->0 for a n y  

sequence  {xn} in X.

In bo th  Examples  1.1.3 and  1.1.4 ( the  Single a n d  Double 

Sequence  Spaces),  t he  usua l  Euclidean m e t r i c  p(x,y) = ix - yl is 

an  equ iva l e n t  d i s t ance  funct ion  for X. This is not  t he  case in 

the  r em a in in g  examples  of this section.

1.1.7 Exam ple  (Arhangel ' skh [3]).

Let X = [0,1], and A C X be such t h a t  A = { l / 3 n: n € OM} U {0}. 

Define d as follows:

d(x,0) = d(0,x) = 1 if x<M; and 

d(x,y) = Ix-yl, otherwise.

Then,  d is a developable  K-di s t ance  func t i on  t h a t  is not  1- 

c o n t i n u o u s  (for 1 * x € A, we  h a v e  d ( a n , 0 ) —*0 w h i l e

d (an,x) y*d(0,x)).

6



1.1.8 Exam ple  (Shore-Uhland) .

Let X = (0,1) and  define d as follows:

if x =* y; 
if x = y.

A sequence  (an) is d - co nve rg en t  iff it has  a t  mos t  one cons t an t  
subsequence  or it ha s  a subsequence  (ank) such t h a t  |ar I—>0.

Therefore ,  d is a developable  d i s t ance  func t ion  for X. This 

d i s t an c e  func t i on  fails to h a v e  u n i q u e  l imi ts ,  s ince {1 / 3 n} 

converges  to a n y  point  in X; hence ,  d is ne i t he r  1 - con t inuous  

nor  a K-dis tance funct ion.

1.1.9 N o t a t i o n . When  X C IR x (R. we  denote  x € X by  (x j , x2) 

and  use Ix - yl to denote  t he  usual  Eucl idean distance,  

\ ( x i - y i ) 2+ (x2- y 2)2, be tween  x and  y.

1.1.10 Example (The Split Disk Space).

Let X = A U B w h e r e  A = [R * {0}, B = IR x (0,1) and  define d as

The d i s t ance  func t ion  d is a developable  K-dis tance  funct ion.  

However ,  d is not  1 - con t inuous  since we  can  choose points  p,q 

€ A, a n d  a s equence  {xn} in B such  t h a t  d(xn ,p ) —»0, whi le  

d(xn,q) -/» d(p,q).

follows:

if x,y € A, x * y; 
otherwise.

7



1.1.11 Example  (McAuley' s Bow-Tie Space [41]).

Let X = A U B w h e r e  A = IR * {0}, B = IR * (0,1). For a n y  x,y € 

X, define oc(x,y) to be t he  smal les t  posit ive angle (expressed in 

r ad i ans )  b e t w e e n  t h e  x -ax i s  an d  t h e  l ine j o in ing  x and  y. 

Define d as follows:

The d i s t ance  func t ion  d is a K-di s tance  funct ion  w h i ch  is not  

developable  ( spheres  a t  p €  A h a v e  d i a m e t e r  a t  least  t t / 2 ) .  

Since we can  choose points p € A, q € B, and  a sequence  {xn} in 

B such  t h a t  d(xn,p)—>0, whi le  d(xn ,q) -h d(p,q) , d is also not  1- 

cont inuous.

1.1.12 Exam ple  (Borges [7]).

Let X = A U B w h e r e  A = P 0x{0}, (P0 = IR - {x € IR: x € Q or x = 

q ± / 2 /n  for some q € Q, n € IN}, and  B = Q * {/2 /n:  n € IN}. For 

a n y  x,y € X, define o<(x,y) as in Example  1.1.11 and

Notice t h a t  o((x,y) * tt/ 4 for e v e r y  x,y € X. The d i s t ance  

funct ion  d is a 1 - con t i nuous  K-dis tance  func t ion  wh i ch  is not  

developable (spheres  a t  p € P 0 ha v e  d i a m e t e r  a t  least  t t / 2 ) .

if x 2 = 0 or y 2 = 0; 
otherwise.

if oc(x,y) < t t / 4 ;  

if a (x ,y)  > t t / 4 .



1.1.13 Exam ple  (Burke [8]).

Let X = A U B, w h e r e  A = A0 U Aj, A0 = P * (0), Aj = IP * {-1},

B = (Q x {q € Q: 0 < q < 1}. For each a e A0, let Wa = (x e X: x2 
> xt + a and  x  ̂ > a}. For each a € A^, let Wa = {(a,-l)} U (x €

X: x 2  ̂ _Xj + a and  x t < a}. Define a d i s t ance  funct ion d for X 

as follows:

and  d(x,y) = Ix - yI, otherwise.

The d i s t ance  funct ion d is developable since a n y  d - co nve rg en t  

sequence  is d - cauchy .

By using an  a r g u m e n t  s imi la r  to t h a t  given in Example

1.1.11 (McAuley' s  Bow-Tie Space),  it follows t h a t  d is not  1- 

cont inous.

To show t h a t  d is not  a K-di s tance  funct ion,  suppose a € 

Q. If we  let p = (a,0), q = (a , - l ) ,  xn = (a + l / 2 n, l / 2 n) and  y r = 

(a - l / 2 n, l / 2 n) for each n € IN, we  h a v e  d(xn p ) —>0, d ( yn q ) —>0, 

and  d(xr ,yn) —> 0, whi le p * q.

1.1.14 Exam ple  (The I sbe l l -Mrowka Spaces [22; 51]).

Let X = A U B w h e r e  B = 0\l, and  A is an  inf ini te  m a x i m a l  

fami ly  R of infinite,  a lmos t  disjoint  subsets  of IN.

Define d as follows:

if x € Wa; 
if x 4 Wa;



d(x,y) = d(y,x) = "

0,
1 / 2 X,
| l / 2 x- l / 2 yl,

. 1 , otherwise.

if x = y; 
if x € y  € ft; 
if x,y € IN;

For p € A, p £ IN; if we  deno te  p = {pn} w i t h  pn < pn. lP

t h e n  d ( p n ,p)—>0. Essent ia l ly,  for a n y  p € A, {pn} an d  its

subsequences  a r e  t he  only n o nc o ns t a n t  c o nve rg en t  sequences.  

S ince  a n y  d - c o n v e r g e n t  s e q u e n c e  is d - c a u c h y ,  d is a 

developable d i s tance  funct ion for X.

The d i s t ance  funct ion d is not  1- cont inuous .  Consider p e 

A, and  q € IN - A. Then d(pn,p)-»0,  whi le  d(pn ,q)—♦ 1 / 2 q * 1 = 

d(p,q).

The d i s t an ce  func t i on  d is no t  a K- d i s t ance  func t ion .  

Consider  p.q € A, p * q. Then d (pn ,p)—*0, d (qn ,q)—*0, an d  

d(pn,qn) —> 0, whi le p * q.

1.1.15 E x a m p le  (Heath's  V-space  [27]).

Let X = A U B, w h e r e  A = IR x {0} and  B = IR * (0,1). F o r  each

a € A, let Va = {x € X: x t = a + x 2 or x t = a - x 2} (i.e., a "V"

w i t h  v e r t e x  a t  (a,0), sides w i th  slopes of 1 and  -1). Define d as 

follows:

A cons idera t ion  of cases shows t h a t  d is a con t inuous  d i s tance  

funct ion.

0,
d(x,y) = j m a x ( x 2 y 2), 

1 ,

if x = y;
if x,y € Va for some a € A; 
otherwise.
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1.1.16 Example  (The Niemytzki  Space [22; 3K]).

Let X = A U B w h e r e  A = {x € IR * [R: Xj2 + x22 = 1} and  B = (x 

( IR x IR: Xj2 + x 22 < 1). For a n y  disk D, let oc(D) be t he  usual  

Eucl idean d i a m e t e r .  Define a d i s t ance  funct i on  d for X as 

follows:

d(x,y) = d(y,x) = inf{a(D): D is a disk wi th  x,y € D C X).

Then d is a cont i nuous  dis tance funct ion for X [37],

We conc lude  t h i s  sect ion by  r eco rd ing  some no t a t i o n  

wh ich  will be used t h ro ughou t  this work.

1.1.17 N o t a t io n . For A, B C X, x e X, an d  e > 0, we  use t he  

following notat ion:

d(x,A] = inf{d(x,y): y  € A) is the  d is tance f ro m  x A; 

d[B,A] = inf{d(x,A]: x e B) is t he  distance b e tw e e n  A and  B; 

d-cl(B) = (x € X: d(x,B] = 0} is the  d-closure  of B;

6d[A] = sup{d(a,b): a,b e A) is t he  d - d ia m e te r  of A; and

£ d = {Sd(x,e): x € X, e > 0} is t he  set of spheres genera ted  b v  d
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2. Topological C onnect ion

For a n y  topological  space (X,T) we  m a y  cons ider  its 

c o n v e r g e n t  sequences ,  t h a t  is, a n y  sequence  {xn> such t h a t  

x n —>p (in T) for some p e X. For a n y  di s tance  funct ion d, we 

h a v e  its d - c o n v e r g e n t  sequences ,  t h a t  is, a n y  sequence  {xn} 

such  t h a t  d (xn ,p)—»0 for some p € X. This leads us to t he  

quest ion of w h e n  these  two types  of convergence  a r e  t he  same.

First ,  we  note  t h a t  a n y  di s tance  funct ion d de t e rm in e s  a 

topology for X, name ly ,

T d = {A C X: w h e n  a e A, t h en  Sd(a,cx) C A for some  a}, 

which  is called t he  s y m m e t r i c  topology for X [3],

1.2.1 Defin it ion .  A d i s t ance  func t ion  d is a s y m m e t r i c  for  

(X,T) iff T  = T d .

1.2.2 R e m a r k . Concerning convergence  of sequences

(l) For a n y  d i s t ance  func t ion  d, w h e n  d ( xn ,p)—>0, t h e n  

xn -+p (in T d).

(ii) However,  t he  converse  m a y  fail.

Let us consider  t he  set  X = A U B, w h e r e  A = {an: n € IN} 

U (0), B = {bn: n € IN), a n = l / 3 n, bn = - l / 3 n w i t h  t he  following 

di s tance  funct ion d for X:

d (am,bn) = d(bn,am) = l / 3 n; 

d(0,bn) = d(bn,0) = 1; and

12



d(x,y) = Ix - y| ,  otherwise.

In this  e x am p le ,  bn —*> 0 (in T d), b u t  d (bn ,0) /*0.  The 

pathology of this example  s t ems  f rom the  fact  t h a t  for a n y  p e 

X, d(bn ,p) —* 0.

(lii) On t h e  o t he r  han d ,  if d is a d i s t ance  func t ion  w i th  

un ique  limits,  t h en

xn ->p (in T d) iff d(xn,p) —> 0.

1.2.5 Remark. We note  t h a t ,  for a m e t r i c  d, t he  following a re

equivalent :

(i) d is a s y m m e t r i c  for (X,T);

(11) ^ d = (Sd(x,e): x € X, e > 0} is a base for T;

(lii) for e v e r y  A C X, A r  = {x € X: d(x,A] = 0} = d-cl(A), 

w h e r e  AT is t he  topological closure.

We inqui re  about  general izing this  resul t ,  an d  find t ha t ,  

for an  a r b i t r a r y  d i s tance  funct ion d, (iii) => (i); ho weve r ,  the  

conve r se  m a y  fail. In Arhangel ' skiTs Example  (1.1.7), t he  d- 

c losure  is not  a topological c losure  (since d-cl (X-A) = (0,1] * 

[0,1] = d-cl[d-cl(X-A)]).

His tor ical ly ,  d i s t a nc e  f u n c t i o n s  wh os e  d - c l o s u r e  is a 

topological closure hav e  been called s e m i -m e t r i c s  [53],

1.2.4 D e f i n i t i o n . A d i s t ance  func t i on  d is a s e m i m e t n c  for

(X,T) iff for e v e r y  A C X, d-cl(A) = AT.

A topological  space  is s e m  i m  e t r i z a b l e  iff t h e r e  is a 

s e mime t r i c  for (X,T).
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Note t h a t ,  if d is a s e m im e t r i c  for (X,T),  t h e n  T = T d. 

When  T d C T,  we  say  t h a t  d is a dis tance  fun c t io n  on (X,T).

1.2.5 T h e o r e m . For a n y  d i s t ance  funct ion d, t he  following a re  

equivalent :

(i) d is a s emime t r i c  for (X.T);

(li) for e v e r y  x e X, (Sd(x,e): e > 0} is a neighborhood base 

for x in T; and

(iii) (X,T) is first  countable  and  xn—*p (in T) iff dfx^.p)—>0.

1.2.6 R e m a r k . S y m m e t r i z a b l e  vs. se m im e t r i z a b le  spaces

If (X,T) is s emimet r i z ab le ,  t h en  it is s y m m e t r i z a b l e .  For 

Hausdorff  spaces,  t he  converse  holds if (X,T) is f i rst  countable .

1.2.7 R e m a r k s . W hen A d is a base for T

(l) In t he  Single Sequence  Space (Example 1.1.3), t he  set of 

spheres  genera t ed  by d, ,8d = (Sd(x,e): x € X, e > 0} is not  a base 

for a topology (since t he  spheres  a r e  not  necessa r i l y  open,  e.g., 

Sd( l / 3 , l / 2 )  is not  open).

(ii) If d is a s e mime t r i c  for (X,T) and  ,8d Q T,  t h en  8̂d is a 

base for (X,T). Surpr is ingly,  t he  conver se  m a y  fail.

Consider Galvin's Example  (1.1.5). The d i s t ance  funct ion d 

de t e r m i n e s  a s e m im e t r i c  topology T lt whi le  t he  set  of spheres  

g e n e r a t e d  by  d is a base  for a n o t h e r  topology T 2. Both t he  

s e q u e n c e  {bn} a n d  t h e  s equence  ( an) co nve rge  to 0 in T x. 

However,  t he  sequence  (bn) does not  converge  to 0 in T 2. Note 

t h a t  A is in T 2 bu t  not  in Tj .
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With t he  exception of t he  Single Sequence  Space (Example 

1.1.3), Arhangel ' ski i ' s  Example  (1.1.7), a n d  Galvin ' s  Example  

(1.1.5), all of our  ex am p l e s  h a v e  d i s t an ce  fun c t i ons  whose  

spheres  form a local base.

(in) If d is a s y m m e t r i c  for T  and  ,8d £ T,  t h en  d is a 

s emime t r i c  for (X,T) and  £ d is a base for T.

( i v )  If x e Sd(p,o<) => Sd(x,8) C Sd(p,oc) for some 8 > 0, t hen  

4$d is a base for T d and  d is a s emime t r i c  for T d.

If d is 1 -cont inuous ,  t hen  d is a s e m im e t r i c  for T d such 

t h a t  (Sd(p,e): e > 0) is a local base for p in (X,T).

1.2.8 R e m a r k  [28], [35], C o u n t a b i h t y  c o n d i t i o n s  in  

S e m i m e t n z a b l e  spaces

If (X,T) is a s emimet r i z ab le  space,  t hen

(l) (X,T) is a first  countab le  Tj-space;

(n) (X,T) is Lindelof iff it is N| - compac t ;  and

(111) if (X,T) is Lindelof, t h en  it is separable.

1.2.9 R e m a r k . C o m p a c tn e s s  co nd i t io n s  m  S e m i m e t n z a b l e  

spaces

(l) If (X,T) is a s e m i m e t n z a b l e  space ,  t h e n  (X,T) is 

compac t  if and  only if it is sequent ia l ly  compact .

(ii) If (X,T) is s emimet r i z ab l e ,  c o m p a c t  space,  t h e n  it is 

met r izable .
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1.2.10 R e m a r k . Separa t ion  m  S e m i m e t n z a b l e  spaces

(1) Semim e t r i z a b l e  spaces need not  be Hausdorff ,  e.g., the  

Sho re -Uh land  Example  (1.1.8).

(li) Hausdorff  s emime t r i z ab l e  spaces need not  be regular ,  

e.g., t he  Split Disk Space,  (Example 1.1.10).

(in) Tychonoff  s emime t r i z ab le  spaces need not  be no rmal ,  

e.g., Borges'  Example  (1.1.12), Heath ' s  V- space  (Example  1.1.3), 

The I sbe l l -Mrowka Spaces (Example 1.1.14), a n d  t he  Niemytzki  

Space (Example 1.1.16).

A topological space  is c o n t i n u o u s l y  s e m i m e t r i z a b l e  iff 

t h e r e  is a s e m im e t r i c  d for (X,T) wh ich  is cont inuous ;  in this 

case we call d a con t inuous  s e m im e t r i c  for (X,T).  Developable 

s e m im e t r i z a b l e  and  1 -con t i nuous ly  s em im e t r i z a b l e  spaces a re  

defined simi lar ly.  A topological space is K - s e m i m e t r i z a b l e  iff 

t h e r e  is a s e m i m e t r i c  d for (X,T) w h i c h  is a K- d i s t ance  

funct ion.  In this case d is called a K - s e m i m e t n c  for (X,T).

1.2.11 R e m a r k . Concerning developable s e m i m e t r i c s

(i) In d e v e l o p a b l e  s e m i m e t r i z a b l e  space s ,  second 

countable ,  Lindelof, and  ^ ( - c o m p a c t  a re  equ iva len t  [28], [35].

(ii) Hausdorff  developable  s e m i m e t r i z a b l e  spaces  need 

not  be r egul ar  ( the  Split Disk Space,  Example  1.1.10).

(hi) If a topological  space  is Hausdor f f ,  deve lopab l e  

s emimet r i zable ,  and  pa r ac om pa c t ,  t hen  it is me t r i z ab l e  [4],
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1.2.12 T h eo r em . Concerning 1 - c o n tm u o u s  s e m im e t r i c s

If d is a 1 - con t i nuous  d i s tance  funct ion,  t h e n  (X,Td) is a 

comple t e ly  r egu l a r  Hausdorff  space such t h a t  is a base for 

T d. Thus,  d is a s em ime t r i c  for (X,Td).

1.2.13 T h eo r em . Concerning K - s e m i m e t n c s  

If d is a s em im e t r i c  for (X,T),  then ,

(i) if d is a K-dis tance funct ion,  t hen  (X.T) is Hausdorff;

(ii) d is a K-d i s t ance  func t i on  iff d s e p a r a t e s  d is joint  

compac t  sets in T  (i.e., for disjoint  compac t  sets A,B £ X, 

d[A,B] > 0).

P ro o f , (i) Suppose d is a s em im e t r i c  for (X,T) a n d  t h a t  X is 

not  Hausdorff.  Choose dis t inct  points x,y € X w h i ch  can no t  be 

s e pa ra t ed  by  disjoint  open sets. Since (X,T) is f i rst  countable ,  

t h e r e  a r e  decreas ing neighborhood bases,  respec t ive ly ,  (Un(x): 

neIN} for x, and  (Un(y): nelN} for y. Now choose zn € Un(x) n 

Un(y) for e v e r y  n € DM. Thus zn —»x and  zn —>y. Since d is a 

s e m im e t r i c  for T ,  d(zn x ) —>0, d(zn y ) —>0, and  d(zn,zn)—>0, whi le 

x*y .  Therefore d is not  a K-distance funct ion.

(ii) First ,  suppose t h a t  d is a K - s e m i m e t r i c  for (X,T). 

Suppose  t h a t  A an d  B a r e  c o m p a c t  subse t s  of X such  t h a t  

d[A,B] = 0. Thus,  we  m a y  choose sequences {xn} in A and  {y n} in 

B such  t h a t  d(xn,yn)—>0. Since A and  B a r e  c om p a c t  subsets  of 

a s e m im e t r i c  space,  t h e y  a re  also sequent ia l ly  compact .  Thus, 

we  m a y  choose subsequences  {a n) of {xn} in A a nd  {bn} of {yn} 

in B such  t h a t  a n —»a € A, bn —>b e B, a n d  d ( a n ,bn) —>0. It
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follows t h a t  d (an ,a )—»0, d(bn,b)—>0, and  d( an>bn)—>0. Since d is 

a K-dis tance funct ion,  a = b and,  hence,  A n B * 0 .

Converse ly suppose t h a t  d is not  a K-di s t ance  funct ion.  

Then t h e r e  a r e  sequences  {xn}, {yn} in X such  t h a t  d(xn p ) —>0, 

d ( y n q ) —*0, a nd  d(xn ,yn) —*0 for some p.q € X, and  p * q. It 

follows t h a t  A = [{xn: n € IN} - ({yn: n € IN} U {q})] U {p} and  B = 

[{yn: n e IN} U {q}] - {p} a r e  disjoint  c om pa c t  sets w i th  d[A,B] = 

0, i.e., d does not  s epara t e  disjoint  compact  sets in T.
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3. Historical  R e m a r k s

The h i s t o ry  of d i s tance  funct i ons  is as ex t ens ive  as t he  

h i s t o ry  of genera l  topology itself. At its incept ion,  topological 

a c t i v i t y  cen t e r ed  a ro und  t he  cons t ruc t ion  of d i s tance  funct ions.  

Given a p a r t i c u l a r  t y p e  of d i s t a n c e  fu nc t i on ,  it w a s  not  

u n c o m m o n  for t he  r e s e a r c h e r  to t r y  to find an  e q u iv a l e n t  

met r ic .  In t r y ing  to find an  app ropr i a t e  t h eo r y  of l imit  points,  

wh i c h  would u l t i m a t e l y  descr ibe t he  closed sets of a topology, 

this app roach  m a d e  sense because  of a me t r ic ' s  re la t ionship  to 

Eucl idean ge ome t ry .  We begin this  sect ion by  ske t ching  t he  

progression of t he  deve lopmen t  of this theory.

In his 1906 thes i s  F r e c h e t  [15] i n i t i a t ed  t h e  s t u d y  of 

d i s t an ce  funct ions .  Given a v o i s i n a f e. w h i c h  is a d i s t ance  

func t ion  d such t h a t  for e v e r y  e > 0, t h e r e  is a 8(e) > 0 such

t h a t  d(p,x) < e and  d(x,y) < e implies t h a t  d(p,y) < 6(e), he asked

the  quest ion of w h e t h e r  or not  t h e r e  was  an  equ iva len t  met r ic .  

At this t ime,  he called a me t r i c  an  e c a r t . This t ype  of d i s tance  

funct ion  was  appeal ing because  it h ad  a geometr ic ,  as opposed 

to a topological proper ty .  In 1917 Chi t t enden [10] showed t ha t ,  

for a n y  voisinage,  t h e r e  is an  e q u iv a l e n t  me t r i c .  In 1918,  

P i tcher  a nd  Chi t t enden [46] in t roduced  t he  idea of a local e c a r t . 

wh i ch  is a d i s t ance  func t ion  d such  t h a t  for e v e r y  e > 0 and

e v e r y  p € X, t h e r e  is 8 > 0 such  t h a t ,  w h e n  d(p,x) < 8 an d

d(x,y) < 8, t h e n  d(p,y) < e. They  p roved  t h a t ,  if t h e  given
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topological space was  compac t ,  for a n y  local e ca r t ,  t h e r e  was  

an  eq u iv a l e n t  me t r ic .  W h e t h e r  or not  t he  condi t ion of being 

c om pa c t  wa s  nece s sa ry  was  left as a n  open quest ion.  In 1927 

N ie my tzk i  [45] showed,  by  e s t ab l ish ing  t h e  ex i s t ence  of an  

e qu iva l en t  met r i c ,  t h a t  for a n y  local e ca r t ,  t h e r e  is a lw ay s  an 

equ iva l en t  met r ic .  He gave two proofs,  one based on t he  work 

of Ch i t t en den  a nd  t he  o ther  on t h e  w or k  of Alexandroff  and  

U ry s o hn  [2], We p r e s en t  t h e  second a p p r o a c h  in t h e  nex t  

c h a p t e r ,  b u t  ins tead  of giving an  ex i s tence  proof,  t he  desired 

m e t r i c  is explici t ly cons t ruc ted.

As t h e  s t u d y  of d i s t ance  funct ions  con t inued ,  it b e cam e  

clear  t h a t  t he  following two problems needed to be resolved: (l) 

for l imi t  points  ge ne ra t ed  by  a r b i t r a r y  d i s t ance  funct ions ,  a 

l imi t  point  of t h e  set  of l imi t  po int s  of a se t  A w a s  not  

necessa r i l y  a l imi t  point  of A; and  (ii) d - c o n v e r g e n t  sequences  

need not  be d - cauchy .

P i t c h e r  a n d  C h i t t e n d e n  i n t r o d u c e d  deve lopab l e  a nd  

c o h e r e n t  d i s t a nc e  func t i ons  and  showed  t h a t ,  for c o h e r e n t  

d i s tance  funct ions ,  a l imit  of a sequence  of l imit  points  of a set 

A is itself a l imit  point  of A. As it w a s  noted in Chapt e r  I, it is 

t he  deve lopabl e  d i s t ance  func t i ons  for w h i c h  d - c o n v e r g e n t  

sequences  a re  necessar i ly d - cauchy .

The s t ud y  of met r ic s  cu lmina t ed  w i th  a r esul t  by Frink in 

1937 wh i ch  we  discuss in m o r e  detail  in c h ap t e r  II.

F r e c h e t ' s  i n t r o d u c t i o n  of a b s t r a c t  sp a c e s  w i t h  a 

topological s t r u c t u r e  m a r k e d  t he  beginning of t h e  evolut ion of 

t he  not ion of a topological space.  In t he  1920's,  t h e  open set
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was  one of t he  mos t  i m p o r t a n t  topological considerat ions .  The 

def ini t ion of a topological space w h i c h  is gene ra l l y  a ccep t ed  

t o da y  w a s  f o r m u l a t e d  (in t e r m s  of a c losure  ope ra to r )  by 

Kura towski  in 1922 [14]. After the  not ion of a topological space 

wa s  es tabl ished,  t he  ques t ion of w h a t  topological spaces we re  

gene ra ted  f rom me t r i c s  arose. We discuss t h e  ear l iest  solutions 

to this  ques t ion ,  w h i ch  involve s equences  of open covers ,  in 

c h ap t e r  II. This work of Alexandroff and  Urysohn  (1923) and  of 

Bing, S m i r n o v ,  a n d  Nag a t a  (1951) m o t i v a t e d  t h e  "Moore 

School" (developable  topological spaces)  w h i c h  we  discuss  in 

c h a p t e r  III. In c h a p t e r  IV w e  d i s c us s  n e i g h b o r h o o d  

charac t e r i za t ions ,  as m o t iva t ed  by t he  "Jones School", including 

t he  work  of McAuley,  Heath,  and  Hodel.
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CHAPTER II

EXPLICIT METRIZATION

This c h a p t e r  provides an  histor ical  basis for this work.  We 

highl ight  d i s t an ce  func t i on  co n s t ru c t i o n s  a n d  p rovide  d i r ec t  

proofs of t he  mos t  f amous  met r i z a t i on  theo rems .

I. C o n stru c t in g  M etr ics  from  o th e r  D is tan ce  F u n ct ion s

Histor ical ly,  t he se  r e su l t s  i l l u s t r a t e  t h e  ea r l i e s t  of t he  

m e t r i z a t i o n  invest igat ions.  We note  an  ea r l y  resul t  of P i tche r  

an d  C h i t t e n d e n  a nd  suggest  t h a t  it is a p r e c u r s o r  to t h e  

powerful  resul t  of Frink.

II.1.1 Theorem  (P i t che r -Ch i t t enden ' s  Theo rem [46]). If d is a 

c o he re n t  d i s t ance  funct ion for X, t h e n  t h e r e  is an  equ iva l en t  

cohe re n t  developable d is tance  funct ion for X.

P r o o f . Suppose  t h a t  d is a c ohe ren t  d i s t ance  func t i on  for X. 

Then t he  d i s tance  funct ion dj such t h a t  

dj fx.y) = inf (d(x,z) + d(z,y): z eX) 

is an  equ iva len t  coheren t  developable d i s tance  funct ion for X.

It follows i m m e d i a t e l y  f rom t h e  def ini t ions  t h a t  a d i s t ance  

funct ion is cohe r en t  iff it is a local ecar t .  Since a n y  local e ca r t
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is eq u iv a l e n t  to a me t r i c ,  t he  above  t h e o r e m  is rea l ly  abou t  

met r i z ab l e  spaces.  This leads us to a Frink's resul t .  We give a 

proof w h i c h  invokes  t h e  explici t  c on s t r uc t i on  of t h e  desi red 

met r ic .

II.1.2 Frink 's  T h e o r e m  (1937; [17]). If d is a d i s t ance

funct ion for X such  t h a t

(*) for a n y  a.b.z € X, it is not  possible t h a t  both 

d(a,z) < X2d(a,b) and  d(b,z) < X2d(a,b),

t hen  t h e r e  is a m e t r i c  p wh ich  is equ iva len t  to d; in fact ,  t he  

di s tance  funct ion p such t h a t

p(x,y) = inf ldfx .z^+dfz! ,z2)+ ■■■ +d(zn,y): Zj .z^ zn€^  ôr some 

ne 0\l}

is such a metric .

P r o o f . Suppose  t h a t  d is a d i s t ance  func t i on  for X w h i ch  

satisfies (*). We use (*) to prove:

Frink' s  Claim. For a n y  Zj,z2, ... ,zn in X,

(**) d(a,b) < 2d(a ,z1) + 4d(z1,z2)+ ... + 4d(zn_1,zn) + 2d(zn,b). 

Proof . The proof is given by  induct ion on n.

(a) For n = 1, t he  p r op e r t y  is obvious f rom (*) since 

e i t he r  V2d(a,b) < d f a . z^  or )4d(a,b) < dfb.Zj).
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(b) Next,  a s s u m e  t h a t  t he  p r ope r ty  holds for f ewer  t h a n  n 

z's and  consider  z 1,z2, ... ,zn.

If e i ther  V2d(a,b) < dfa.Zj) or l4d(a,b) < d(b,zn), t hen  t he  

p ro pe r t y  («*) again holds. Otherwise,  d(a,  Zj) < k2d(a,b) and  

d (b , zn) < 1/ 2d(a,b). F rom the  second of t hese  a nd  (*) it follows 

t h a t  Vzd(a,b) < d(a, zn).

Thus,  t he r e  is a k* € IN such t h a t  1 < k* < n and 

d ( a , zk*) < 1/ 2d(a,b) < d(a ,zk« + 1).

From the  first  inequal i ty  and  (*) it follows that :  

k2d(a,b) < d(zk*,b)

< 2d (zk-, zk«*i )+ 4d(zk«+1,zk«+2)+ +

4d(zn_1,zn) + 2d(zn,b)

and  f rom the  second:

1/2d(a,b) < d f a . z ^ . i )

< 2d(a ,z1) + 4d (z1 ,z2) + ... +4d(zk«_ x ,zk« )+2d(zk« ,zk- * .

Thus,

d(a,b) < 2d(a,z1)+4d(z1,z2) + ... +4d(zn_j,zn) + 2d(zn,b).

Next,  consider t he  dis tance  funct ion p for X such that :  

p(x,y) = inffdfx.Zi) + d(zlfz 2) + . . . + d(zn,y): z 1(z2, . . . ,zn^X  

for some ne IN).

It follows, by Frink's claim,  t h a t  p < d < 4p. Therefore  p is 

a m e t r i c  such  t h a t  d(xn ,p)—>0 iff p (xn ,p)—>0. Hence p is

equ iva len t  to d.
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II .1.3 R e m a r k . Fr ink ' s  or iginal  t h e o r e m  a s s u m e d  t h a t  t h e  

di s t ance  funct ion d was  such t h a t ,  w h e n  d(x,z) < e and  d(z,y) < 

e, t h e n  d(x,y)  < 2e. Our  ve rs i on  of Fr ink ' s  r e su l t  uses a 

f ormal ly  we ake r  condit ion wh ich  we call (*).
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2. The Classical M etr iz a t io n  T h eo rem s

This sect ion begins w i t h  an  a l t e r n a t i v e  c o n s t r u c t i o n  

t e c h n iq u e  w h i c h  involves  t h e  use  of a co u n t a b l e  f a m i ly  of 

pseudomet r ic s .  We use this  app roa ch  to p rove  severa l  of t he  

ear ly  met r i za t i on  t heorems .

11.2.1 T h eo r em . For a n y  first  count ab le  Hausdorff  space (X,T), 

if {dk: k € DM} is a coun t ab l e  f ami ly  of p seudome t r ic s  for X such 

t h a t ,  for a n y  sequence  {xn} in X,

(***)  xn—>p (in T) if and  only if, for e ach  k, d k(xn,p)—>0; 

t h en  p = Emin{dk, l / 2 k} is a m e t r i c  for (X,T).

P r o o f . Clearly,  p is a p seu do me t r i c  a n d  xn —>p (in T)  if and  

on ly  if p (xn ,p)—»0. Since (X,T) is f i rs t  c ou n t a b l e ,  p is a 

pseudome t r ic  for (X,T). Finally,  p is a m e t r i c  because  (X,T) is 

Hausdorff.

11.2.2 The U r v so h n -T v c h o n o f f  Theorem  (1925: [50], [51]). A 

second countable ,  r egu l ar  Hausdorff  space is met r izable .

P r o o f . Suppose  t h a t  B is a coun t ab l e  base for t he  regu l a r ,  

Hausdorff  topology T  for X. Then T is f i rst  coun t ab le ,  and
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since T  is r egul ar  and  Lindelof, it follows ([14], [52, p. I l l ] )  t h a t  

it is also normal .

Next,  index t h e  countab le  set A = {(V,U): V,U € 33 w i th  V 

£ U) w i t h  t he  posi t ive in tegers  k. For e ach  k, use Urysohn ' s  

L e m m a  [52, p. 102] to obtain  a con t i nuous  funct ion fk: X —>[0,1] 

such t ha t :

Since each  d k is con t i nuous ,  it follows t h a t ,  w h e n  xn—> p 

(in T),  t h e n  dk(xn ,p) —> 0. Conversely,  suppose t h a t ,  for each  

k, dk(xn,p) —> 0. If p e G € T,  t hen  since (X,T) is regular ,  t he r e  

a r e  basic open sets V and  U in 33 such t h a t  p e V £ V c U c G .

Thus,  (V,U) = (Vk,Uk) for some k.
It follows t h a t  t he  sphere  Sd (p. l )  £ G so t h a t ,  f rom our

k
supposi t ion,  xn is e v e n t u a l l y  in G, and,  t he r e fore ,  xn —» p (in 

T).  We h a v e  now shown  t h a t  xn —>p (in T) if and  only  if, for 
each  k, d^(xn ,p) —> 0, i.e., t h a t  («**)  holds.

Since (X,T) is f i rs t  coun t ab le ,  Hausdorff ,  a n d  sat isfies 

(***) ,  p = Xmin{dk, l / 2 k) is a me t r i c  for T.

if x € Vk; 
if x 4 Uk.

and  use fk to define a pseudomet r ic  dk for X as follows: 

d k(x,y) = I fk(x) - fk(y) I.
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II.2.3 The N ag a ta .  S m ir n o v ,  or Bing T h eorem  (1951; [4], 

[44], [49]). A regu l a r ,  Hausdorff  space w i t h  a a - l oca l l y  finite 

base is me tn zab l e .

P r o o f . Let 33 = u{33n: n € IN), t h e  coun t ab l e  un ion  of locally 

finite families 33n, be a base for t he  r egu la r  Hausdorff  topology 

T  for X. Since 33 is a countab le  union  of locally finite families,  

it follows t h a t  T  is first  countable.  T  is pa r a co m pa c t ,  since we 

h a v e  a r egu l a r  T j - space  such  t h a t  e ach  open cover  ha s  an  

open a - l oca l l y  finite r e f i n e m e n t  [52, p.146] and  t he r e fo re  it is 

also no rmal .

Next ,  index t he  c o un t a b l e  se t  DM * IN w i t h  t h e  posi t ive 
i n t ege r s  k. For e ach  ( m k, n k) in DM x DM, if U € 33n and

k
Vm = U{V: V € 33,  ̂ w i t h  V Q U), t h e n  we  m a y  use Urysohn ' s  

k k
L e m m a  to ob t a in  a co n t i nuo us  func t i on  fk y: X —>[0,1], such  

t ha t :

Note t h a t ,  b eca use  local ly f ini te  fami l i es  a r e  a l w a y s
c losure-p r eserv ing ,  Vm = U{V : Ve 33m wi th  V C U) C U.

k k
Next ,  for each  k, define t he  p se u do m e t r i c  d k for X such

that :

if x € Vm ;
k

if x s' U.

d k(x,y) = I fk ,j(x) - fk u(y) I : Lie B n }k
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Note t h a t ,  due  to t he  fact  t h a t  we  ha ve  a a - local ly  finite 

base,  for a n y  x,y e X, t h e r e  a r e  only  f ini tely m a n y  nonzero  

t e r m s  in this sum.

Since each  dk is con t i nuous ,  it follows t h a t ,  w h e n  xn—>p 

(in T),  t h en  dk(xn ,p) —* 0. Conversely,  suppose t h a t ,  for each 

k, dk(xn ,p) —> 0. If p e G € T ,  t h e n  since T  is regul ar ,  t h e r e

a r e  basic open sets V and  U in B such t h a t  p e V c V c U c
G. Therefore,  V e 33,  ̂ and  U € 33n for some k.

k k
It follows t h a t  t he  sphere  Sd (p, l )  Q G so t ha t ,  f rom our

k
supposit ion,  xn is e ven tu a l l y  in G, and ,  therefore ,  xn—>p (in T).  

We h a v e  now shown t h a t  xn—»p (in T) if and  only if, for each 

k, dk(xn ,p) —1- 0, i.e., t h a t  (***)  holds.

Since (X,T) is first  countable ,  Hausdorff,  and  (***)  holds, 

p = £min{dk, l / 2 k} is a me t r i c  for T.

11.2.4 R e m a r k . I n this  proof,  we  used p a r a c o m p a c t n e s s  to 

imply  n o rm a l i t y .  However ,  it c an  be shown  d i r ec t l y  t h a t  a 

r egul ar  space wi th  a a- local ly  finite base is a lways  normal .

We conclude this  sect ion w i th  t he  following well known,  

bu t  non-classical ,  resul t .

11.2.5 T h eo r em . Any  compac t  Hausdorff  space whose  diagonal  

is a G5-se t  in X * X is me tnzab l e .

Proof. Suppose t h a t  (X.T) is a compa c t  Hausdorff  space whose  

diagonal  is a G6-se t  in X * X. Since X * X is n o rm a l ,  t he

29



diagonal  (a closed G6-set )  is t h e  zero set  of a r e a l - va lu ed ,  

con t i nuous  func t i on  F: X x X —> [0,1], We m a y  also a s s u m e  

t h a t  F(x,y) = F(y,x).

For each  x € X, let Un(x) = {y € X: F(x,y) < l / 2 n}. Then 

{Un(x ): n € IN} is a coun tab l e  local base for x. It follows t h a t  

(X,T) is separ ab l e  w i t h  coun t ab l e  dense set  A = {ak: k € IN}. 

Hence,  for e ach  k, d k(x,y) = |F(ak,x) - F(ak,y))| is a con t i nuous  

p s e u d o m e t r i c  for (X,T)  so t h a t  p = E m i n { d k , 1 /  2 k} is a 

con t i nuous  m e t r i c  on X (because F(x,a) = F(y,a) for each  a e A 

iff x = y). Since c o m p a c t  topologies a r e  m i n i m a l  a m o ng  

Hausdorff  topologies, p de te rmines  t he  topology T.

II.2.6 R e m a r k . Since a n y  s e m im e t r i z a b l e  space  (X,T) ha s  a 

diagonal  wh ich  is a Gs-set  in X x X, Theorem II.2.5 general izes 

R e m a r k  1.2.9(h) w h i ch  notes  t h a t  a c o m p a c t  s e m im e t r i z a b l e  

space is met r izable .
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3. C on struc t in g  M etr ics  from  a F a m ily  of Covers

We conc lude  t h i s  c h a p t e r  w i t h  a proof of t h e  f i rs t  

m e t r i z a t i on  t h e o r e m  wh ich  wa s  establ ished by P.S. Alexandroff  

and  Paul  Urysohn  in 1923. They raised t he  ques t ion of wh ich  

topological spaces w e re  gene ra t ed  f rom m e t r i c s  and,  in t he i r  

solut ion,  use a c ou n t a b l e  f ami ly  of cover s  to c o n s t r u c t  t he  

met r ic .

11.5.1 The A l e x a n d r o f f - U r v s o h n  M e t r i z a t i o n  T h e o r e m

(1923; [2]). If t h e r e  is a sequence {9n) of open covers  of X such 

that :

(l) ( 9 n) is a regular  sequence  (i.e., w h e n  A fl B * 0  for 

A,B e 9n< t hen  A U B C C, for some C € 9n-i)>

(ii) ( 9 n} is a Gf-diagonal sequence  (i.e., for x * y, there  is 

an n such that  x 4  s t ( y , 9 n) = U {A c9 n : V € A}); and 

(lii) ( 9 n) is a w A - s e q u e n c e  (i.e., w h e n  a ne s t ( p , 9 n) for 

som e p, then the sequence  {an} c lusters  in X), 

then X is metrizable.

Proof Let ( 9 n) be a s equence  of open covers  of X sat is fying

(i)-(iii) as above,  and  let T denote  t he  topology for X. Consider 

t he  d i s tance  funct ion d for X such t ha t :
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w h e r e  k = min{n € IN: x ^ s t ( y , 9 n)}, if x * y;
if x = y.

Clear ly  d(x,y) = d(y,x).  Because  ( 9 n ) 1S a G5- d i a g o n a l

sequence,  d(x,y) = 0 iff x = y.

Because ( 9 n) is a r egul ar  sequence,  we  have ,

(*) for a n y  a.b.z € X, it is no t  possible t h a t  both  d(a,z) <

l^dfa.b) and  d(b,z) < 14d(a,b).

Thus,  as in Fr ink' s  Theorem II.1.2, t h e r e  is an  equ iva len t  

me t r i c  d" such that :

d*(x,y) = inffdfx.Zj) + Z d(z, ,z1+1) + d(zn,y): z 1,z2,... , z n€ X)

an d  d (xn ,p)—>0 iff d " ( x n ,p)—*0. Note t h a t  t h e  m e t r i c  d*

d e t e r m in e s  a topology T" for X wh ich  has  as its base t he  set of

all spheres  {Sd«(p,e): p e X, e > 0}.

Since Sd( p , l / 2 n) = s t ( p , 9 n ). w h i c h  is open in (X,T),  it

follows t h a t  T* C T  and,  hence,  A T C AT*’. To show t h a t  t he

r eve r se  inclusion also holds, suppose t h a t  p € A'1". Then,  since

d(p,A] = 0, for e ach  n € IN, t h e r e  is a n € A such  t h a t  a n €

Sd( p , l / 2 n) = s t ( p , 9n). Thus,  since {9rJ 1S a sequence,  t he

sequence  {an} c lus te rs  to some point  q € X. For A0 = {an: nelN),

it follows t h a t  q € A0T C A0T“ and,  there fore ,  t h a t  t h e r e  m u s t  
be a subsequence  {ak } of {an } such t h a t  d " ( ak ,q)-»0.  But,

n  n

d*(ak ,p)—>0 so t h a t  p = q and  p e AT. Thus it follows t h a t
n

A T = A*1 -; hence, T = T" so th a t  X is metrizable.
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II.3.2 R e m a r k s . C o n c e r n in g  t h e  A l e x a n d r o f f -  U r y s o h n  

M etr iza t ion  Theorem

(1) The ideas of both a r egu l ar  sequence  and  a G8-diagonal  

sequence  w e re  i n t roduced  by  Alexandroff  an d  Urys oh n  in [2] 

and  a r e  discussed in [34]. The "G6-diagonal" t e rmino logy  is well 

chosen.  It is easy  to show [9] t h a t  a topological space has  a G8- 

diagonal  sequence  iff its diagonal  A x is a G6-se t  in t he  product  

space X x X.

The original  vers ion of this t h eo r e m  included a condit ion,  

wh ich  t h e y  said m a d e  [ 9 n] c o m p le t e , i.e., for a n y  p e X, if, for 

each  n e IN, p e Gn € § n , t h en  {Gn: nelN) is a local base for p. 

The condi t ion of being comple t e  is equ iva l e n t  to a condi t ion,  

w h i c h  R.L. Moore [42] said m a d e  ( 9 n} a d e v e l o p m e n  t . i.e., for 

a n y  p € X, [ s t (p ,9n): n € IN) is a local base for p. If a topological 

space  ha s  a dev e lopm en t ,  it is called d e v e lo p a b l e . A M o o re  

space  is a r egul ar  Hausdorff  space which  has  a deve lopment .

The not ion of a w A - s e q u e n c e  was  i n t ro duc ed  by  Borges

[6], a nd  is a condi t ion wh ich  is we ak e r  t h a n  t h e  condi t ion of 

being complete.

(ii) The conver se  of Theo rem II.3.1 also holds. If d is a 

m e t r i c  for (X.T) and  9 n = (Sd( x , l / 2 n): x € X}, t h e n  ( 9 n} *5 a 

sequence  of open covers  w h i ch  is a r eg u l a r  sequence ,  a G5- 

diagonal  sequence,  and  a wA-sequence .
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CHAPTER III

EXPLICIT SEMI METRIZATION 

1. D evelopable  S e m i m e t r i z a b l e S p a ces

In t h e  s t u d y  of developable  s e m im e t r i z a b l e  spaces,  our  

a i m  is to f ind cond i t i ons  w h i c h  c h a r a c t e r i z e  Hausdor f f  

de ve l opab l e ,  K-deve lo pab l e  a n d  1 - c o n t m u o u s - d e v e l o p a b l e  

s e m i m e t r i z a b l e  spaces.  We begin w i t h  s e ve r a l  def ini t ions  

w h i c h  a r e  used in t hese  c h a r a c t e r i z a t i o n s .  Recall  t h a t  a 

topological  space  (X,T) ha s  a Gc-d ia go n a l  iff t h e r e  is a 

diagonal sequence  for X; t h a t  is,

t he r e  is a sequence  ( 9 n) of open covers  of X such t h a t  

{p) = n ( s t ( p , 9 n): n € IN}.

I I I . l . l  D e f i n i t i o n . A topological  space  (X,T)  h a s  a — 

diagonal [31] iff t h e r e  is a Gf' -diagonal sequence  for X; t h a t  is, 

t h e r e  is a sequence  {9n) of open covers  of X such t h a t  

{p} = D{st (p , 9 n): n € IN).

(X,T) has  a regular  Gc-diagonal [54] iff t he  diagonal  of X, 

A x - {(x,x): x € X), is a countab le  in tersect ion of r egul a r  closed 

sets; t h a t  is, t h e r e  is a sequence {Vn} of open sets in X * X such 

t h a t
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A x = 0{Vn: n € IN} = n{Vn: n € IN}.

(X,T) has  a zero set  diagonal  iff its diagonal  is a zero set 

in the  p roduc t  X * X.

111.1.2 R e m a r k . Concerning Gs-diagonals  

For a n y  topological space (X.T),

(I ) (X,T) has  a zero set diagonal iff t h e r e  is a cont inuous

dis tance funct ion on X;

(I I) if (X,T) has  a zero set diagonal ,  t h en  it also has  a 

r egul ar  G5-diagonal;

( I I I ) if (X,T) has  a r egul ar  G5-diagonal ,  t h e n  it ha s  a G5*- 

diagonal [31];

(iv) if (X.T) has  a G5*-diagonal,  t h en  it is Hausdorff;  and

(v) if (X,T) is semimet r i zab le ,  t hen  it has  a Gs-diagonal.

111.1.3 Definition [6]. A topological space (X,T) is a w A - s p a c e  

iff it has  a w A -se qu en ce  (see Theorem II.3.1).

Hodel [31, Theorem 2.5] used sequences  of open covers  to 

prove  t h a t  e v e r y  Hausdorff  w A - sp ac e  w i th  a G6*-diagonal  has 

a d e ve l opm en t  (as in 11.3.2(h)). It is known  t h a t  a topological 

space (X,T) is developable  s emime t r i z ab l e  iff it is a T j - s pac e  

a nd  ha s  a d e v e l o p m e n t  (see IV.3.2). Our  t h e o r e m ,  wh ic h  

includes Hodel's Theorem,  is es tabl ished w i th  d i s t ance  funct ion 

const ruct ions .
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III.1.4 T h e o r e m . A topological  spac e  is Hausdorff  and  

developable  s em im e tr iz a b le  iff it is a w A - s p a c e  w i t h  a G6"- 

diagonal.

Er.ggf- s uppose th a t  d is a developable  s e m i m e t r i c  for the  

Hausdorff space (X,T). For each n € IN, let 9 n = ^  € ^ Sd[G] < 

1 / 2 n}. Since d is a s e m im e tr ic  for (X,T),  th e  set  of spheres  

(Sd(p,e): e > 0} is a neighborhood base for p in (X,T). Since d is 

developable ,  th e re  are  spheres  cen ter e d  at  p of a rb i tr a r i ly  

small  d iameter .  Therefore, for each n € IN, 9 n 1S an ° P e ri cover  

of X.

Next,  we  show t h a t  s t ( p , 9 n) C Sd( p , l / 2 n). Suppose x € 

s t ( p , 9 n). Then,  t h e r e  is a G e T  such  t h a t  x,p e G and  8d[G] < 

l / 2 n. Therefore ,  d(x,p) < l / 2 n and  x € Sd( p , l / 2 n). It follows 

t h a t  ( s t (p ,9n): n € IN) is a local base for p in (X,Td).

Hence, if for e v e r y  n € IN, xn € s t ( p ,9 n), th e n  d (xn ,p) < 

l / 2 n so tha t  xn—>p; thus,  ( 9 n) is a w A - s e q u e n c e  for (X,T).

Since (X,T) is Hausdorff, if q * p, then  there  is an n q € IN 

such tha t  q ^ s t ( p , 9 n qh Since w e  can find such an n q for a n y

q =* p, it follows tha t  {p) = 0 { s t ( p , 9 n): n € IN) and,  therefore,  

tha t  {9 n) is a Gs‘ -diagonal  sequence.

Conversely, suppose that  {TjJn} is a w A - s e q u e n c e  and that  

{ 9  n̂  *s a s e q u e n c e  of open c o v er s  of X suc h  t h a t  {p} = 

n { s t ( p , 9 n): n € N} for each p € X. We m a y  also a s s u m e  that,  

for each  n € IN, 9 n+i refines  9 n> anc* ^n+i refines  'Wrj. If, for 

each n € IN, w e  let Tin = {W D G: W € 'Ufn , G € 9n^> w e  h a v e  a 

n e w  s eq u e n c e  {Tln} of open covers  such  th a t  1in refines  both
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10n and  9n- The s equence  {'Un) is also a wA- seq ue nc e .  Since 

(X,T) ha s  a G^-diagonal ,  it is Hausdorff.

Define a d i s tance  funct ion d for X as follows:

( l / 2 n, w h e r e  n = min{k € IN: x«' s t (y,<Uk)}, if x * y; 
d(x,y) = i _ .,3 (0, if x = y.

Then Sd( p , l / 2 n) = s t (p , ‘Un)1 an d  t h e r e f o r e  T d C T.  To 

prove  t h a t  d is a s e m im e t r i c  for (X,T),  we  show t h a t  T C T d,

i.e., if p € G € T,  t hen  {Sd( p , l / 2 n): nelN) C G for some n € IN.

If not ,  t h e n  t h e r e  is an  open set G € T  and  a sequence  

{xn} such t h a t  p € G, xn € Sd( p , l / 2 n), whi le xn 4 G. But  {Tin} is 

a wA -sequence ,  so t he  sequence {xn} has  a c lus te r  point  q; but ,  

q * p. Since {1in} ref ines  ( 9n ^  = n { s t ( p , T l n): n € N}. It

follows t h a t  t h e r e  is an  open set U € T  and  a n  n £ II such t h a t  

q € U a nd  U n stCp,!^) = 0 .  Hence xn 4 U for e v e r y  n € (N, 

wh ich  con t rad i c t s  t h a t  q is a clus ter  point  of {xn}.

Since each  open set  U in 11,  ̂ h a s  d - d i a m e t e r  less t h a n  

l / 2 n, we  conclude t h a t  d is developable.

III.1.5 T h e o r e m . A topological  space  is K-deve lo pab l e  

semime t r i zab le  iff it is a wA -s pa c e  w i th  a r egu l ar  Gs-diagonal.

Proof. Suppose t h a t  d is a K-developable s em im e t r i c  for (X,T). 

For e ach  n e IN, let 9n = ^  € Sd[G] < l / 2 n). As in t he  proof 

of t h e  preceding t he o re m ,  ( 9 n) is a wA -se qu en ce ,  and  {Sd(p,e): 

e > 0} is a neighborhood base for p in (X,T).

37



To show t h a t  (X,T) ha s  a r egu l a r  G6-diagonal ,  let Un = 

U{G x G: G e 9 n -̂ Clear ly A x C Ci{Un: n € IN}. We will show 

t h a t  A x = n{Un: n € IN).

Suppose (p,q) € O {Un : n € IN}. Then for each  n, t h e r e  is 

(xn ,yn) € G x G, for some G € 9 n, such t h a t  (xn>y n) e Sd( p , l / 2 n) 

x Sd( q , l / 2 n). It follows t h a t ,  for e v e r y  n, xn,yn € G w h e r e  8d[G] 

< l / 2 n . There for e  d(xn p ) —*0, d ( y n q ) —»0, a nd  d (x n , y ;i) —*0. 

Since d is a K-distance funct ion,  p = q, and  A x = n ( U n: n e IN).

To prove  t he  converse ,  suppose t h a t  t he  topological space 

(X,T) is a w A - sp a c e  w i th  a r egul ar  G6-diagonal .  Then t h e r e  is 

a wA- seq ue nc e ,  {'ltfn), for X, and  a decreasing sequence  of open 

sets, {Un}, in X x X such t h a t  A x = n{Un: n e IN} = n ( U r : n e 

IN}. We m a y  also a s s u m e  t h a t ,  for e ach  n € IN, TJntl ref ines  

TJ n . For e ach  n € IN, let Tin = { G e T : G x G C  Un), and  note  

t h a t  U n is an  open cover  of X. If, for e ach  n € IN, we  let 9 n = 

{W n U: W e Tffn , U € Tln}, we  ha v e  a ne w  sequence  ( 9 n  ̂

open co ve r s  such  t h a t  9n r ef ines  bo th  Tffn a nd  l l n . The 

s e q u e n c e  1S a lso a w A - s e q u e n c e .  Define a d i s t a nc e

funct ion d for X as follows:

J l / 2 n, w h e r e  n = min{k € IN: x e ' st fy.QJ},  if x * y; 
d (x’y> = jo, if x = y.

By using a p rocedu re  wh ic h  is s imi lar  to t h a t  of t he  proof 

of t h e  preceding  t h e o r e m ,  it follows t h a t  d is a developable  

s emime t r i c  for (X,T).
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To show t h a t  d is a K-d i s t ance  func t i on  suppose  t h a t  

d (xr p ) —*0, d ( yn q ) —*0, and  d(xn,yn)—»0. We m a y  a s s u m e  t h a t  

d ( x n , y n ), d (x n p), d ( y n q) < l / 2 n for e v e r y  n. Since xn e 

Sd( p , l / 2 n), y n € Sd( q , l / 2 n), an d  (xm,ym) € Um C Uk for m  > k, 

it follows t h a t  (p,q) € Uk for e v e r y  k ( eve ry  open set  G about  

(p,q) i n t e r s e c t s  Uk). Therefore ,  (p,q) € Cl{Un : n e Osl} = A x , 

which  implies t h a t  p = q. Thus,  d is a K-dis tance funct ion.

111.1.6 C oro l lary . A developable  s e m im e t r i z a b l e  space  is K- 

developable semime t r i zab l e  iff it ha s  a r egu la r  G5-diagonal.

Proof. A developable s emimet r i z ab l e  space is a wA-space .

111.1. 7 T h e o r e m . A topological  space  (X,T) is deve lopabl e

s e m im e t r i z a b l e  an d  subcon t i nuo us ly  s e m im e t r i z a b l e  ( t h a t  is, 

t h e r e  is a con t i nuous  d i s t ance  funct ion  on X) iff it is a w A -  

space w i th  a zero set  diagonal.

uppose t h a t  (X,T) is developable s e m im e t r i z a b l e  and  

t h a t  t h e r e  is a con t i nuous  d i s t ance  funct ion on X. Then (X,T) 

is a w A - s p a c e  (since it is developable  s emime t r i z ab l e )  w i th  a 

zero set  diagonal  (see R e m a r k  III.1.2).

Conversely,  suppose t h a t  (X,T) is a w A - s p a c e  w i th  a zero 

set  diagonal .  Then  (X,T) ha s  a Gs" -d i agona l ;  h e n c e  is a 

Hausdo r f f  space .  It fol lows t h a t  (X,T)  is d e ve l opa b l e  

s e m im e t r i z a b l e  (Theorem III.1.4). Since (X,T) ha s  a zero set 

diagonal,  t he r e  is a cont i nuous  dis tance  funct ion on X.
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Now we use t he  resul t s  of this section to inves t iga te  some 

of t he  example s  f rom Chapter  I.

111.1.8 R e m a r k . Burke 's  E xam p le

The d is t ance  funct i on  given in Burke ' s  Example  (1.1.13) is a 

deve lopab l e  d i s t a n c e  f u n c t o n  for X su ch  t h a t  -8d G T d. 

Therefore  d is a developable s e mime t r i c  for t he  Hausdorff  space 

(X,Td). Thus,  by  Theorem III. 1.4, (X,Td) is a w A - sp ac e  w i th  a 

Gs"-diagonal.

Burke  ha s  shown  t h a t  no s e m im e t r i c  for (X,T) is a K- 

d i s t a n c e  f u n c t i o n  [8]; he nce ,  (X,T)  is no t  K-deve lopab l e  

s e mime t r i z ab l e .  Since (X,T) is a w A - sp a c e ,  it follows ( f rom 

Theorem III.1.5) t h a t  Burke' s  Example  does not  h a v e  a r egu l ar  

G5-diagonal .

111.1.9 R e m a r k . Borges' E xa m p le

By Theorem 1.2.11, no s em ime t r i c  for Borges'  Example  (1.1.12) is 

developable  (since it is Lindelof,  b u t  not  second countable ) .  

Since th is  e x a m p le  is su b c o n t i n u o u s ly  s e m i m e t r i z a b l e  ( the  

usua l  Euclidean m e t r i c  is cont inuous  on X), bu t  not  developable 

s e m im e t r i z a b l e ,  it follows f rom Th eo rem III.1.7 t h a t  Borges'  

Example  is not  a wA-space .

S i m i l a r  r e m a r k s  hold for McAuley ' s  Bow-Tie  Space  

(Example 1.1.11).
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Before inves t iga t ing  t he  proper t ies  of t h e  I sbe l l -Mrowka  

spaces  (Example  1.1.14), we  no t e  t h e  fol lowing t h e o r e m  of 

McAr thur .

111 .1 .10  T h e o r e m  ( M c A r t h u r  [40]). If (X,T)  is a 

p se udo com pa c t ,  co mp le t e ly  r egu l a r ,  Hausdorff  space  w i t h  a 

r egul ar  G5-diagonal ,  t hen  it is met r izable .

111.1.11 T h e o r e m . The I sbe l l -Mrowka space is developable 

s e m i m e t r i z a b l e  a n d  K - s e m i m e t r i z a b l e ,  b u t  it is no t  K- 

developable semimet r izable .

P r o o f . In cons ider ing Example  1.1.14, note  t h a t  t h e  Isbell- 

M r o w k a  space  = IN U (R has  t he  topology wh ich  ha s  t he  

following propert ies:  (i) each p c K has  {Uk(p): k € IN} as a local 

base,  w h e r e  Uk(p) = {p} U {n € p: k < n); and  (h) e ach  n € IN 

ha s  (n) as a local base [22], The following d i s t ance  funct ion ,  

wh ich  is given in Example 1.1.14,

is a developable s emime t r i c  for

By modi fying this d i s tance  func t ion  as follows, we  obtain  

a K- semime t r i c  for

d(x,y) = d(y,x) = "

0 ,

1 / 2 X,
| 1 / 2 X- l / 2 yl, 

. 1 ,

if x = y; 
if x € y  € (R; 
if x,y e IN; 
otherwise
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0,
d(x,y) = d(y,x) = " 1 / 2 X,

.1 . otherwise.

if x = y; 
if x € y  € ft;

By T h e o r e m  I. l . l . i i i ,  t h i s  d i s t a n c e  func t i o n  d is not  

developable since each p € !R, viewed as an  increas ing sequence 

(pn) in IN Q IN U R, is d - conve rgen t ,  bu t  is not  d - cauchy .

Next ,  w e  s h o w  t h a t  is n o t  K - d e v e l o p a b l e

s e m i m e t r i z a b l e .  Be cause  is no t  n o r m a l ,  it is also not

met r i zabl e .  Since it is a p seudocompac t ,  comple t e ly  regu la r ,  

Hausdorff  space,  it follows f rom M c A r t h u r ' s  Th eo rem III.1.10 

t h a t  v|iR m u s t  not  h a v e  a r egul a r  G8-diagonal .  Therefore ,  by 

Theorem III.1.5 it is not  K-developable semimet r izable .
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2. 1 - C o n t in u o u s lv  S e m i m e t r i z a b l e  Sp aces

Our  s t u d y  of 1 - c o n t i n u o u s l y  s e m i m e t r i z a b l e  spaces  

focuses on f inding c h a r a c t e r i z a t i o n s  for K - l - c o n t i n u o u s l y  

s e m i m e t r i z a b l e  spa ce s  a n d  d e v e l o p a b l e - 1 - c o n t i n u o u s l y  

s emime t r i z a b l e  spaces. In this case we seek cha r ac t e r i z a t i on s  

in t he  contex t  of diagonal proper t ies  and  cover ing conditions.

111.2.1 R e m a r k . Concerning Gs" -diagonals

(l) If (X,T) is 1 - co n t i n uo us l y  s e m im e t r i z a b l e ,  it ha s  a G6' -  

diagonal.

(ii) If (X.T) is con t i nuous ly  s emime t r i z ab l e ,  it ha s  a zero set 

diagonal.

111.2.2 T h e o r e m . If t h e r e  is a 1 - c o n t m u o u s  d i s t ance  func t ion  

d on t h e  separabl e  space (X,T) such t h a t  T  d Q T ,  t h en  (X,T) 

is subme t r i zab le ,  t h a t  is, t h e r e  is a m e t r i c  p: X * X —> IR such 

t h a t  T p £ T.

P r o o f . Suppose t h a t  t h e  topological space  (X,T) is separ ab l e  

w i th  countab le  dense subset  A = {an: n e IN}, and  t h a t  d is a 1- 

con t i nuous  d i s tance  funct ion on X such  t h a t  T d £ T.  For each 

n € IN, define a d i s t ance  func t i on  pn : X * X —> !R such  t h a t  

p n (x,y) = m i n { l / 2 n , ld(x,an) - d ( y , a n )|}. Since each  pn is a
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pseudomet r ic ,  t h e  d i s t ance  func t ion  p: X * X —> [R such t h a t  

p(x,y) = X{pn(x,y): nelN) is also a pseudomet r ic .

If p(x,y) = 0, t h e n  ld(x,an) - d (y ,an)l = 0, and ,  t her e for e

d (x , an) = d (y , an) for e v e r y  n € IN. Since A is dense,  t h e r e  is a
sequence  {an }, w h i c h  is a subset  of A, such t h a t  d ( an , x )—>0. 

k k
But  d is 1 - cont i nuous ,  so t h a t  d ( an ,y)—>d(x,y). Since d ( an ,y)

k k
= d( an ,x) and  d ( an ,x)—>0, it follows t h a t  d(x,y) = 0. Therefore 

k k
x = y, and  p is a met r ic .

F u r t h e r m o r e ,  if d(xn,p)—>0, t h en  p(xn,p)—>0 so t h a t  T p C 

T d C T.

111.2.3 Corol lary. is not  1 - con t inuous ly  semimet r i zable .

Proof . Since does not  ha ve  a r egu l a r  G5-diagonal  (as noted 

in t h e  proof of Th eo r em  III.1.11), t h e r e  a r e  no co n t i n u o us  

d i s t ance  func t ions  ( R e m a r k  III.1.2), hence ,  no m e t r i c s  on 

But  is separabl e ,  since IN is a co un t ab l e  dense  subset .  It 

follows f rom Theo rem III.2.2 t h a t  t h e r e  a r e  no 1 - con t i n uou s  

di s tance  funct ions  on

111.2 .  4 C o r o l l a r y . If (X,T) is a s e p a r a b l e  1 - c o n t i n u o u s l y

s e m i m e t r i z a b l e  topological  space ,  t h e n  it is also K - l -  

con t i nuous ly  s emime t r i zab le ,  t h a t  is, t h e r e  is a K- semime t r i c  

for (X,T) wh ich  is also 1-cont inuous.

P r o o f . Suppose t h a t  d is a 1 - co n t i n uo u s  s e m im e t r i c  for t he  

separab l e  space (X,T).  By Theo rem III.2.2 t h e r e  is a m e t r i c  p
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on X. Clearly,  p is also a K-dis tance funct ion.  Because p is a K- 

d i s t ance  func t i on ,  and  both d an d  p a r e  1 - con t i nu ous ,  t he  

d i s tance  funct ion d + p is a K-dis tance  funct ion wh ich  is also 1- 

con t i nuous .  Since T p £ T d, it follows t h a t  d(xn ,p)—*0 iff (d + 

p)(xn,p)—*0. Therefore d + p is a K - l - co n t i n uou s  s em ime t r i c  for 

(X,T).

111.2.5 R e m a r k . Borges' E xa m p le  R ev is i ted

Borges ha s  shown t h a t  his examp le  (1.1.12) is 1 - con t i nuous ly  

s e m im e t r i z a b l e  in [7], F rom Corol lary III.2.4, s ince (X,T) is 

separable ,  (X,T) is K- 1 - con t i nuous ly  s emime t r i zab le .  In fact ,  

t h e  d i s tance  funct ion d for X wh ich  we  descr ibe m Chap te r  I is 

a K - l - co n t i n uou s  s e mime t r i c  for (X,T).

111.2.6 R e m a r k . Burke 's  E xa m p le  R ev is i ted

It follows f rom Corol lary III.2.4 t h a t  Burke  s Example  (1.1.13) is 

not  1 -con t i nuous ly  s emimet r i zab l e ,  since it is separabl e  bu t  no 

s e mime t r i c  for (X,T) is a K-dis tance funct ion (Remark  III.1.8).

111.2.7 R e m a r k . K -deve lopab le  s e m i m e t r i z a b l e ,  separable  

space  w i th  a zero  set diagonal n eed  n o t  be 1 - c o n t m u o u s l y  

s e m im e tr i za b le

The d i s t ance  func t ion  given in Example  1.1.10 ( the  Split  Disk 

Space) is a developable d i s t ance  funct ion for X such t h a t  ,8d £ 

T d. Therefore,  d is a developable s emime t r i c  for T d.

We denote  t he  usua l  Eucl idean m e t r i c  by e, and  observe  

t h a t  e < d. Then Sd(p,e) £ Se(p,e) for e v e r y  p € X, e > 0; hence
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Z d £ -8e. If d(xn p) —* 0, d ( y n q) —» 0, a nd  d (xn , y n )->0,  t h e n  

e (xn p )—>0, e (y n q )—*0, and  e(xn,yn)-*0. But  e is a me t r ic ,  so p 

= q. Therefore,  d is also a K-dis tance funct ion.

T h u s ,  t h e  Sp l i t  Disk S p a c e  is K - d e v e l o p a b l e  

semimet r i z ab l e ,  separable ,  and  ha s  a zero set  diagonal,  bu t  is 

still  no t  1 - c o n t i n u o u s l y  s e m i m e t r i z a b l e  (s ince it is no t  

complet e ly  regular).

III.2.8 R e m a r k . Concerning th e  w A - S p a c e  Problem  

The d i s t a nc e  func t i on  given in t h e  S h o r e - U h l a n d  Example  

(1.1.8) is a developable d i s tance  funct ion for X such  t h a t  -8d £ 

T d. Therefore,  d is a developable s emimet r i c  for T d.

( X , T d) is no t  Hausdorf f ;  he n ce ,  it is also no t  K- 

semimet r izable .

It is a w A - sp ac e  w i th  a Gs-diagonal  since it is developable 

semimet r i zab le .  However,  it does not  h av e  a Gs*'-diagonal since 

it is not  Hausdorff.

The Sh o re -U h l an d  Example  is of i n t e r e s t  because  of its 

re la t ionship  to t he  w A - s p a c e  p r o b le m : m u s t  e v e r y  wA -sp ac e

wi th  a Gs-diagonal  be developable7

For Hausdorf f  spaces,  because  of Th eo re m  III.1.4, this  

becomes:  m u s t  e v e r y  w A - s p a c e  w i t h  a G6_diagonal  h a v e  a

Gs"-diagonal?

The Sho re -Uh lan d  Example  is a c o u n t e r e x a m p l e  to this  

c o n j e c t u r e  since it is a w A - sp a c e  w i th  a G5-diagonal ,  bu t  does 

not  h a v e  a G5*-diagonal.
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111.2.9 R e m a r k . C o n c e r n in g  t h e  N o r m a l  M o o re  S p a c e  

Conjec ture

Borges'  Example  1.1.12 is n o rm a l  because  it is r egu l a r  and  

Lindelof. Since it is not  developable s emime t r i z ab l e ,  it is also 

not  con t i nuous ly  s emimet r i zable .  Thus we ha v e  an  example  of 

a n o r m a l  1 - co n t i n uou s l y  s e m im e t r i z a b l e  space  wh ic h  is not  

cont i nuous ly  semimet r izable .

Borges'  Example is of i n te r es t  because  of its rela t ionship to 

t he  n o r m a l  Moore space con l e c t u r e , which  s t a t e s  t h a t  e v e r y  

n o r m a l  Moore space is met r iz ab le  [35]. Borges'  Example  shows, 

w i t h o u t  t he  use of e x t r a  set theore t i c  axioms,  t h a t  a paral lel  

resu l t  for 1 -cont inuous ly  s emimet r i z ab le  spaces does not  hold.

We no w n o t e  t h a t  on ly  tw o  of o u r  e x a m p l e s  a r e  

c o n t i n u o u s l y  s e m i m e t r i z a b l e .  In e ach  case  t h e  d i s t a n c e  

funct ion  descr ibed in Chapt er  I is a con t inuous  s e m im e t r i c  for 

(X,T).

111.2.10 T h e o r e m . Heath ' s  V- space  (Example  1.1.15) and  t he  

N i e m y t z k i  S p a c e  ( E x a m p l e  1.1.16) a r e  c o n t i n u o u s l y  

semimet r izable .

We now consider  a n y  s emimet r i zabl e  space wh ich  has  t he  

s t r onge s t  of our  diagonal  proper t ies ,  t h a t  is, h a s  a zero set 

diagonal.
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III. 2,11 T h e o r e m . If (X,T) is a s e m im e t r i z a b l e  space w i th  a 

zero set  diagonal,  t hen  (X,T) is K-semimetr izable .

P r o o f . Suppose t h a t  d is a s e m i m e t r i c  for t h e  topological 

space (X,T),  and  t h a t  f: X x X —* [0,1] is a cont inuous  funct ion 

such t h a t  Zf = A x . Let dj be t he  d i s tance  funct ion for X such 

t h a t  d j (x ,y)  = min{f(x,y) , f(y,x)}.  Then di  is a c o n t i n u ou s  

di s tance  funct ion,  and  d + dj is a K- semime t r i c  for (X,T).

Since X is subcont inuous ly  semime t r i zab l e  iff it ha s  a zero 

set  d iagonal ,  we  h a v e  t h e  fol lowing co ro l l a r y  to Th eo r em

III.2.11.

111.2.12 Corol lary. A sem im e t r i z a b l e  topological space  wh ich  

is also subcont inuous ly  s emimet r i zabl e  is K- semimetr izable .

111.2.13 R e m a r k . M cAuley 's  Bow-Tie  Space R ev is i ted

Since (X,T) has  a zero set diagonal  (e is a con t inuous  di s tance  

func t ion  on X, since e < d), it follows f rom Th eo r em  III.2.11 

t h a t  (X,T) is K-semime t r i zab l e .  In fact ,  d is a K- s em im e t r i c  

for (X,T).
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CHAP TE R IV

NEIGHBORHOOD CHARACTERIZATIONS

1. Ne ighborhood S t r u c t u r e s

In this c h a p t e r  our  s t u d y  seeks to establ ish neighborhood 

cha ra c t e r i z a t i ons  for t he  topological spaces u nd e r  considerat ion 

in this work.  Historically,  F r eche t  [16] ini t iated this s tudy,  and 

Hausdorff  [24] recorded and  added to t he  s tudy.

For our  work,  we in t roduce  a definition.

IV.1.1 Def ini t ion. A collection of sets {Un(p): n € IN, p € X) is a 

neighborhood s t r u c t u r e  for (X,T) iff p € Un(p) € T  and  Un<1(p) 

C Un(p), for e v e r y  n € IN.

We observe  that :

IV.1.2 T h e o r e m . If {Un(p): n € IN, p € X} is a neighborhood 

s t r u c t u r e  for (X,T) such that :

for e v e r y  sequence  {xn) , w h e n e v e r  xn € Un(p) for 

e v e r y  n € IN, t h en  xn —* p (in T),  

t hen  (Un(p)} is a local base for p in (X,T).
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IV.1.3 Corol lary . A topological space (X,T) is f i rst  coun tab le  

iff t h e r e  is a neighborhood s t r u c t u r e  (Un(p): n e IN, p € X) for 

(X,T) such t h a t  if xn € Un(p) for e v e r y  nelN, t h en  xn —*p (in T).

T h r o u g h o u t  t h i s  c h a p t e r  we  seek to c h a r a c t e r i z e  

topological proper t ies  w i th  t h eo r e m s  analogous to this  one.
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2. S e m i m e t r i z a b l e  Spaces

We begin w i t h  a c h a r a c t e r i z a t i o n  of s e m i m e t r i z a b l e  

space s  a n d  p roceed  to f ind c h a r a c t e r i z a t i o n s  for m o r e  

res t r i c ted  semime t r i zab le  spaces.

IV.2.1 T h e o r e m . A topological space (X,T) is s em im e t r i z a b l e  

iff t h e r e  is a ne ighborhood s t r u c t u r e  (Un(p): n e IN, p e X} for 

(X,T) such that :

(1) D{Un(p): n € IN) = {p};

(ii) if xn € Un(p), t hen  xn —* p (in T); and

(iii) if p € Un(xn), t h en  xn —> p (in T).

Proof . Suppose d is a s em im e t r i c  for (X,T). For n € (N, p e X, 

let Un (p) = i n t TSd( p , l / 2 n). Then {Un(p) : n € (N, p € X} is a 

neighborhood s t r u c t u r e  for (X,T) w i th  proper t ies  (1) - (iii).

C o nv e r se l y ,  suppos e  t h a t  (Un (p): n € IN, p € X) is a 

ne ighborhood s t r u c t u r e  for (X,T) w i t h  p r ope r t i e s  (1) - (iii). 

Define a d i s tance  funct ion d for X as follows:

d(p,q) = l / 2 n, w h e r e  n = min{k: p 4 Uk(q) and  q 4 Uk(p)}.

Since Un(p) C Sd( p , l / 2 n) and  {(Jn(p): n € IN) is a local base for p 

in (X,T),  it follows t h a t  (X,T) is first  coun t ab le  an d  xn —>p (in 

T) iff d(xn,p)—»0. Thus,  d is a s e mime t r i c  for (X,T).
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IV.2.2 R e m a r k . Factorizat ion th e o r e m s

This t h e o r e m  i l l u s t r a t e s  t h e  a t t e m p t s  of t h e  "Jones  

School" to c r e a t e  t h e o r e m s  t h a t  "factor" topological propert ies;  

see McAuley [41], and  Heath [26], Our t h eo r e m  and  its proof is 

suggested by t he  work  of Heath.

To f u r t h e r  i l lus t ra te  this factor izat ion,  we  note that :

(a) A topological  space  (X,T) is a T j - s p a c e  if t h e r e  is a 

ne ighborhood s t r u c t u r e  (Un(p): n € IN, p € X} for (X,T) w i th  

IV.2.1(0, t h a t  is, fi{Un(p): n € IN) = {p}.

We ha v e  a l r eady  noted:

(b) A topological space (X,T) is f i rst  coun t ab l e  iff t h e r e  is a 

ne ighborhood  s t r u c t u r e  (Un(p): n e (N, p e X} for (X,T) w i th  

IV.2.1 (li), t h a t  is, if xn€Un(p) for e v e r y  neIN, t h en  xn—>p (in T).

Following Hodel [31], we  define:

(c) A topological space (X,T) is s e m i s t r a  t i f iable  iff t h e r e  is a 

ne ighborhood  s t r u c t u r e  {Un(p): n € IN, p € X) for (X,T) w i th  

IV.2.l(hi),  t h a t  is, if p € Un(xn), t hen  xn —* p (in T).

Thus we  h a v e  "factored" t he  concept  of s emime t r i z ab le  in 

our  Theorem IV.2.3 as follows:

A topological space (X,T) is s emimet r i z ab le  iff it is

(a) a T1-space  t h a t  is

(b) first countab le  and

(c) semistrat i f iable.
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Final ly,  no t e  t h a t  t h e  not ion of s e m i s t r a t i f i ab i l i t y  was  

i n t roduced  by  Michael  as a de r i va t i ve  of s t ra t i f iable  spaces [5], 

S t r a t i f i ab l e  is Borges'  t e r m in o l og y  for Ceder ' s  "M3-spaces " .  

Semis t ra t i f i ab l e  spaces a r e  studied by  Heath' s  s t uden t ,  Geoffrey 

Creede, in [13].

IV.2.4 Corol lary. Other  fac tor iza t ion  t h e o r e m s

(a) A topological space (X,T) is a f irst  count ab le  Tt - space  

iff t h e r e  a r e  ne ighborhood s t r u c t u r e s  for (X,T) w i t h  IV.2.1(0 

and  (n).

(b) A topological  space  (X,T)  is a f i r s t  c o u n t a b l e  

semis t ra t i f i ab l e  space iff t he r e  a r e  neighborhood s t r u c t u r e s  for 

(X,T) w i th  IV.2.1 (ii) and  (iii).

(c) A topological space  (X,T) is a s e mi s t r a t i f i ab l e  Tj-  

space  if t h e r e  a r e  ne ighborhood  s t r u c t u r e s  for (X,T) w i t h  

IV.2.1(0 and  (iii).

Proof . We i l l us t ra te  t he  n a t u r e  of t he  proofs by  proving (a). 

The o ther s  follow similar ly.  Suppose (X,T) is a first  coun t ab l e  

Tj-space.  For each  p € X, let {Un(p): n € IN} be a local base for 

p in (X,T) w i t h  Un + 1(p) C Un(p) for e v e r y  n € IN. Then {Un(p): 

n € IN, p € X) is a ne ighborhood  s t r u c t u r e  for (X,T) w i th  

IV.2.1(0 and  (ii).

Conver se ly  suppose  t h e r e  is a ne ighbo rhood  s t r u c t u r e  

( U n (p): n € IN, p € X} for (X,T)  w i t h  IV.2.1 (i ) , a n d  a 

ne ighborhood  s t r u c t u r e  {Vn(p): n € IN, p € X} for (X,T) w i th  

IV.2.1(ii). For e ach  n € IN and  p € X, let Gn(p) = Un(p) n Vn(p).
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Then (Gn(p): n € IN, p € X} is a neighborhood s t r u c t u r e  for (X,T) 

w i th  IV.2.1(0 and  (ii). Therefore  (X,T) is a first  countab le  Tj- 

space.

Our nex t  t h eo r e m s  s t r eng then  t h e  s epara t ion  p r ope r t y  for 

s e m im e t r i z a b l e  spaces and  co n t i nue  to p rov ide  f ac tor iz a t ion  

t heorems .

IV.2.5 T h e o r e m . A topological space (X,T) is Hausdorff  and  

s emime t r i z ab l e  iff t he r e  is a neighborhood s t r u c t u r e  {Un(p): n e 

IN, p e X} for (X,T) such that :

(I) n{Un(p): n € IN) = (p);

(I I ) if xn € Un(p), t hen  xn —» p (in T); and  

(iii) if p € Un(xn), t hen  x n —>• p (in T).

Proof . Note first  t h a t  (X,T) is Hausdorff  iff p * q implies t h a t

t h e r e  is a G € T  such  t h a t  p e G and  q 4 G. Now the  proof

follows as in Theorem IV.2.1.

IV.2.6 T h e o r e m . A topological space (X,T) is r eg u l a r  an d  

s emimet r i z ab l e  iff t he r e  is a neighborhood s t r u c t u r e  (Un(p): n e 

IN, p € X) for (X.T) such that :

(i) D{Un(p): n € IN) = {p};

(i‘) for e v e r y  n € IN, t he r e  is an  m  > n such  t h a t  

U^Tp) £ u n(p);

(ii) if xn € Un(p), t hen  xn —* p (in T); and

(iii) if p € Un(xn), t h en  xn —» p (in T).
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Proof . The useful  local c h a r a c t e r i z a t i o n  he r e  is t h a t  (X,T) is 

r egu la r  iff p € G € T  implies t h e r e  is an  H e T  such t h a t  p € H 

0, H Q G. F ro m  th i s  fac t ,  t h e  proofs follow easi ly,  as in 

Theorem IV.2.1.

We now t u r n  ou r  a t t en t i o n  to t he  c h a r ac t e r i z a t i o n  of K- 

s e m i m e t r i z a b l e  spaces.  This r e q u i r e s  a s t r e n g t h e n i n g  of 

condit ion (i).

I V . 2 .7  T h e o r e m . A topological  sp a c e  (X,T)  is K- 

s emime t r i z ab le  iff t he r e  is a neighborhood s t r u c t u r e  (Un(p): n € 

DM, p € X) for (X,T) such t ha t :

(l) For disjoint  compact  A,B C X, t h e r e  is an  n € IN such

t h a t  Un[A] n B = 0 ,  w h e r e  Un[A] = U{Un(a): a € A};

(h) if xn e Un(p), t h en  xn —* p (in T);  and

(in) if p e Un(xn), t hen  xn —> p (in T).

Proof . Suppose d is a K- semime t r i c  for (X,T). For each  n € 

IN, p € X, let Un(p) = int<jSd( p , l / 2 n). Next suppose t h a t  A,B C X 

a r e  dis joint  and  compact .  Since d is a K- semime t r i c  for (X,T), 

d[A,B] > 0, s a y  d[A,B] > l / 2 n . Thus  Sd[ A , l / 2 n) n B = 0  

(o therwi se  if x € Sd[ A , l / 2 n) D B, t h en  d(x,a) < l / 2 n for some a 

€ A w h e r e  x e B, w h i c h  impl ies  t h a t  d[A,B] < l / 2 n , a

c on t r a d i c t i o n ) .  It follows t h a t  Un[A] = U{Un(a): a € A} = 

U{intTSd( a , l / 2 n): a € A) Q Sd[ A , l / 2 n) and  t h e r e fo r e  Un[A] Pi B 

= 0 .  Thus (i) - (iii) hold.
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Conve r se ly  suppose  t h e r e  is a ne ighbo rhood  s t r u c t u r e  

{LL(p): n e IN, p € X} for (X,T) wi th  proper t i es  (1) - (111). Define 

a d i s tance  funct ion d as follows:

d(p,q) = l / 2 n, w h e r e  n = min{k: p 4 Uk(q) and  q <?' Uk(p)}.

Then d is a s e m im e t r i c  for (X,T). To show t h a t  d is a K- 

d i s t ance  funct ion,  suppose A 0 B = 0 .  By (l), t h e r e  a r e  n a ,nb e 
IN such  t h a t  Un [A] fl B = 0  and  A n Un,[B] = 0 .  Let n =n a n b

m a x { n a ,nb}. Then Un[A] n B = 0  and A n Un[B] = 0 .  If a € A 

and  b e B, t hen  a 4 Un[B] and  b e' Un[A] so t h a t  k' = min{k: a e' 

U k(b) and  b 4 Uk(a)} < n. Thus l / 2 n < l / 2 k = d(a,b).  This 

p r o p e r t y  holds for a n y  a € A, b e B, so d[A,B] > l / 2 n. Since d 

s epara t e s  disjoint  compac t  sets,  d is a K- semime t r i c  for (X,T).

IV.2.8 R e m a r k . Note t h a t  since IV.2.7(i) impl ies t h a t  (X,T) is 

Hausdorff ,  we  still h a v e  n { U n(p): n € IN} = {p}. This t h e o r e m  

provides  an a l t e r n a t i v e  proof to Theorem 1.2.13(i), t h a t  is, a n y  

K-semime t r i zab le  space is Hausdorff.

We conclude this sect ion w i th  a c h a r a c t e r i z a t i o n  of open 

s emimet r i z ab l e  spaces.

IV. 2.9 D e f i n i t i o n . A topological  space  (X,T)  is o p e n  

s e m im e t r i z a b le  iff t h e r e  is a s emime t r i c  d for (X,T) such  t h a t  

C T.
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I V . 2 . 1 0  T h e o r e m . A topological  space  (X,T)  is open 

s e mime t r i z ab l e  iff t h e r e  is a neighborhood s t r u c t u r e  (Un(p): n € 

IN, p € X} for (X,T) such that :

(i) H{Un(p): n € IN) = {p};

(ii) if xn € Un(p), t h en  xn —» p (in T); and

(111) p € Un(q) iff q € Un(p).

P r oo f . Suppose t h a t  d is an  open s em im e t r i c  for t he  topological 

space (X,T).  For each n e (N, p € X, let  Un(p) = Sd( p , l / 2 n).

Then (Un(p): n € IN, p € X} is a ne ighborhood s t r u c t u r e  for

(X,T) w i t h  proper t i es  (i) - (hi). Note t h a t  p r o p e r t y  (iii) m a k e  

proper t i es  (ii) and  (iii) of t he  previous  t h e o r e m s  in this section 

equivalent .

To p rove  t h e  conver se ,  define a d i s t ance  func t i on  d as 

follows:

d(p,q) = l / 2 n, w h e r e  n = min{k: p 4 Uk(q)}.

Since Un(p) = Sd( p , l / 2 n), we  conclude t h a t  d is a s e m im e t r i c

for (X,T) and,  hence,  (X,T) is open semimet r izable .

57



3. Deve lopab le  S e m i m e t r i z a b l e  Spaces

Here  w e  seek  to c h a r a c t e r i z e  t h e  d e v e l o p a b l e  

s emime t r i z ab l e  spaces we  ha v e  s tudied in this work.  We begin 

w i t h  a n e i g h b o r h o o d  c h a r a c t e r i z a t i o n  of d e v e l o p a b l e  

s emimet r i z ab le  spaces.

IV.3.1 T h e o r e m . A topological  space  (X,T) is developable  

s emimet r i z ab l e  iff t h e r e  is a neighborhood s t r u c t u r e  (Ur (p): n e 

IN, p e X} for (X,T) such that :

(i) n{Un(p): n € IN) = {p}; and

(ii) if xn, p € Un(yn) for some y n e X, t h en  xn —> p (in T).

P ro o f . Suppose d is a developable s e m im e t r i c  for (X,T).  For 

e ach  p € X, a nd  n € IN, choose an  open set  Gn(p) such  t h a t  

8d[Gn(p)] < l / 2 n . Let Un(p) = D{G,(p): 1 = 1,2, . . . n}. Then 

{Un(p): n € IN, p € X) is a neighborhood s t r u c t u r e  for (X,T) wi th  

condit ions (1) and  (ii).

C o nv e r se l y ,  suppose  t h a t  (Un (p): n € IN, p c X) is a 

ne ighborhood s t r u c t u r e  for (X,T) w i th  condi t ions  (1) and  (11). 

Let Tin = (Un(p): p € X). One has  immedia te ly :

(ii ) if xn € st(p,Tln) for each n € IN, t h en  xn—>p.

Thus,  f r o m  IV.1.2, {st(p, Tln): n € IN) is a local base for p in 

(X,T); consequent ly ,

{p} = n{st(p, lLn): n e IN}, since n{Un(p): n € IN} = {p}.
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Now define a d is tance  function d for X as follows:

d(p,q) = l / 2 n, w h e r e  n = min{k: p 4 st(q, 'Uk)}.

Since Sd( p , l / 2 n) = st (p, ‘Un)1 d is a s e mime t r i c  for (X,T). Each U 

e T1 n has  d i am e t e r  less t h a n  l / 2 n; therefore ,  d is developable.

IV.5.2 R e m a r k . Concerning developable  spaces

Recall  (see R e m a r k  II.3.2) t h a t  a topological  space  (X,T) is

developable  iff t h e r e  is a sequence  ( 9 n) of open cover s  such

that :

for a n y  p € X, (s t (p ,9n): n € IN) is a local base for p.

Thus,  f rom our  proof, we  note that :

(a) a topological space (X,T) is developable  iff t h e r e  is a 

ne ighborhood  s t r u c t u r e  {Un(p): n € IN, p € X) for (X,T) w i th

IV.3.1(h), t h a t  is if xn, p e Un(yn) for some y n € X, t hen  xn —> p 

(in T).

Hence,

(b) a topological space (X,T) is developable s emimet r i z ab l e  

iff it is a developable Tj-space.

As in Section 1 of this ch ap t e r ,  we  con t i nue  our  s t u d y  by 

s t r eng then ing  t he  separa t ion  proper ty .
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IV.3.5 T h e o r e m . A topological  space  (X,T) is developable  

s e m i m e t r i z a b l e  a nd  Hausdorf f  iff t h e r e  is a ne ighbo rhood 

s t r u c t u r e  {Un(p): n € IN, p € X} for (X,T) such that :

(I ) n{Un(p): n e IN) = {p}; and

(I I ) if xn, p € Un(yn) for some y n € X, t h en  xn —> p (in T).

Proof . We again  use t he  local c ha r ac t e r i z a t i o n  for Hausdorff  

spaces,  and  t he  proof follows easily,  as in Theorem IV.3.1.

IV.3.4 Cor o l l ary . A topological space  (X,T) is developable  

s e m ime t r i z ab l e  and  Hausdorff  iff it is a developable,  Hausdorff  

space.

IV.3.5 R e m a r k . A n o th e r  Proof of Hodel's Theorem (IV.3.3)

Fi r s t  no t e  t h a t  (i) a n d  (ii) of T h e o r e m  IV.3.3 a r e  

equ iva len t  to:

(T) {p} = Pi{st(p.TJ.n): n € IN} and

(h)  if xn € st(p,Tln) for each n € IN, t hen  x n c lus ters  at  p.

But ,  (T) holds iff (X,T) has  a G6*-diagonal,  and  in t he  presence  

of (i'), (iT) is equ iva lent  to (X,T) being a wA-space .
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IV.5.6 T h e o r e m . A topological  space  (X,T) is r egu l a r  and  

de ve lo p ab l e  s e m i m e t r i z a b l e  iff t h e r e  is a n e ig hbo rh ood  

s t r u c t u r e  (Un(p): n € IN, p € X) for (X,T) such t ha t :

(1) n{Un(p): n € IN) = {p};

(I ) for e v e r y  n € IN, t he r e  is an  m  > n such t h a t  

Um(p) C Un(p); and

(I I ) if xn, p € Un(yn) for some y n € X, t h en  xn -» p (in T).

Proof . We again use t he  local c h a r a c t e r i z a t i o n  for a r egu la r  

space,  and  t he  proof follows easily as in Theorem IV.3.1.

IV.3.7 C o r o l l a r y . A topological space  (X,T) is r egu l a r  and  

developable  s e m im e t r i z a b l e  iff it is a Moore space,  i.e., it is 

regular ,  Hausdorff  and  developable.

IV.3.9 Open Q u e s t i o n . N ote t h a t  we  h a v e  c h a r a c t e r i z e d

developable,  K- semime tr iz ab l e  spaces.  Namely,

(l) for disjoint  compac t  A,B Q X, t he r e  is an  n € IN such 

t h a t  Un[A] n B = 0 ,  w h e r e  Un[A] = U{Un(a): a € A} and

(ii) if xn> p € Un(yn) for some y n € X, t h en  xn —> p (in T). 

An open quest ion is to find a ne ighborhood cha rac t e r i z a t i o n  for 

K-developable s emimet r i zab l e  spaces.

61



4. jf-spaces

The  c lass  of t f -spaces  h a s  a long h i s t o r y  as one  

genera l iza t ion  of m e t r i c  spaces.  I n t e re s t  in these  spaces was  

spa rked  by  Ribeiro's false proof of w h a t  be ca m e  t h e  y - sp a ce  

c o n je c t u r e ; is e v e r y  Hausdorff y-space qu a s im e t r i z ab l e 7 Note 

t h a t  if this  c o n j e c t u r e  had  been t r u e ,  it would h a v e  ex tended  

Fr ink ' s  m e t r i z a t i o n  t h e o r e m  to a q u a s i m e t r i z a t i o n  t h eo re m .  

Howeve r ,  Fox [18] ha s  c o n s t r u c t e d  a c o m p l e t e ly  r e g u l a r  

c o u n t e r ex a m pl e  to this conjec ture .

We begin w i th  a ne ighborhood c h a r a c t e r i z a t i o n  of these  

spaces.

IV.4.1 D e f in i t i o n .  (X,T) is a I f - s p a c e  [32] iff t h e r e  is a

ne ighborhood  s t r u c t u r e  {Un(p): n € IN, p e X} for (X,T) such 

t h a t  if xn € Un(yn) and  y n € Un(p) t h en  xn -* p (in T).

IV.4.2 T h e o r e m . A topological space  (X,T) is a y-space  iff 

t h e r e  is a ne ighbo rhood s t r u c t u r e  {Un(p): n € IN, p € X} for 

(X,T) such  t ha t :

(l) for disjoint  K,F C X, K compact ,  F closed, t h e r e  is an  

n € IN such  t h a t  Un[K] n F = 0;  and

(ii) if xn € Un(p), t h en  xn —* p (in T).
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P r o o f . Suppose  (Un(p): n  € IN, p € X} is a ne ighbo rhood  

s t r u c t u r e  for (X,T) as in IV.4.1. Then condi t ion (11) follows 

immed ia te ly .  If condit ion (i) fails, t h en  t h e r e  a re  disjoint  K,F Q 

X, K compac t ,  F closed such t h a t  for e v e r y  n e IN, Un[K] O F *

0 .  Thus,  t h e r e  a r e  sequences  {xn} an d  {yn) such  t h a t  xn €

Un(Yn)’ xn € F, anc  ̂ Yn € K. Since K is c o m p a c t ,  t h e r e  is a
subsequence  {yn } of ( yn) wh ich  converges  to p € K. Since 

k
x n € Uk( y n ) , y n € Uk(p), a nd  (X,T) is a if-space, xn -> p e F. 

k k k k
Moreover ,  since xn € F and  F is closed, we  ha v e  p e F. Thus,

k
K n F * 0  , whi ch  is a contradict ion.

To p rove  t h e  conver se ,  let (Un (p): n e IN, p £ X) be a 

ne ighborhood s t r u c t u r e  for (X,T) w i th  condi t ions  (1) and  (ii). 

Our  c la im is t h a t  (X,T) is a y-space.  Otherwise,  for each n € IN, 

t h e r e  is xn e Un(yn) and  y n e Un(p), bu t  xn -b p (in T).  Since

y n € Un(p) for e v e r y  n € IN, y n—*p (in T).  However ,  xn p.
Thus,  t h e r e  is an  open set  G, conta in ing  p, such t h a t  G 0 (xn :

‘k
k c IN) = 0  an d  y n € Un (p) for some sub se q ue n ce  {x„ } of

k k “k
{xn}. If we  let F = X - G and  K = {yn : y n e G) U {p}, t h en  xn

k k k
€ Un [K] n F for e ve ry  k € IN. Hence, Un[K] 0 F * 0  for e v e r y  

k
n € (N, which  is a contradict ion.

Hodel h a s  sh o w n  t h a t  a s e m i s t r a t i f i a b l e  i f-space is 

developable .  We show in t h e  fol lowing t h e o r e m  t h a t ,  for 

Hausdorff  spaces,  we can  say  more.
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IV.4.3 T h e o r e m . If a topological space  (X,T) is Hausdorff ,  

semis t ra t i f i ab l e  and  a !f-space, t h en  it is K-semime t r i zab le  and  

developable semimet r izable .

Proof . Suppose (X,T) is a Hausdorff ,  semi s t ra t i f i ab l e  y-space.  

Then t h e r e  is a ne ighborhood s t r u c t u r e  (Un(p): n € IN, p e X} 

for (X,T) such t ha t :

(1) n {U n(p): n € IN} = {p}; and

(ii) if p € Un(xn), t hen  xn —» p (in T).

Again let Tln = (Un(p): p € X} and  define two d i s t ance  funct ions  

dĵ  and  d 2 for X as follows:

d i (p ,q )  = l / 2 n , w h e r e  n = min{k:  p 4 Uk(q) a nd  q 4 

Uk(p)}, and

d 2(p,q) = l / 2 n, w h e r e  n = min{k: p 4  st(q, 'Uk)}.

It follows t h a t  d 1 is a K - s e m i m e t r i c  for (X,T),  a n d  d 2 is a 

developable s e mime t r i c  for (X,T).

The proof of Theo rem IV.4.3 follows easi ly f r om Theo rem

IV.4.2 an d  R e m a r k  IV.4.3. However ,  ou r  i n t e r e s t  s t e m s  f rom 

the  cons t ruc t ion  of two dist inct  s e mime t r i c s  for (X,T), one a K- 

s e mime t r i c  a nd  t he  o the r  a developable semimet r i c .

To conclude  this  sect ion,  we  t u r n  our  a t t e n t i o n  back to 

severa l  of t he  examples  f rom Chapte r  I.
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IV.4.4 Remark.  Concerning Theorem IV.4.3

(a) Since Burke ' s  Example  (1.1.13) is Hausdor f f  and  

developable semimet r i zab le ,  bu t  not  K- semimet r i zab l e ,  it is not  

a tf-space.

(b) Th eo re m  IV.4.3 fails for ^ - s p a c e s .  Consider  t he  

Sho re -Uh land  Example  (1.1.8). Let t ing Un(p) = Sd( p , p / 2 n), one 

shows t h a t  it is a tf-space. It is developable  s em ime t r i z ab l e ,  

bu t  not  K-semimet r izab l e .  Therefore,  t he  Sho re -Uh land  Space 

is a c o u n t e r e x a m p l e  to t he  c o n j e c t u r e  t h a t  a Tt developable  

semimet r i z ab l e  )f-space is K-semimetr izable .

(c) Since t he  Isbel l -Mrowka Spaces (1.1.14) a r e  Hausdorff 

s e m i s t r a t i f i a b l e  l f -spaces  w h i c h  a r e  no t  K-d e ve lo pa b l e  

s em im e t r i z a b l e ,  t h e r e  need not  be a single d i s t ance  funct ion 

wh ich  is both developable and  K-semimetr izable .
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CHAPTER V

CONCLUSION

In Chapt e r  I we  establ ished t he  foundat ions  for this work  

by p resen t i ng  defini t ions and  i l l us t ra t i ve  examples .  The focus 

cen t e r ed  on developable semimet r i zab le ,  K-semimet r izab l e ,  and 

1 -cont inuous ly  semime t r i zab l e  spaces.

C h a p t e r  II shows  how our  a p p ro a c h  can  es tabl i sh  t he  

proofs for t he  classical  m e t r i z a t i o n  t h e o r e m s  by  expl ici t ly 

cons t ruc t ing  met r ics .

In our  s ea r ch  for n e w  resul t s  in s e m im e t r i z a b l e  spaces,  

we  looked for cha r ac t e r i za t ions  of the  spaces we  studied.

In C h a p t e r  III w e  found c h a r a c t e r i z a t i o n s  w h i c h  

d e v e l o p e d  h i s t o r i c a l l y  f r o m  t h e  A l e x a n d r  of f - U r y  soh n 

Me t r i za t i on  Theo rem (II.3.1). These c h a r ac t e r i z a t i o n s  involve 

sequences  of covers  and diagonal conditions.

Al te rna t i ve ly ,  we found,  in Chapt e r  IV, cha r a c t e r i z a t i on s  

t h a t  a r e  given in t e r m s  of ne ighborhood s t r u c t u r e s .  Such  

c h a r a c t e r i z a t i o n s  r e p r e se n t  t he  spiri t  of t he  work  of F r e che t  

an d  Hausdorff .  I n t e r e s t  in t hese  t h e o r e m s  s t e m s  f rom the  

"factorizat ion" qua l i t y  of t he  results.

In r e t r ospec t ,  we  h a v e  found n e w  c h a r a c t e r i z a t i o n s  or 

improve d  old c h a r ac t e r i z a t i o ns  of developable  s em im e t r i z a b l e  

spaces and  m a n y  o t he r  m o r e  r e s t r i c t e d  kinds of developable
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spaces.  Our s t u d y  of 1 - co n t i n u ou s l y  s e m im e t r i z a b l e  spaces 

r e m a in s  qui te  incomplete.

Among  o t he r s ,  we  a r e  left  w i t h  t h e  fol lowing open 

quest ions:

(1) Find a cha r ac t e r i za t ion ,  like those in Chapt er  III, for 

1 - c o n t i n u o u s l y - d e v e l o p a b l e  (or d e v e l o p a b l e - l - c o n t i n u o u s l y )  

s emimet r i zab le  spaces.

(2) Find a neighborhood ch a rac t e r i z a t i on  for:

(a) 1-cont inuous ly  s emimet r i z ab le  spaces and

(b) K-developable semime t r i zab l e  spaces.

(3) We h a v e  found  t h a t  s e p a r a b l e ,  1 - c o n t i n u o u s l y  

s e m im e t r i z a b l e  spaces a r e  K-semime t r i zab le .  Does t he  resul t  

hold if separable  is omi t t ed?

(4) Under  w h a t  res t r i c t i ons  (if any )  a r e  t he  spaces we 

h a v e  considered lf-spaces?
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