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The s tudy  i n v e s t i g a t e d  d i f f e r e n c e s  i n  problem 

s o l v i n g  per formance between e x p er i me n t a l  s u b j e c t s  who 

f o l l o w e d  a course o f  i n s t r u c t i o n  i n  h e u r i s t i c  problem s o l v ­

i ng and c o n t r o l  s u b j e c t s  who f o l l o w e d  a course o f  i n s t r u c ­

t i o n  i n  c o l l e g e  a l g e b r a .  Other  aims o f  the  s tudy  were to 

e x p l o r e  r e l a t i o n s h i p s  between s t u d e n t  a b i l i t y  p r o f i l e s  and 

problem s o l v i n g  per fo r mance ,  to l ook  f o r  changes i n  problem 

s o r t i n g  schemes f o l l o w i n g  i n s t r u c t i o n  i n  h e u r i s t i c  s t r a t e ­

g i e s ,  and to  compare e x per i me nt a l  and c o n t r o l  s t u d en ts  w i t h  

r e s p e c t  to per formance in  a lgeb ra  and t r i g o n o m e t r y .

The s u b j e c t s ,  84 f reshmen e n r o l l e d  i n  a c o l l e g e  o f  

pharmacy i n  New England,  were d i v i d e d  randomly i n t o  e x p e r i ­

mental  (n = 37) and c o n t r o l  (n = 47) groups and each group 

was p r o v id e d  w i t h  ten weeks o f  i n s t r u c t i o n .  Exper imenta l  

s t ud en ts  r e c e i v e d  i n s t r u c t i o n  i n  problem s o l v i n g  and the 

use o f  both general  and s p e c i f i c  h e u r i s t i c  s t r a t e g i e s ,  where­

as,  the c o n t r o l  group r e c e i v e d  i n s t r u c t i o n  i n  c o l l e g e  a l ge br a  

and t r i g o n o m e t r y .  A l l  s t ud e n t s  took  f i v e  a b i l i t y  p r e t e s t s :  

Hidden F i gures  T e s t ,  Scrambled Words T e s t ,  Nonsense S y l ­

l og i sm T e s t ,  D ec i ph er i ng  Languages T e s t ,  and the Too thp i cks  

Tes t .  A Solomon f o u r  group des ign p r o v i d e d  p r e t e s t  data on 

problem s o l v i n g  per formance and problem s o r t i n g  schemes f o r  

a p p r o x i m a t e l y  h a l f  o f  t he  ex per i me nt a l  and c o n t r o l  group 

s t u d e n t s .  At  the end o f  the i n s t r u c t i o n a l  p e r i o d  p o s t t e s t  

measures o f  problem s o l v i n g  per fo r mance ,  a lgeb r a  and t r i g o ­

nometry per fo rmance ,  and problem s o r t i n g  schemes were ob-

x



t a i n e d  f o r  a l l  s t u d e n t s .  The n ine  i t em problem s o l v i n g  

t e s t  was des igned to  i n c l u d e  problems s o l ved  by t h r e e  

h e u r i s t i c  s t r a t e g i e s  ( a l g e b r a i c  symbol i sm,  c o n t r a  d i e t i o n ,  

and p a t t e r n  g e n e r a t i o n )  as w e l l  as i n c o r p o r a t i n g  t h r e e  

c o n t e x t u a l  cues ( t r i a n g l e  p rob lems,  number p rob l ems ,  and 

word p r ob l ems ) .  The problem s o r t i n g  scheme i n f o r m a t i o n  was 

ga thered by means o f  a problem s i m i l a r i t y  q u e s t i o n n a i r e  

t h a t  r e q u i r e d  s tu d e n t s  to r a t e  each p a i r  o f  t he  n ine  

problems on a c o n t i nu ou s  s i m i l a r i t y  s c a l e .

Analyses o f  p o s t t e s t  per formance measures re ve a l e d  

t h a t  whereas e x pe r i me n t a l  s t ud en ts  s i g n i f i c a n t l y  o u t p e r f o r m ­

ed c o n t r o l  s t ud e n t s  on the problem s o l v i n g  p o s t t e s t  (p ^ . 0 1 ) ,  

s t ud e n t s  r e c e i v i n g  i n s t r u c t i o n  i n  c o l l e g e  a l g e b r a  and t r i g o ­

nometry s i g n i f i c a n t l y  o u t pe r f o r med  those s t ud e n t s  r e c e i v i n g  

i n s t r u c t i o n  i n  h e u r i s t i c  problem s o l v i n g  on the a l ge br a  

and t r i g o n o m e t r y  p o s t t e s t  (p < .0 0 1 ) .

Complete l i n k  h i e r a r c h i c a l  c l u s t e r i n g  ana lyses  

i n d i c a t e d  t h a t  h e u r i s t i c  i n s t r u c t i o n  d id  not  g r e a t l y  a l t e r  

the dominant  problem s o r t i n g  schemes o f  the e x pe r i me n t a l  

s t ud en ts  a l t h ou g h  s t ud en ts  r e c e i v i n g  h e u r i s t i c  i n s t r u c t i o n  

d id  show ev idence o f  be ing more a t t e n t i v e  to  h e u r i s t i c  cues 

than c o n t r o l  s t u d e n t s .  A d d i t i o n a l l y ,  i t  was shown t h a t  

r e c o g n i t i o n  o f  h e u r i s t i c  cues was s i g n i f i c a n t l y  c o r r e l a t e d  

(p < .04)  w i t h  s u p e r i o r  per formance in  problem s o l v i n g ,  

however ,  seve r a l  i n d i v i d u a l  s t ud en ts  p r o v i d e d  ev idence t h a t  

i t  was p o s s i b l e  to  ach ieve  h igh scores on the  problem

xi



s o l v i n g  t e s t  w i t h o u t  s o r t i n g  h e u r i s t i c a l l y ,

The a b i l i t y  t e s t  data was s u b j e c t e d  to  Ward's 

h i e r a r c h i c a l  c l u s t e r i n g  a n a l y s i s  and f o u r  homogeneous 

a b i l i t y  p r o f i l e  groups were i s o l a t e d .  I t  was found t h a t  the 

degree to  which a s t u d e n t  s o r t e d  h e u r i s t i c a l l y  was r e l a t e d  

to  the s t u d e n t ' s  a b i l i t y  p r o f i l e  t ype  w i t h  s tu d e n t s  s c o r i n g  

low on a s e m a n t i c - d i v e r g e n t  t h i n k i n g  f a c t o r  r e c e i v i n g  l ower  

h e u r i s t i c  s o r t i n g  scores than s t ud en ts  s c o r i n g  s i g n i f i c a n t l y  

h i g h e r  on t h i s  f a c t o r .

The problem s o l v i n g  p o s t t e s t  was d i v i d e d  i n t o  sub­

t e s t s  c o r r es p on d in g  to  the  t h r e e  h e u r i s t i c  s t r a t e g i e s  covered 

i n  the e x per i me nt a l  course ( a l g e b r a i c  symbol i sm,  c o n t r a d i c ­

t i o n ,  and p a t t e r n  g e n e r a t i o n ) .  R esu l t s  showed t h a t  o f  t he  

f o u r  a b i l i t y  p r o f i l e  groups i s o l a t e d  i n  t h i s  s t ud y  o n l y  one 

per formed s i g n i f i c a n t l y  b e t t e r  across a l l  t h r e e  s u b t e s t s  

f o l l o w i n g  h e u r i s t i c  i n s t r u c t i o n .  This  r e s u l t  g i ves  ev idence 

t h a t  h e u r i s t i c  i n s t r u c t i o n  may be more b e n e f i c i a l  f o r  c e r t a i n  

a b i l i t y  t ypes .



CHAPTER I

THE RESEARCH PROBLEM

P s y c h o l o g i s t s ,  educa t or s  and ma t he mat i c ia ns  have 

long agreed t h a t  i n c r e a s i n g  problem s o l v i n g  per fo rmance i s  an 

i m p o r t a n t  goal  o f  mathemat ics i n s t r u c t i o n .  Much o f  t he  r e c e n t  

resear ch  on problem s o l v i n g  has e x p l o r e d  the  r e l a t i o n s h i p  

between i n d i v i d u a l  d i f f e r e n c e s  (such as f i e l d  i ndependence,  

sex,  a n x i e t y )  and problem s o l v i n g  per fo r mance .  Th i s  i n c l u d e s  

the r esearch  done by Leach and Mar sha l l  ( 1 9 70 ) ,  Kagan (1964)  

and W i t k i n  (1975)  on c o g n i t i v e  s t y l e  as i t  r e l a t e s  to  problem 

s o l v i n g  as w e l l  as the work o f  Russe l l  and Sarason (1966)  on 

a n x i e t y  and the i n v e s t i g a t i o n s  o f  M i l t o n  (1957)  on the r e ­

l a t i o n s h i p  o f  sex to  problem s o l v i n g  and mathemat ica l  a b i l i t y .  

Recent s t u d i e s  by C h a r t o f f  (1976)  and S i l v e r  (1977)  have 

opened the way f o r  the i n v e s t i g a t i o n  o f  a new a sp ec t  o f  i n d i ­

v i d u a l  d i f f e r e n c e  r e s e a r c h ,  namely,  s o r t i n g  schemes employed 

by i n d i v i d u a l  problem s o l v e r s .  The p r e s e n t  i n v e s t i g a t i o n  i s  

des igned to e x p l o r e  the e f f e c t s  o f  a f reshman c o l l e g e  l e v e l  

course i n  h e u r i s t i c  problem s o l v i n g  on s t u d e n t  per fo rmance 

and to l oo k  f o r  changes i n  problem s o r t i n g  schemes as a 

r e s u l t  o f  such i n s t r u c t i o n .  Moreover ,  t h i s  s tu dy  w i l l  

a t t e m p t  to  de te rmine  what  r e l a t i o n s h i p ,  i f  any,  e x i s t s  be­

tween s t u d e n t  a b i l i t y  p r o f i l e s  and problem s o l v i n g  p e r f o r m ­

ance and w i l l  c o n s i d e r  the  d i f f e r e n t i a l  problem s o l v i n g  p e r ­

formances o f  s tud en ts  w i t h  d i f f e r e n t  problem s o r t i n g  schemes.

1
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A l though  few educa t or s  would d i s a g r e e  as to  the 

impor tance  o f  problem s o l v i n g  and i t s  p lace  i n  t he  mathema­

t i c s  c u r r i c u l u m ,  an e xami na t i on  o f  t he  c u r r e n t  commercial  

t e x t s  and s t a n d a r d i z e d  t e s t s  i n d i c a t e s  t h a t  ve ry  l i t t l e  

genuine problem s o l v i n g  i s  be ing f o s t e r e d  i n  most h igh 

school  and i n t r o d u c t o r y  c o l l e g e  mathemat ics  c ou rses .  In 

f a c t  a much s t r o n g e r  s t a t eme nt  can be made. I f  genuine 

problem s o l v i n g  i s  d e f i n ed  to  be the a b i l i t y  to  dev i se  y ou r  

own p lans and c r e a t e  s t r a t e g i e s  f o r  s o l v i n g  problems t h a t  

may no t  be f a m i l i a r  ones and i f  we d i s t i n g u i s h  t h i s  k i nd  o f  

problem s o l v i n g  f rom one t h a t  s i m p l y  c a l l s  f o r  the a p p l i c a ­

t i o n  o f  an a l g o r i t h m i c  p r o c ed u re ,  t hen the  ev idence we have 

f rom p r es e n t  commercial  t e x t s  i s  t h a t  not  o n l y  i s  genuine 

problem s o l v i n g  no t  a p r im a r y  component bu t  even a l g o r i t h ­

mic problem s o l v i n g  i s  p r esen te d  a lmos t  as an a f t e r t h o u g h t .  

One o f  the reasons f o r  t h i s  observed n e g l e c t  i s  t h a t  i t  i s  

d i f f i c u l t  t o  dev ise  e f f e c t i v e  s t r a t e g i e s  f o r  t e a c h i n g  

problem s o l v i n g .  An o t he r  reason i s  t h a t  much c o n t r o v e r s y  

e x i s t s  as to e x a c t l y  what  the i mpor tance  o f  problem s o l v i n g  

i s  r e l a t i v e  to t he  o t h e r  goals  o f  the mathemat ics  c u r r i c u l u m  

such as b u i l d i n g  up the s t u d e n t s '  knowledge o f  s p e c i f i c  

c o n t e n t  and d e v e l o p i n g  necessary  mathemat i ca l  s k i l l s .  This  

c o n t r o v e r s y  goes beyond the s p e c i f i c  i ss ue  o f  mathemat i ca l  

problem s o l v i n g  and has i t s  r o o t s  i n  e d u c a t i o n a l  psycho l ogy .  

The Gagne (1965)  school  w i t h  i t s  h i e r a c h i c a l  v iew o f  l e a r n i n g  

sees problem s o l v i n g  as an advanced s k i l l  t o  be mastered
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o n l y  when the  p r e r e q u i s i t e  c o n t e n t  knowledge has been 

mastered.  Th i s  v iew i s  to  be c o n t r a s t e d  w i t h  t h a t  held by 

Bruner  (1960)  and h i s  f o l l o w e r s .  Bruner  would be w i l l i n g  

to  s t a r t  w i t h  problem s o l v i n g ,  b e l i e v i n g  t h a t  t he  s t u d e n t  

w i l l  l e a r n  necessary  p r e r e q u i s i t e  s k i l l s  as t h e y  are needed,  

f e e l i n g  t h a t  an i n t e r e s t i n g  problem w i l l  p r o v i d e  the m o t i ­

v a t i o n  to  l e a r n  and d i s c o v e r  p r e r e q u i s i t e  s k i l l s .  An 

i n t e r p r e t a t i o n  o f  B r u n e r ' s  v iew cou ld  r e s u l t  i n  t e a c h i n g  

s t r a t e g i e s  t h a t  are des igned no t  t o  t each p r e r e q u i s i t e  

s u b j e c t  m a t t e r  but  r a t h e r  t o  suggest  h e u r i s t i c s  t h a t  can 

be a p p l i e d  to  s o l ve  newly p resen ted  p rob lems.  I t  i s  t h i s  

i n v e s t i g a t o r ' s  o p i n i o n  t h a t  overemphasis  on mathemat i ca l  

s t r u c t u r e  and c o n t e n t  may c o n t r i b u t e  to  t he  v iew t h a t  

mathemat ics i s  s t a t i c  and a l r e a d y  f u l l y  d eve l oped ,  whereas 

an i n c r ea se d  emphasis on problem s o l v i n g  cou ld  l i k e l y  change 

the i mpr es s i on  many s t ud en ts  have o f  mathemat i cs  as f a c t s  

and r u l e s  to  be memorized to  t h a t  o f  a c r e a t i v e  a c t i v i t y .

So the  s i t u a t i o n  as i t  s tands i s ;  many r e s e a r c h e r s ,  

e d u c a t i o n a l  p s y c h o l o g i s t s ,  and mathemat i cs  educa to rs  agree 

t h a t  problem s o l v i n g  i s  t he  h e a r t  o f  t he  mathemat ics  c u r ­

r i c u l u m  but  d i s a g r e e  as to  how to  bes t  b r i n g  about  i mpr ov e­

ments i n  problem s o l v i n g  per fo rmance .  The s t r u c t u r e  ( r e ­

f e r r e d  t o  here as the  " t r a d i t i o n a l  s t r u c t u r e " )  t h a t  i s  used 

in  most mathemat i cs  t e x t s  a t  t he  h igh  school  and i n t r o d u c t o r y  

c o l l e g e  l e v e l  has been c r i t i c i z e d  f o r  i t s  r e s t r i c t i v e n e s s  

and cou ld  be d e s c r i b e d  as f o l l o w s .  Problems are  c a t e g o r i z e d
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w i t h  r e s pe c t  to e i t h e r  c o n t e n t  ( m i x t u r e  p rob l em,  age p rob lem,  

e t c . )  o r  a l g e b r a i c  t ype  ( q u a d r a t i c  e q u a t i o n  p rob l em,  system 

o f  l i n e a r  e q ua t i on s  p rob lem,  e t c . ) .  S tuden ts  are then 

t a u gh t  to l ook  f o r  cues i n  the problem which w i l l  enable 

them to  p lace  i t  i n  one o f  the above c a t e g o r i e s .  Problem 

s o l v i n g  then becomes a r o t e  t r a n s l a t i o n  process f o l l o w e d  

by an i m i t a t i o n  process as s t ud e n t s  a t t e m p t  to  s o l v e  t h e i r  

" m i x t u r e  problem"  i n  a f a s h i o n  s i m i l a r  t o  t he  way the 

i n s t r u c t o r  s o l ve d  t he  problem in  c l a s s .  The ma jo r  c r i t i c i s m  

t h a t  can be l e v e l e d  a t  t h i s  method o f  t e a c h i n g  problem 

s o l v i n g  i s  t h a t  no i n s t r u c t i o n  i s  g iven on how to  c o nc ep t u ­

a l i z e  o r  approach problems t h a t  do no t  c l o s e l y  resemble 

problems p r e v i o u s l y  encoun te red .  In f a c t ,  t he  unmot iva ted  

p r e s e n t a t i o n  o f  complex problems g i ves  problem s o l v i n g  an 

a lmost  magical  q u a l i t y  t h a t  leaves the  s t u d e n t  w i t h  the 

i mpress i on  t h a t  c e r t a i n  problems have " t r i c k "  s o l u t i o n s  t h a t  

one j u s t  has to  s tumble  upon by chance.  I n s t ea d  o f  v ie w i n g  

problem s o l v i n g  as a c l e v e r ,  p e r s i s t e n t  t a s k ,  the s t u d e n t  

sees i t  as a chancy,  haphazard a d v e n t u r e .  Th is  c l a i m  r e ­

ga rd i ng  s t u d e n t s '  i mpre ss io ns  and r e a c t i o n s  to  c h a l l e n g i n g ,  

n o n t r a d i t i o n a l  problems i s  t h i s  i n v e s t i g a t o r ' s  a n a l y s i s  

based on her  e xp er i en ce  w h i l e  t r y i n g  to  teach problem 

s o l v i n g  w i t h i n  the c o n t e x t  o f  h igh school  and c o l l e g e  

c a l c u l u s  and a lg e b r a  courses and on her  communicat ions w i t h  

o t h e r  f a c u l t y  members faced w i t h  s i m i l a r  t a s k s .

A p r im ar y  research  concern i n  t he  f u t u r e  shou ld  be



the d e t e r m i n a t i o n  o f  which methods o f  t e a c h i n g  problem 

s o l v i n g  reduce t h i s  p e r c e i v e d  view o f  problem s o l v i n g  as a 

chancy adv en tu r e  w h i l e  a t  the same t i me f o s t e r i n g  genuine 

problem s o l v i n g .

What may be needed i s  a method o f  t e a c h i n g  problem 

s o l v i n g  t h a t  emphasizes not  s p e c i f i c  problem types but  

r a t h e r  problem s o l v i n g  s t r a t e g i e s .  Th is  approach i s  known 

as h e u r i s t i c  problem s o l v i n g  and the  most tho rough  account  

o f  both the t h e o r e t i c a l  and p r a c t i c a l  aspects  o f  h e u r i s t i c  

t e ac h i ng  can be found in  the works o f  George Polya (1957,  

1962, 1965) .  The word " h e u r i s t i c "  has i t s  o r i g i n  i n  the 

Greek verb " h e u r i s k e i n " , " t o  d i s c o v e r . "  H e u r i s t i c  i s  the 

sc ience o f  d i s c o v e r y ,  and the p l u r a l ,  h e u r i s t i c s ,  denotes 

a c o l l e c t i o n  o f  t e ch n i qu es  f o r  d i s c o v e r i n g  ways to  so l ve  

problems.  We c ou ld  d e f i n e  h e u r i s t i c  t e a c h i n g  as an i n s t r u c ­

t i o n a l  method whereby s t ud en ts  are t a u g h t  to  s o l ve  problems 

in a n o n - a l g o r i t h m i c  way. A key d i f f e r e n c e  between the 

h e u r i s t i c  method and the t r a d i t i o n a l  method i s  t h a t  t he  heu­

r i s t i c  approach does not  r e l y  on a l r e a d y  e x i s t i n g  a l g o r i t h m s  

or m e c h a n i s t i c  procedures  f o r  the s o l u t i o n  t o  p rob lems.  The 

beauty o f  modern h e u r i s t i c s  i s  t h a t  i t  suggests  p lans  to  be 

f o l l o w e d  shou l d  y o u r  problem not  be a f a m i l i a r  one.  These 

i n c l u d e :  t r y i n g  to  a r r i v e  a t  a c o n t r a d i c t i o n ,  wor k i ng  the 

problem backwards,  s p e c i a l i z i n g ,  g e n e r a l i z i n g ,  e s t a b l i s h i n g  

p a t t e r n s ,  e t c .  So whereas the t r a d i t i o n a l  method s p e c i a l i z e s  

in t e a c h i n g  s o l u t i o n s  to  a f i x e d  c l as s  o f  p rob l ems,  the heu­
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r i s t i c  method i s  more a m b i t i o u s  in t h a t  i t  a t t e m p t s  to teach 

general  problem s o l v i n g  t ec h n i qu e s  a p p l i c a b l e  t o  a wide 

v a r i e t y  o f  s i t u a t i o n s .

The purpose o f  t h i s  s tudy  i s  t w o - f o l d .  One o f  the 

o b j e c t i v e s  i s  t o  d e te r mi ne  the e f f e c t i v e n e s s  o f  the  p r o ­

posed course on i mpr ov in g  problem s o l v i n g  per fo rmance .  The 

second area o f  i n v e s t i g a t i o n ,  however ,  w i l l  be a d e t e r m i n a ­

t i o n  o f  whether  o r  no t  t he  i n s t r u c t i o n a l  sequence produces 

any changes i n  the  way s t ud en ts  c a t e g o r i z e  p rob l ems ,  and 

whether such changes are r e l a t e d  to  problem s o l v i n g  p e r ­

formance.  A major  d i f f e r e n c e  between the h e u r i s i t c  method 

and the t r a d i t i o n a l  method o f  problem s o l v i n g  i s  i n  how 

s tudents  are encouraged t o  t h i n k  about  p rob lems.  B a s i c a l l y ,  

the t r a d i t i o n a l  method o rg an i ze s  a cc o rd in g  to  c o n t e n t  and 

mathemat ica l  s t ruc tu re ' * '  whereas the  h e u r i s t i c  method o r g a ­

nizes a c co r d i n g  to  t he  method o f  s o l u t i o n .  S p e c i f i c a l l y ,  

the s tudy  w i l l  a t t e m p t  to  answer the f o l l o w i n g  q u e s t i o n s :

1. Does the proposed course i n  h e u r i s t i c  problem s o l v i n g  

improve problem s o l v i n g  per formance?

2. Does the proposed course i n  h e u r i s t i c  problem s o l v i n g  

e f f e c t  changes in the  way s tu d e n t s  c a t e g o r i z e  problems?

3. What i s  t he  r e l a t i o n s h i p  between the  t yp e  o f  problem 

s o r t i n g  scheme used and problem s o l v i n g  per formance?

That  i s ,  i s  a tendency to  s o r t  h e u r i s t i c a l l y  

c o r r e l a t e d  w i t h  s u p e r i o r  problem s o l v i n g  per formance?

^Gees l i n  and Shavelson (1975) d e f i n e  mathemat i ca l  s t r u c t u r e  
as a " s e t  o f  i n t e r r e l a t e d , a b s t r a c t ,  symbo l i c  sy s tems . "
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4. What i s  the  r o l e  p layed by i n d i v i d u a l  d i f f e r e n c e s  i n  t h i s  

s t u d y ?  That  is, g i ven  p r i o r  measures o f  mathemat i ca l  

" a b i l i t y , "  which s t u d en ts  are l i k e l y  to  b e n e f i t  most f rom 

the proposed course and which w i l l  b e n e f i t  l e a s t ?  The 

concern o f  t h i s  s tudy  i s  not  what " a b i l i t i e s "  are r e l a t e d  

to  e f f i c i e n t  problem s o l v i n g  but  r a t h e r  what  i n t e r a c t i o n ,  

i f  any,  can be found between s t u d e n t  a b i l i t y  p r o f i l e s  and 

the i n s t r u c t i o n a l  approach one f o l l o w s .

5. What i s  t he  r e l a t i o n s h i p  between a s t u d e n t ' s  a b i l i t y  p r o ­

f i l e  t ype  and the s o r t i n g  scheme employed by t h a t  s t u d e n t .  

Do s tu d e n t s  w i t h  c e r t a i n  a b i l i t y  p r o f i l e s  s o r t  l es s  heu- 

r i s t i c a l l y  than o t h e r s?

6. Does the problem s o l v i n g  course r e s u l t  i n  i nc r ea se d  or  

comparable per formance on bas i c  mathemat ica l  s k i l l s ?

That  i s ,  can mathemat i ca l  c o n t e n t  be t a u g h t  v i a  problem 

s o l v i n g  as w e l l  as by the t r a d i t i o n a l  method?

The nex t  c h a p t e r  d i scusses  research  r e l a t e d  to  the q u e s t i o n s  

o u t l i n e d  above.  Much resear ch  has been done i n  i s o l a t i n g  

the i n d i v i d u a l  d i f f e r e n c e  f a c t o r s  t h a t  i n f l u e n c e  problem 

s o l v i n g  per formance and t he  r o l e  o f  i n s t r u c t i o n a l  v a r i a b l e s  

i n  i n c r e a s i n g  such per fo r mance .  In a d d i t i o n ,  the r e c e n t  

work on s o r t i n g  scheme usage w i l l  be p r es en te d .



CHAPTER I I

RELATED RESEARCH

Since t h i s  i n v e s t i g a t i o n  i n v o l v e s  (a)  i n d i v i d u a l  

d i f f e r e n c e s  i n  problem s o l v i n g  a b i l i t y ,  (b )  i n s t r u c t i o n a l  

v a r i a b l e s ,  and ( c )  d i f f e r e n c e s  i n  s o r t i n g  schemes, r esear ch  

c l o s e l y  r e l a t e d  to  each o f  these t h r e e  areas w i l l  be r e ­

viewed.  Since t h i s  s tudy  i s  concerned w i t h  i n v e s t i g a t i n g  

those f a c t o r s  t h a t  i n f l u e n c e  and c o n t r i b u t e  to  genuine 

s o l v i n g  ( i . e .  h e u r i s t i c  problem s o l v i n g )  as opposed to  p u r e l y  

a l g o r i t h m i c  prob lem s o l v i n g  o n l y  those s t u d i e s  d e a l i n g  w i t h  

t h i s  k i nd  o f  prob lem s o l v i n g  per fo rmance w i l l  be d i sc uss ed  

i n  t h i s  c h a p t e r .  Problem s o l v i n g  w i l l  then be taken to  mean 

more than an a u t o m a t i c ,  unconsc ious a p p l i c a t i o n  o f  a w e l l  

s t u d i e d  procedure  and w i l l  be c h a r a c t e r i z e d  by a t  l e a s t  

some consc ious  d e l i b e r a t i o n  o f  t he  aspec ts  o f  t he  problem 

s i t u a t i o n  and the  method to be used i n  the  s o l u t i o n .  That  

i s  not  t o  say t h a t  a s t u d e n t  who uses a w e l l  known a l g o r i t h m  

i s  not  s o l v i n g  the  problem h e u r i s t i c a l l y .  The i m p o r t a n t  

c o n s i d e r a t i o n  i s  whe t he r  o r  not  t he  a l g o r i t h m  was mechan i ­

c a l l y  a p p l i e d  o r  a p p l i e d  w i t h  t h o u g h t  and d e l i b e r a t i o n .

I n d i v i d u a l  P i f f e r e n c e  Research

I t  i s  w e l l  e s t a b l i s h e d  i n  the r esear ch  l i t e r a t u r e  

t h a t  i n d i v i d u a l  d i f f e r e n c e s  c o n s t i t u t e  much o f  the v a r i a b i l -  

i t y  observed i n  problem s o l v i n g  per fo rmance and i t  i s  t h i s  

resear ch  t h a t  w i l l  be d iscussed  i n  t h i s  s e c t i o n .  The p ur -

8
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pose o f  these s t u d i e s  i s  to  d i s c o v e r  which c h a r a c t e r i s t i c s  

o f  the problem s o l v e r  seem to  e x e r t  the  most i n f l u e n c e  on 

problem s o l v i n g  per formance and then use t h i s  i n f o r m a t i o n  to 

help e x p l a i n  why the s t u d i e d  f a c t o r  r e s u l t s  i n  d i f f e r e n t i a l  

problem s o l v i n g  per formance.

One o f  the most s t u d i e d  c o r r e l a t e s  o f  problem s o l v ­

ing i s  general  i n t e l l i g e n c e .  Since t e s t s  o f  genera l  i n t e l ­

l i g e n c e  sample a wide v a r i e t y  o f  s k i l l s  and knowledge,  i t  

i s  not  s u r p r i s i n g  t h a t  they  c o r r e l a t e  w e l l  w i t h  many types 

o f  problem s o l v i n g .  Burke and Mai re ( 1 9 6 5 ) ,  however ,  r e p o r t  

a s tudy  o f  the r e l a t i o n s h i p  between s o l v i n g  i n s i g h t  problems 

and genera l  i n t e l l i g e n c e  t h a t  f a i l e d  t o  produce any s i g n i ­

f i c a n t  r e s u l t s .

The obv ious  drawback o f  the genera l  i n t e l l i g e n c e  

t e s t s  i s  t h a t  t hey  were des igned to  p r e d i c t  academic success* 

not  n e c e s s a r i l y  problem s o l v i n g  per fo rmance and as a r e s u l t  

f a i l  to  i s o l a t e  s p e c i f i c  c o r r e l a t e s  o f  problem s o l v i n g  e f f i ­

c i en cy .  The f a c t o r  a n a l y t i c  s t u d i e s  o f  M e r r i e f i e l d ,  G u i l f o r d ,  

C h r i s t e ns e n , a nd  F r i c k  (1962)  are s p e c i f i c a l l y  des igned to 

d e t e c t  genera l  f a c t o r s  needed t o  s o l v e  p rob lems.  Based on 

G u i l f o r d ' s  s t r u c t u r e  o f  the i n t e l l e c t  model ,  t h i s  group r e ­

j e c t e d  the n o t i o n  t h a t  problem s o l v i n g  was a s i n g l e  a b i l i t y  

and developed a b a t t e r y  o f  t e s t s  t h a t  would t e s t  f o r  c e r t a i n  

a b i l i t i e s  h y po th es i ze d  as n e c e s s a r y  f o r  a t  l e a s t  some problem 

s o l v i n g  s i t u a t i o n s .  T h e i r  r e s u l t s  show t h a t  problem s o l v i n g  

a b i l i t y  i s  a compos i te  o f  se ve r a l  a b i l i t i e s ,  such as ve r ba l  

comprehension,  numer i ca l  f a c i l i t y ,  p e r c e p t u a l  speed,  v i s u a l i -
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z a t i o n  and s p a c i a l  o r i e n t a t i o n .

K r u t e t s k i i  ( 1 9 76 ) ,  a l e a d e r  i n  Russian resear ch  on 

the p s y c h o l o g i c a l  bases f o r  mathemat i ca l  a b i l i t y ,  worked 

w i t h  school  c h i l d r e n  over  a p e r i o d  o f  twe lv e  year s  and,based 

on l o g i c  r a t h e r  than f a c t o r  a n a l y s i s ,  was ab le  to i s o l a t e  

seve r a l  components o f  mathemat i ca l  a b i l i t y .  Among them a r e :  

(a)  f o r m a l i z e d  p e r c e p t i o n  o f  mathemat ica l  m a t e r i a l ,  (b)  gen­

e r a l i z a t i o n  o f  mathemat i ca l  m a t e r i a l ,  ( c )  " c u r t a i l m e n t "  o f  

t h o u g h t ,  (d)  f l e x i b i l i t y  o f  t h o u g h t ,  (e)  mathemat i ca l  memory, 

and ( f )  s p e c i a l  concep t s .

In a d d i t i o n  to  f a c t o r  a n a l y t i c  t e s t s ,  a v a r i e t y  o f  

" c r e a t i v i t y "  t e s t s  have s u r f a c e d  t h a t  c l a i m  to  s i n g l e  ou t  

those i n d i v i d u a l s  capab le  o f  o r i g i n a l  " i n s i g h t f u l "  problem 

s o l v i n g .  These i n c l u d e  the Tor rance Tes t  f o r  C r e a t i v e  

T h i n k i n g  and the  Wal lach and Kogan C r e a t i v i t y  T es t .  

Crockenberg (1972)  has p r o v i d ed  a u s e f u l  d e s c r i p t i o n  and 

e v a l u a t i o n  o f  these two p o p u l a r  c r e a t i v i t y  t e s t s .  The 

Tor rance b a t t e r y  c o n s i s t s  o f  7 v e r ba l  and 3 f i g u r a l  t e s t s  

and i s  aimed a t  i d e n t i f y i n g  c h i l d r e n  who are c r e a t i v e  i n  

t h e i r  approach to problem s i t u a t i o n s .  Tasks i n c l u d e  

t h i n k i n g  o f  unusual  uses f o r  common o b j e c t s  and f i n i s h i n g  

an i nco mp le t e  f i g u r e  to  form an unusual  p i c t u r e .  C h i l d r e n  

are scored f o r  f l u e n c y ,  f l e x i b i l i t y ,  and o r i g i n a l i t y .  The 

Wal lach and Kogan t e s t s  are s i m i l a r  i n  f o r ma t  to  the 

Tor rance t e s t s  except  t h a t  the s c o r i n g  procedures  f o r  the 

Wal lach and Kogan t e s t s  take  i n t o  accoun t  o n l y  the number



11

o f  d i f f e r e n t  responses g iven to  a p a r t i c u l a r  i t e m and no t  

the q u a l i t y  o r  o r i g i n a l i t y  o f  the response.  Research has 

shown t h a t  i t  i s  p o s s i b l e  to  score  h igh on the  Wal lach and 

Kogan t e s t  w i t h o u t  hav ing  a h igh I . Q .  s c or e .  One drawback 

o f  these t e s t s  i s  t h e i r  somewhat i n f e r i o r  r e l i a b i l i t y  as 

compared w i t h  many genera l  i n t e l l i g e n c e  t e s t s  ( C r oc k en be rg , 

1972).

A n o t h e r ,  o f t e n  qu ot ed ,  c o r r e l a t e  o f  d i f f e r e n c e s  in 

problem s o l v i n g  i s  sex.  Several  s t u d i e s  have shown t h a t  

males o u t p e r f o r m  females i n  c e r t a i n  problem s o l v i n g  tasks  

(Hoffman and M a i e r ,  1966) .  A p o s s i b l e  e x p l a n a t i o n  f o r  t h i s  

observed d i f f e r e n c e  i s  g i ven  by M i l t o n  (1957)  who suggests  

t h a t  i t  i s  n o t  sex b u t  r a t h e r  the degree to  which someone 

a s so c i a t es  w i t h  the t r a d i t i o n a l  m a s c u l i n e - f e m i n i n e  r o l e  t h a t  

accounts f o r  these f i n d i n g s .  His s tudy  r e v e a l s  t h a t  problem 

s o l v i n g  success i s  s t r o n g l y  r e l a t e d  to  mascu l i ne  r o l e  i d e n t i ­

f i c a t i o n .  Since those women who i d e n t i f y  more c l o s e l y  w i t h  

the t r a d i t i o n a l  female r o l e  i n  s o c i e t y  tend to  be i n f e r i o r  

problem s o l v e r s ,  problem s o l v i n g  i s  t ho u gh t  by some (perhaps 

l ess  today than i n  the  p a s t )  t o  be a mascu l i ne  t r a i t .

A n x i e t y  has been posed as a n o t h e r  reason f o r  i n d i v i d u a l  

d i f f e r e n c e s  i n  problem s o l v i n g  b e h a v i o r .  Research has shown 

t h a t  t e s t - a n x i o u s  s u b j e c t s  per fo rm more p o o r l y  than low-  

anxious s u b j e c t s  ( R u s s e l l  and Sarason,  1966) .  Re l a ted  to  

t h i s  f i n d i n g  i s  the r esear ch  on the adverse e f f e c t  o f  

p rev ious  f a i l u r e  i n  problem s o l v i n g  s i t u a t i o n s  ( F e a t h e r , 1966) .
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This  i s  c o n s i s t e n t  w i t h  the a n x i e t y  f i n d i n g  s i n c e  p r ev i ou s  

f a i l u r e  i s  l i k e l y  t o  i nduce an anx ious  response t o  f u t u r e  

s i m i l a r  s i t u a t i o n s .

F i n a l l y ,  t h e r e  are those r es ea rc h e r s  i n t e r e s t e d  i n  

the p e r s o n a l i t y  c o r r e l a t e s  o f  problem s o l v i n g .  Most o f  the 

research o f  t h i s  n a t u r e  i s  concerned w i t h  the concept  o f  

" c o g n i t i v e  s t y l e "  o r  " p e r c e p t u a l  s t y l e . "  C o g n i t i v e  s t y l e  i s  

a term t h a t  r e f e r s  to  a c o l l e c t i o n  o f  i n d i v i d u a l  d i f f e r e n c e s  

t h a t  d e s c r i b e  a p r e f e r r e d  way o f  p e r c e i v i n g ,  t h i n k i n g ,  

s o l v i n g  prob l ems,  l e a r n i n g ? and r e l a t i n g  to  o t h e r s  ( W i t k i n ,  

1975).  Some o f  the c o g n i t i v e  s t y l e s  i n v e s t i g a t e d  w i t h  

r e sp ec t  t o  problem s o l v i n g  are f 1e x i d i t y - r i g i d i t y , r e f l e c ­

t i o n - i  mpul s i v i  t y , g l o b a l - a n a l y t i c  and c o n v e r g e n t - d i v e r g e n t .

The f 1e x i b l e - r i g i d  d imens ion i n v e s t i g a t e d  by Leach and 

Marsha l l  (1970)  i s  a measure o f  the a b i l i t y  to  overcome 

p e r s e v a t i v e  b e h a v i o r .  The more f l e x i b l e  the  i n d i v i d u a l ,  

the e a s i e r  he w i l l  f i n d  i t  t o  overcome the problem o f  

" f i x a t i o n "  t h a t  the G e s t a l t  p s y c h o l o g i s t s  i n v e s t i g a t e .  The 

r e f 1 e x - i m p u l s i v e  a sp ec t  d i scussed  by Kagan ( 1964) de sc r ib es  

the amount o f  t ho ug ht  g i ven to  a problem.  Does the i n d i v i ­

dual  proceed t o  work on the problem i m med ia te l y  w i t h  l i t t l e  

f o r e t h o u g h t  o r  does he begin by c a r e f u l l y  d e c i d i n g  on a 

reasonable  s t r a t e g y ?  W i t k i n ' s  (1975)  g l o b a l - a n a l y t i c  ( o r  

f i e l d  depe nd en t - i n de pe nd en t )  p o l a r i t y  ana lyzes  how i n d i v i d u a l s  

d i f f e r  w i t h  r e s p e c t  to  the degree t o  which they  view problems 

or  s i t u a t i o n s  g l o b a l l y  as opposed to  a n a l y t i c a l l y .  The
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a n a l y t i c  o r  f i e l d  i ndependent  i n d i v i d u a l  w i l l  i s o l a t e  i n d i ­

v idual  f e a t u r e s  o f  a problem or  s t i m u l u s  f i e l d ,  whereas,  the 

f i e l d  dependent  o r  g lo b a l  i n d i v i d u a l  w i l l  tend t o  l eave the 

problem o r  f i e l d  "as i s . "  F i n a l l y ,  Hudson (1966)  has s t u d i e d  

the c o n v e r g e n t - d i v e r g e n t  c o g n i t i v e  s t y l e .  D i v e r g e n t  i n d i v i ­

duals are c h a r a c t e r i z e d  as be ing ab le  to  produce o r  t h i n k  o f  

a v a r i e t y  o f  responses o r  s o l u t i o n s ,  whereas,  conver gen t  

i n d i v i d u a l s  tend to  see a problem i n  o n l y  one way — t h e i r  

t h i n k i n g  channels the i n f o r m a t i o n  so t h a t  i t  l eads to  one 

c o r r e c t  s o l u t i o n  o r  the most c o n v e n t i o n a l  s o l u t i o n .

Some p s y c h o l o g i s t s  r e j e c t  the n o t i o n  o f  c o g n i t i v e  

s t y l e .  Among them i s  Cronbach (1960)  who argues t h a t  t e s t s  

of  c o g n i t i v e  s t y l e  are n o t h i n g  more than t e s t s  o f  genera l  

a b i l i t y .  These t e s t s  he c l a i m s ,  have f a i l e d  t o  uncover  any 

new a b i l i t y  f a c t o r s .  A r e p o r t  by Sherman (1967)  argues t h a t  

W i t k i n ' s  t e s t  f o r  f i e l d - i n d e p e n d e n c e  i s  n o t h i n g  more than 

spacia l  a b i l i t y .  Ano the r  v a l i d  c r i t i c i s m  o f  these t e s t s  o f  

c o g n i t i v e  s t y l e  i s  t h a t  they  o f t e n  f a i l  to d i f f e r e n t i a t e  

between s ema nt i c ,  f i g u r a l ^ a n d  symbo l i c  a b i l i t i e s  ( D a v i s ,  1971) .  

Wi tk in  has c l a i med  t h a t  the g l o b a l - a n a l y t i c  d imens ion cuts  

across the c o g n i t i v e  domain.  The resear ch  seems to  i n d i c a t e ,  

however, t h a t  c o g n i t i v e  s t y l e  cannot  be used to  p r e d i c t  be­

hav ior  across a wide v a r i e t y  o f  c i r cums t ances  or  problem 

si  t u a t i  on s .

Two r e c e n t  resear ch  s t u d i e s  on the r e l a t i o n s h i p  o f  

c o g n i t i v e  s t y l e  and success i n  problem s o l v i n g  seem to  i n d i ­

cate t h a t  one ' s  approach o r  success i s  r e l a t e d  not  to  c o g n i -



t i v e  s t y l e  per  se,  bu t  r a t h e r  i s  t a s k  dependent  ( F o r s y t h ,

1976 and M a r s h a l l ,  1973) .  An i n d i v i d u a l  mi gh t  be r e f l e c t i v e  

in one problem s o l v i n g  s i t u a t i o n  and i m p u l s i v e  i n  a n o t h e r .

The c on s i s t en cy  i n  s t y l e  i s  t ask  r e l a t e d .

I n s t r u c t i o n a l  V a r i a b l e s

One o f  the q u e s t i o n s  conc er n i ng  the  i n f l u e n c e  o f  

i n s t r u c t i o n  on problem s o l v i n g  per formance has to  do w i t h  

the a m o u n t  and k i nd  o f  gu idance t h a t  i s  p r o v i d e d .  Th i s  

rever t s  back to t he  much debated d i s t i n c t i o n  between e x p o s i ­

to ry  and d i s c o v e r y  methods o f  i n s t r u c t i o n .  In a su rvey  o f  

the l i t e r a t u r e  Mayer (1974)  drew the f o l l o w i n g  c o n c l u s i o n s .  

F i r s t ^ t h a t  minimum d i r e c t i o n  i n s t r u c t i o n a l  procedures  take 

more t i m e ,  r e s u l t  i n  l ess  i n i t i a l  l e a r n i n g ,  t r a n s f e r , a n d  

r e t e n t i o n  than o t h e r  i n s t r u c t i o n a l  methods.  S e c o n d l y , t h a t  

method d i r e c t i o n  i n s t r u c t i o n a l  p ro c ed u re s ,  as compared w i t h  

answer d i r e c t i o n  methods,  r e s u l t  i n  e q u i v a l e n t  i n i t i a l  l e a r n i n g ,  

e q u i va le n t  o r  i n f e r i o r  s h o r t  term r e t e n t i o n , a n d  s u p e r i o r  l ong 

term r e t e n t i o n .  The problem w i t h  minimum d i r e c t i o n  seems to 

be t h a t  unless the  problem i s  s u f f i c i e n t l y  s i m p l e ,  the s u b j e c t s  

may never " d i s c o v e r "  the to  be l ea r ne d  r u l e  and as a r e s u l t  

learn the s o l u t i o n  i n  a r o t e  manner.  Method d i r e c t i o n ,  on 

the o t h e r  hand, p r o v i d e s  the  s u b j e c t  w i t h  enough c l ues  to 

enable him t o  a c q u i r e  the t o  be l ea r ned  r u l e  and y e t  s t i l l  

take p a r t  i n  the problem s o l v i n g  a c t i v i t y  i n  t h a t  he must 

apply the r u l e  c o r r e c t l y .  F i n a l l y ,  answer d i r e c t i o n  seems



to f o s t e r  the l e a r n i n g  o r  memor i z ing o f  s p e c i f i c  r o t e  r e ­

sponses .

Mayer goes on to  r ev iew the r esearch  compar ing de­

duc t i ve  i n s t r u c t i o n  ( r u l e  f o l l o w e d  by example)  t o  i n d u c t i v e  

i n s t r u c t i o n  ( i l l u s t r a t i v e  example f o l l o w e d  by d i s c o v e r y  o r  

s tatement  o f  the r u l e )  and draws the f o l l o w i n g  c o n c l u s i o n s  

from the p r es en t  research  f i n d i n g s .  For the t e a c h i n g  o f  

problems w i t h  s i mp l e  s o l u t i o n  r u l e s ,  d e d u c t i v e  methods r e ­

s u l t  i n  s u p e r i o r  l e a r n i n g  ease and r e t e n t i o n ,  bu t  i n d u c t i v e  

methods r e s u l t  i n  s u p e r i o r  near  and f a r  t r a n s f e r .  For the 

teaching o f  a complex,  n o n - i n t u i t i v e  p rob l em,  d e d u c t i v e  

methods r e s u l t  i n  s u p e r i o r  l e a r n i n g  ease,  r e t e n t i o n  and near  

t r a n s f e r  whereas i n d u c t i v e  methods r e s u l t  i n  s u p e r i o r  f a r  

t r a n s f e r . .  Deduc t i ve  s u b j e c t s  see problem s o l v i n g  as l e a r n i n g  

how to apply  a r u l e ,  whereas,  i n d u c t i v e  s u b j e c t s  view problem 

s o l v i ng  as l e a r n i n g  how to  genera te  r u l e s .

P o l y a ' s  (1957)  h e u r i s t i c  approach to  problem s o l v i n g  

is perhaps the f i n e s t  example o f  i n d u c t i v e  method d i r e c t i o n  

as a p p l i e d  to mathemat i ca l  problem s o l v i n g .  U n f o r t u n a t e l y ,  

the research on t r a i n i n g  i n  h e u r i s t i c  methods i s  not  d e c i s i v e .  

Covington and C r u t c h f i e l d  (1965)  r e p o r t  a s u c c e s s f u l  s tudy  

aimed a t  i n c r e a s i n g  problem s o l v i n g  a b i l i t y ,  c r e a t i v e  t h i n k ­

ing,and a t t i t u d e  towards problem s o l v i n g .  F i f t h  and s i x t h  

grade s t u d e n t s ,  us ing  s e l f - i n s t r u c t i o n a l  m a t e r i a l s ,  employed 

h e u r i s t i c  techn iques  i n  s o l v i n g  a v a r i e t y  o f  i n t e r e s t i n g  

problems. Another  s u c c e s s f u l  s tu dy  i s  r e p o r t e d  by Lucas (1972)
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who found t h a t  s t u d en ts  who had r e c e i v e d  h e u r i s t i c  i n s t r u c t i o n  

in c a l cu l u s  were s u p e r i o r  to  c o n t r o l  s t u d en ts  i n  d e v i s i n g  

workable p l a n s ,  a n a l y t i c  d e d u c t i o n ,  us ing  methods o r  r e s u l t s  

o f  r e l a t e d  prob l ems,  o r g a n i z i n g  data,  and i n t r o d u c i n g  mnemonic 

n o t a t i o n .  Lucas'  i n s t r u c t i o n a l  program l a s t e d  f o r  e i g h t  

weeks d ur in g  which t ime the c o n t r o l  group was g i ven  o n l y  

e x po s i t o r y  t r e a t m e n t  o f  problem s o l u t i o n s  whereas the e x p e r ­

imental  group cons id er ed  the same problems but  w i t h  the 

emphasis on a p p l y i n g  h e u r i s t i c  s t r a t e g i e s .  Less encour ag ing  

r e s u l t s  are r e p o r t e d  by Goldberg (1974)  who i n v e s t i g a t e d  

the e f f e c t s  o f  h e u r i s t i c  i n s t r u c t i o n  on the a b i l i t y  o f  c o l ­

lege s tuden ts  to c o n s t r u c t  p r o o f s  i n  number t h e o r y .  Three 

i n s t r u c t i o n a l  s t r a t e g i e s  were c o n t r a s t e d :  a r e i n f o r c e d  

h e u r i s t i c  s t r a t e g y ,  a n o n - r e i n f o r c e d  h e u r i s t i c  s t r a t e g y ^ a n d  

a n o n - h e u r i s t i c  s t r a t e g y .  Goldberg found some e v id e n c e ,  

a l though not  s t a t i s t i c a l l y  s i g n i f i c a n t ,  t h a t  r e i n f o r c e d  

h e u r i s t i c  i n s t r u c t i o n  was s u p e r i o r .  A l so r e p o r t e d  was a 

tendency,  aga i n  no t  s t a t i s t i c a l l y  s i g n i f i c a n t ,  f o r  h igh 

a b i l i t y  s tu de n t s  to  do b e s t  under  r e i n f o r c e d  h e u r i s t i c  i n ­

s t r u c t i o n .  F i n a l l y ,  i t  was found t h a t  n o n - h e u r i s t i c  t e a c h i n g  

made f o r  a more p o s i t i v e  a t t i t u d e  toward problem s o l v i n g  than 

e i t h e r  o f  the o t h e r  two t e a c h i n g  methods.  G o l d b e r g ' s  s tudy  

casts doubt  as to  whether  h e u r i s t i c  t e a c h i n g  does,  i n  f a c t ,  

f o s t e r  b e t t e r  problem s o l v i n g  and improved a t t i t u d e  toward 

mathemat ics f o r  a l l  s t u d e n t s .

Re la ted  research  i s  r e p o r t e d  by Smi th (1973)  who
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con t ra s t s  the e f f e c t s  o f  t a s k  s p e c i f i c  versus genera l  h e u r i ­

s t i c  i n s t r u c t i o n  i n  t h r e e  d i f f e r e n t  t a s k  env i ronments  on 176 

co l l ege  s t u d e n t s .  The s t ud y  r e v e a l e d  t h a t  t ask  s p e c i f i c  

i n s t r u c t i o n  was s i g n i f i c a n t l y  s u p e r i o r  to  genera l  h e u r i s t i c  

i n s t r u c t i o n  i n  s o l v i n g  the  t e s t  p rob lems.  F u r th e rm or e ,  

sub jec ts  r e c e i v i n g  genera l  h e u r i s t i c  i n s t r u c t i o n  d i d  not  

solve the t r a n s f e r  problem any b e t t e r  than the  t a s k - s p e c i f i c  

s u b j e c t s ,  nor  d i d  they  appear  to use h e u r i s t i c  a d v i c e  when 

a t tempt i ng  to  s o l v e  t r a n s f e r  p rob lems.  I t  shou ld  be noted 

t ha t  Smi th ' s  s tudy  was o n l y  o f  t h r e e  weeks d u r a t i o n  and was 

a programmed i n s t r u c t i o n  f o r m a t .  I t  may be t h a t  s i n c e  heu­

r i s t i c  problem s o l v i n g  and the a b i l i t y  to t r a n s f e r  h e u r i s t i c  

techniques to  novel  s i t u a t i o n s  i s  such a h igh o r d e r  t a s k  

t h a t  a program o f  i n s t r u c t i o n  aimed a t  i mp ro v in g  t r a n s f e r  

a b i l i t y  must be o f  l o n g e r  d u r a t i o n .  I t  i s  a l so  p o s s i b l e  

t ha t  i n - c l a s s  i n s t r u c t i o n  may be more conduc i ve  to  the 

teaching o f  h e u r i s t i c  t ech n i qu es  than programmed i n s t r u c t i o n .  

Never t he l ess ,  S m i t h ' s  r esearch  p r o v i d e s  a n ot he r  p iece  o f  

evidence i n d i c a t i n g  t h a t  h e u r i s t i c  t ec h n i qu e s  are no t  as 

e a s i l y  g e n e r a l i z a b l e  as one mi gh t  hope.

In a d d i t i o n  to  t h i s  r a t h e r  n e g a t i v e  r esear ch  on the 

success o f  t e a c h i n g  h e u r i s t i c  s t r a t e g i e s ,  persona l  comments 

from educators  c o n f i r m  t h i s .  One mathemat ics ed uca to r  

repor t s  the f o l l o w i n g :



I t  came as a shock when I l ea r ne d  t h a t  few people 
r e s p o n s i b l e  f o r  t r a i n i n g  s t ud e n t s  i n  mathemat i ca l  
problem s o l v i n g  a t  the c o l l e g e  l e v e l  a c t u a l l y  use 
P o l y a ' s  work as a f o u n d a t i o n  f o r  t h e i r  i n s t r u c t i o n  
in problem s o l v i n g .  A c o l l e a g u e  who has very  s uc ­
c e s s f u l l y  c o a c h e d ' h i s  u n i v e r s i t y ' s  team f o r  c o mp e t i ­
t i o n  i n  the  n a t i o n w i d e  W.L. Putnam Mathemat ics 
Compet i t i on  t o l d  me t h a t  h i s  s tu d e n t s  d id  not  f i n d  
P o l y a ' s  works u s e f u l .  They en joyed the  books a 
g re a t  d e a l ,  but  t h ey  n e i t h e r  seemed to  s o l ve  problems 
more e f f e c t i v e l y ,  nor  p e r c e i v e d  themselves as hav ing 
a g r e a t e r  a r r a y  o f  u s e f u l  t ec hn iq ue s  f o r  s o l v i n g  
problems,  than b e f o r e  they  had read them. The 
f a c u l t y  member who coached the team t h a t  won the 
Putnam C o mp e t i t i o n  t h a t  y e a r  t o l d  me much the same 
t h i n g .  ( S c h o e n f e l d ,  1977, p . 3)

Perhaps what i s  needed to begin to  make some sense 

out  o f  what seems to be c o n t r a d i c t o r y  resear ch  on the  su c ­

cess o f  h e u r i s t i c  t e a c h i n g  are s t u d i e s  t h a t  address them­

selves to the q u e s t i o n  o f  the r e l a t i o n s h i p  between s p e c i f i c  

i n d i v i d u a l  d i f f e r e n c e s  and b e n e f i c i a l  r e s u l t s  due to  i n s t r u c ­

t i o n  i n  h e u r i s t i c  methods.  Do s t u d en ts  w i t h  s p e c i f i c  a b i l i t y  

p r o f i l e s  b e n e f i t  more f rom i n s t r u c t i o n  i n  h e u r i s t i c  problem 

so l v i ng  whereas s tu d e n t s  w i t h  o t h e r  a b i l i t y  p r o f i l e s  do not? 

Another q u e s t i o n  to be d e a l t  w i t h  i s  the q u e s t i o n  o f  a 

s t u d e n t ' s  p e r c e p t i o n  o f  which problems are r e l a t e d  and which 

are not .  One o f  P o l y a ' s  most power fu l  h e u r i s t i c s  i s  " t h i n k  

o f  a r e l a t e d  p r o b l e m . "  Research d e s c r i b e d  in  the nex t  

sec t i on  w i l l  show t h a t  s t ud en ts  v iew " r e l a t e d n e s s "  o r  

" s i m i l a r i t y "  i n  more than one way. Problems can be viewed 

as s t r u c t u r a l l y  r e l a t e d ,  c o n t e x t u a l l y  r e l a t e d ,  e t c .  So the  

manner i n  which a s t u d e n t  o rg an i ze s  p rob l ems,  i . e . ,  the way 

in which he p e r ce i ve s  them as being r e l a t e d ,  i s  a d imens ion



of  i n d i v i d u a l  d i f f e r e n c e s  t h a t  may w e l l  be a s s o c i a t e d  w i t h  

b e n e f i c i a l  e f f e c t s  o f  h e u r i s t i c  problem s o l v i n g .  What 

needs to be cons ider ed  then are p o s s i b l e  a p t i t u d e - t r e a t m e n t  

i n t e r a c t i o n s  ( A T I ) .

S o r t i  ng Scheme Research

The research  s t u d i e s  o f  C h a r t o f f  (1976)  and S i l v e r  

(1977) were the f i r s t  to  deal  w i t h  problem s o r t i n g  schemes 

as a dimension o f  i n d i v i d u a l  d i f f e r e n c e s  i n  problem s o l v i n g .  

C h a r t o f f ' s  s tudy i n v o l v e d  a t o t a l  o f  506 s u b j e c t s  taken f rom 

urban secondary schoo ls  (grades 7 to  12) .  The exper i ment  

i nvo l ved hav ing these s tu d e n t s  r a t e  66 p a i r s  o f  a l ge br a  word 

problems on a co n t i nuous  s i m i 1a r i t y  s ca le  on day 1; on day 2 

s tudents were shown the  s o l u t i o n  t o  the problems they  had 

rated on day 1; on day 3 the s t ud e n t s  r e - r a t e d  the same 

66 pa i r s  they r a te d  on day 1. The a l ge br a  word problems 

were chosen so as to  i n c o r p o r a t e  se ve r a l  o f  t he  ideas o f  

Polya (1957) :  s p e c i a l i z a t i o n ,  a b s t r a c t i o n ,  i n s u f f i c i e n t  data} 

and r e v e r s a l .  C h a r t o f f ' s  research  had two purposes .  He 

wanted to de termine what  c r i t e r i a  s t ud en ts  used when they 

i n i t i a l l y  dec ide where to  p lace  a new problem i n  t h e i r  

e x i s t i n g  c o g n i t i v e  s t r u c t u r e .  As a second g o a l ,  C h a r t o f f  

was e v a l u a t i n g  the u se fu ln e ss  o f  INDSCAL, ( I n d i v i d u a l  D i f ­

ference SCALi n g ) (Cohen, 1976) a m u l t i d i m e n s i o n a l  s c a l i n g  

procedure,  to gain i n f o r m a t i o n  about  s t u d e n t s '  s o r t i n g  

schemes. C h a r t o f f ' s  s tudy  i s  one o f  the f i r s t  to i n v e s t i ­
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gate s o r t i n g  schemes as a d imens ion o f  i n d i v i d u a l  d i f f e r e n c e s  

i n  problem s o l v i n g .  Most s t u d i e s  p r ev io us  to  C h a r t o f f ' s  

had used s t u d e n t  i n t r o s p e c t i o n  as a means to unders tand 

i n d i v i d u a l  d i f f e r e n c e s  i n  problem s o l v i n g  p e r c e p t i o n  

( K i l p a t r i c k ,  1969 and Lucas,  1972) .  Many i n v e s t i g a t o r s  

f e e l  somewhat u n c om fo r t a b l e  w i t h  i n t r o s p e c t i o n  s t u d i e s  

because o f  t h e i r  s u b j e c t i v e  i n t e r p r e t a t i o n  and m u l t i d i ­

mensional  s c a l i n g  had never  been i n v e s t i g a t e d  as a r e l i a b l e  

a l t e r n a t i v e  to  such s t u d i e s .  M u l t i d i m e n s i o n a l  s c a l i n g  i s  

a s t a t i s t i c a l  p rocedure  s i m i l a r  t o  f a c t o r  a n a l y s i s .  L i ke  

f a c t o r  a n a l y s i s ,  m u l t i d i m e n s i o n a l  s c a l i n g  a t t emp ts  to 

e s t a b l i s h  a g eome t r i c  r e p r e s e n t a t i o n  o f  a s e t  o f  data o f  

minimum d i m e n s i o n a l i t y .  Whereas the  data s e t  f o r  f a c t o r  

a n a l y s i s  i s  a s e t  o f  N o b s e r v a t i o n s  on a s e t  on n v a r i a b l e s ,  

the data s e t  f o r  m u l t i d i m e n s i o n a l  s c a l i n g  i s  an n by n s i m i ­

l a r i t y  m a t r i x .  An e x c e l l e n t  r ev i ew  and d i s c u s s i o n  o f  the 

r e l a t i o n s h i p  between f a c t o r  a n a l y s i s  and m u l t i d i m e n s i o n a l  

s c a l i n g  i s  g i ven  by MacCul lum ( 1974) .  When C h a r t o f f  used 

INDSCAL to ana l yze  s t u d e n t s '  s i m i l a r i t y  r a t i n g s ,  he found 

t h a t  f o u r  s o r t i n g  d imensions c ou ld  be i d e n t i f i e d .

1. R ec og n i t i on  o f  t he  Polya v a r i a t i o n s ,  i . e .  r e c o g n i t i o n  o f  

how the problems are s o l v e d .

2. Contex tua l  s e t t i n g :  f o r  example,  i n  a p a r t i c u l a r  problem 

s e t  t h r e e  o f  the problems r e f e r r e d  to  k i n d e r g a r t e n  

c h i l d r e n  and as a r e s u l t  some s t ud e n t s  r a t e d  these as

s i  m i l a r .



3. Gener ic compar i son;  s tu d e n t s  c l a s s i f i e d  problems as 

e i t h e r  s p e c i a l i z a t i o n s  o r  g e n e r a l i z a t i o n s .

4. C l a s s i f i c a t i o n  based on the goal  o r  q u e s t i o n  o f  t he  

problem: does the q u e s t i o n  ask "how much?",  "how f a r ? " ,  

or  "how many?"

C h a r t o f f  conc luded t h a t  s t u d e n t s  use the  above f o u r  

c r i t e r i a  to  dec ide which q u e s t i o n s  are s i m i l a r  but  t h a t  

students used these c r i t e r i a  w i t h  d i f f e r e n t  emphasis.  His 

study leaves open the q u e s t i o n  as to which s o r t i n g  schemes 

are r e l a t e d  t o  problem s o l v i n g  per fo rmance .

S i l v e r ' s  research  s tudy  a l s o  was concerned w i t h  the 

manner in which s tu d e n t s  c a t e g o r i z e d  problems bu t  h i s  s tudy  

i nc luded i n f o r m a t i o n  c on cer n i ng  i n d i v i d u a l  d i f f e r e n c e  

measures and changes i n  s i m i l a r i t y  r a t i n g s  b e f o r e  and a f t e r  

they had seen the  s o l u t i o n s  to  the p rob lems.  The s tudy  

cons is ted o f  two phases.  Dur ing  phase one,  98 e i g h t h  grade 

s tudents were asked to  s o r t  24 mathemat ics word problems 

d isp layed on cards i n t o  groups o f  s i m i l a r  p rob lems.  The 

basis f o r  the s e l e c t i o n  o f  t hese 24 problems was the  work 

o f  K r u t e t s k i i  ( 1976) .  K r u t e t s k i i ' s  s t u d i e s  had l ed  him to 

the c o n c lu s i on  t h a t  two o f  the a b i l i t i e s  t h a t  m a t h e m a t i c a l l y  

g i f t e d  s tud en ts  d i s p l a y e d  were the  a b i l i t y  to d i s t i n g u i s h  

r e l ev an t  data f rom the c o n t e x t u a l  d e t a i l s  o f  a problem and 

the a b i l i t y  to  r ec o gn i ze  the fo rma l  s t r u c t u r e  o f  t he  problem.  

As a r e s u l t ,  S i l v e r  c o n s t r u c t e d  h i s  24 problems so t h a t  they 

var ied a long two d imens i ons :  the problem s t r u c t u r e  and
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contex tua l  d e t a i l s ,  S i l v e r ' s  s t ud e n t s  a l so  were g i ven  a 

v a r i e t y  o f  t e s t s  o f  i n d i v i d u a l  d i f f e r e n c e s :  v e r b a l  and non­

verbal  i n t e l l i g e n c e ;  n u m e r i c a l ,  v e rba l  and a b s t r a c t  r eason­

ing t e s t s ;  co mp ut a t i o na l  a b i l i t y ;  f i e l d  dependence- independ-  

ence, and problem s o l v i n g  a b i l i t y .  And f i n a l l y ,  t he  card 

s o r t i n g  task  was a d m i n i s t e r e d  t w i c e ,  the f i r s t  t ime p r i o r  to  

any d i sc u ss i on  o f  how the problems cou ld  be s o lve d  and a 

second t ime a f t e r  the s tu d e n t s  had seen the  s o l u t i o n  to  the 

problems. The second phase o f  the s tudy  i n v o l v e d  an a d d i t i o n ­

al 58 e i gh th  grade s t u d e n t s .  I t  c l o s e l y  resembled phase 

one, except  t h i s  t ime a r e v i s e d  c a r d - s o r t i n g  t a s k  was 

admin i s te red  to  b e t t e r  i d e n t i f y  the s o r t i n g  d imens ions un­

covered i n  phase one. The p r im a r y  r e s u l t s  o f  the s tu dy  can 

be summarized a s :

1. Four problem s i m i l a r i t y  d imens ions were uncovered:

(a) Contex t :  g roup i ng  t o g e t h e r  problems measur ing the 

same q u a n t i t i e s  such as age,  w e i g h t , o r  t i m e .

(b) Mathemat ical  s t r u c t u r e :  g roup i ng  t o g e t h e r  problems 

r e q u i r i n g  s i m i l a r  methods o f  s o l u t i o n .

(c)  Quest ion posed: g r o up i ng  t o g e t h e r  problems w i t h  the 

same q u e s t i o n  form such as " f i n d  t h e . . . . " ,  o r  "how 

f a r  "

(d) P s e u d o s t r u c t u r e : f o r m i n g  c a t e g o r i e s  such as "age 

problem" o r  " d i s t a n c e  p r o b l e m . "  Such problems have 

both a c o n t e x t u a l  and a s t r u c t u r a l  component .



2. Students who tend to  s o r t  a c c o r d i n g  to  mathemat ica l  

s t r u c t u r e  tended no t  t o  s o r t  a long o t h e r  d imens i ons .  

Students who tended t o  s o r t  a c c o r d i n g  to  p s e u d o s t r u c t u r e  

a lso tended to s o r t  a c c o r d i n g  to the q u e s t i o n  posed.

3. Students who tended to  s o r t  a c c o r d i n g  to  s t r u c t u r e  scored 

high on the v a r i o u s  measures o f  mathemat i ca l  a b i l i t y ,  

whereas s tu de n t s  who tended t o  s o r t  c o n t e x t u a l l y  o r  

accord ing  to  q u e s t i o n s  posed scored low on measures o f  

mathemat ical  a b i l i t y .  The s o r t i n g  a c c o r d i n g  to  pseudo­

s t r u c t u r e  was not  r e l a t e d  to  mathemat i ca l  a b i l i t y  

measures.

4. When general  a b i l i t y  v a r i a b l e s  were c o n t r o l l e d ,  ma themat i ­

cal  s t r u c t u r e  s o r t i n g  was c o r r e l a t e d  s i g n i f i c a n t l y  w i t h  

problem s o l v i n g  a b i l i t y .

5. In g e ne r a l ,  s tu d e n t s  s o r t e d  more on the bas i s  o f  s t r u c t u r e  

a f t e r  having seen the problem s o l u t i o n  than b e f o r e  and 

sor ted  l ess  on the bas i s  o f  the o t h e r  t h r e e  c a t e g o r i e s  on 

the second s o r t .

Several  i n t e r e s t i n g  and i m p o r t a n t  remarks can be 

made about  these two s t u d i e s .  C h a r t o f f  c o n s t r u c t e d  h is  

problem set  us ing P o l y a ' s  " v a r y  the problem"  h e u r i s t i c ,  

whereas, S i l v e r ' s  problem se ts  were based on K r u t e t s k i i ' s  

ana lys i s  o f  mathemat ica l  a b i l i t y .  Ye t ,  i n  s p i t e  o f  t h i s ,  

the s o r t i n g  schemes a r r i v e d  a t  by these two i n v e s t i g a t o r s  

are remarkably  s i m i l a r .  In p a r t i c u l a r ,  both s t u d i e s  i s o l a t e  

a s t r u c t u r e  and a c o n t e x t u a l  d imens i on .  N e i t h e r  s t ud y  i n -
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volved an i n s t r u c t i o n a l  component ,  bu t  S i l v e r ’ s s tu dy  d i d  

i n d i c a t e  t h a t  s o r t i n g  schemes can be m a n ip u la t ed  by exposure 

to the problem s o l u t i o n .  Th is  o b s e r v a t i o n ,  t o g e t h e r  w i t h  

the f a c t  t h a t  S i l v e r ' s  resear ch  i n d i c a t e d  t h a t  t h e r e  appears 

to be a p r e f e r r e d  d imens ion o f  problem s o r t i n g ,  suggests  

t ha t  i n s t r u c t i o n  aimed a t  i n d u c i n g  s t ud e n t s  to  r e c l a s s i f y  

problems along those p r e f e r r e d  d imensions mi gh t  be e f f e c t i v e  

in improv ing problem s o l v i n g  per fo rmance .  S i l v e r ' s  research  

i mpl i es  t h a t  a t t e n t i o n  to  c o n t e x t u a l  d e t a i l s  o r  even pseudo­

s t r u c t u r e  i s  not  conduc ive  to  e f f i c i e n t  problem s o l v i n g .

The p r es e n t  s tudy  expands on the work o f  C h a r t o f f  

and S i l v e r  by i n t r o d u c i n g  an i n s t r u c t i o n a l  component .  I t s  

design a l l ows  f o r  the measurement o f  i n i t i a l  and p o s t t r e a t -  

ment s o r t i n g  schemes i n  an a t t e m p t  to  de te r mine  whether  the 

course in h e u r i s t i c  problem s o l v i n g  e f f e c t e d  changes in  

s o r t i n g  schemes.



CHAPTER I I I  

RESEARCH DESIGN AND METHODOLOGY

The s u b j e c t s  f o r  t h i s  s tu dy  were c o l l e g e  f r e s h ­

men (35 females and 49 males)  a t t e n d i n g  a phar ma ce u t i c a l  

c o l l e g e  i n  New England.  These s tu d e n t s  were p r i m a r i l y  

middle income, Caucasian s tu d e n t s  o f  average mathemat i ca l  

a b i l i t y  (Math SAT scores  ranged f rom a p p r o x i m a t e l y  450 to  

600) r e s i d i n g  c h i e f l y  i n  t he  New England a rea .

Design

The s u b j e c t s  were d i v i d e d  randomly i n t o  two s e c t i o n s .  

One s e c t i o n  (n^ = 37) r e c e i v e d  t he  course i n  h e u r i s t i c  

problem s o l v i n g  w h i l e  t he  o t h e r  s e c t i o n  = 47) served 

as a c o n t r o l  group r e c e i v i n g  i n s t r u c t i o n  in c o l l e g e  a lgeb r a  

and t r i g o n o m e t r y . Unequal  n ' s  were due to  t he  s m a l l e r  

s ea t i ng  c a p a c i t y  o f  t he  room a v a i l a b l e  f o r  t he  course in 

h e u r i s t i c  problem s o l v i n g  and the  f a c t  t h a t  seven s u b j e c t s  

dropped ou t  d u r i n g  t he  s t u d y ,  f o u r  s t ud en ts  f rom the  c o n t r o l  

course and t h r e e  s tu d e n t s  f rom the  problem s o l v i n g  co ur se .  

These seven s tu d e n t s  were d e l e t e d  f rom a l l  data a na l y se s .

P r e i n s t r u c t i o n  a b i l i t y  measures were o b t a i ne d  

f o r  a l l  s t u d e n t s .  I n f o r m a t i o n  r e g a r d i n g  p r e i n s t r u c t i o n  

problem s o l v i n g  per formance and s o r t i n g  schemes a l s o  were 

gathered and to  c o n t r o l  f o r  a p o s s i b l e  i n t e r a c t i o n  between 

t re a t me nt  and t e s t i n g  p ro c ed u re s ,  a Solomon f o u r  group
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design was employed (Campbel l  and S t a n l e y ,  1969) .  Each o f  

the t r e a t m e n t  groups was d i v i d e d  randomly i n t o  two 

subgroups f o r  t e s t i n g  purposes (See Table 1 ) .  As a r e s u l t ,  

p r e t e s t  measures o f  problem s o l v i n g  per formance and problem 

s o r t i n g  schemes were o b t a i n e d  f o r  19 e x per i me nt a l  s tu de n t s  

and 22 c o n t r o l  s t u d e n t s .  These p r e t e s t  measures took  

the form o f  a n ine  i tem problem s o l v i n g  t e s t  and 

accompanying problem s i m i l a r i t y  q u e s t i o n n a i r e .  A l l  s tu de n t s  

then f o l l o w e d  a ten week i n s t r u c t i o n a l  sequence c o r r es p o n d ­

ing to  the  f a l l  q u a r t e r  o f  the academic y ea r  1977-1978.

The c o n t r o l  s tu d e n t s  were e n r o l l e d  i n  a course e n t i t l e d  

Col lege A l g e b r a ,  a r e q u i r e d  f reshman course w h i l e  the 

exper imenta l  s t ud en ts  were ass igned to  t ake  a new e l e c t i v e  

course proposed by the i n v e s t i g a t o r ,  Problem S o l v i n g .  Those 

s tudents t a k i n g  Problem S o l v i n g  in the f a l l  went  on to take 

Col lege A lgebr a  i n  the w i n t e r  t e r m,  and those t a k i n g  Col lege  

Algebra i n  the f a l l  went on to  t a ke  Problem S o l v i n g  in the 

w i n t e r  te rm.  At  the  end o f  t h i s  i n s t r u c t i o n a l  p e r i o d ,  both 

an a l g e b r a - t r i g o n o m e t r y  p o s t t e s t  and a problem s o l v i n g  

p o s t t e s t  were a d m i n i s t e r e d  to  a l l  s t u d e n t s .  The porblem 

s o lv i ng  p o s t t e s t  was f o l l o w e d  then by a problem 

s i m i l a r i t y  q u e s t i o n n a i r e .
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Table 1

Design o f  the Study

Group N
A b i 1i  t y  
P r e t e s t s

Problem S o l v i n g  P o s t t e s t s  
P r e t e s t s

Exper imenta l 18 Yes No Yes
Exper imenta l 19 Yes Yes Yes
Cont rol 25 Yes No Yes
Cont ro l 22 Yes Yes Yes

I n s t r u m e n t a t  ion 

A b i 1 i t y

A l l  s t ud e n t s  i n v o l v e d  i n  t he  s tu dy  took  f i v e  t e s t s  i n  the 

" K i t  o f  Fa c to r -R e f e r en c ed  C o g n i t i v e  T es t s "  ( Eks t r om,  French,  

Harman and Dermen, 1976) :  Hidden F i gu re s  Tes t  ( CF- 1 ) ,

Scrambled Words Test  ( CV- 1) ,  Nonsense S y l l o g i s m  Test  

(RL-1 ) ,  D ec i ph er i ng  Languages Test  ( R1-4)  and t he  To o th ­

p i cks  Tes t  ( X F- 1 ) .  The Hidden F i gu re s  Tes t  and the  Scrambled 

Words Test  were chosen because t h e y  f u r n i s h  measures o f  

convergent  t h i n k i n g ,  t he  f i r s t  w i t h i n  a f i g u r a l  c o n t e x t  

and the second w i t h i n  a semant i c  c o n t e x t .  The t a s k  in 

the Hidden F i gu res  Tes t  i s  t o  dec ide  which o f  5 geomet r i c  

f i g u r e s  i s  embedded in  a complex des ign  and the  a u t ho rs  

suggest  t h a t  t h i s  t e s t  i s  s u i t a b l e  f o r  grades 8 -16 .  For 

the Scrambled Words Test  t he  s u b j e c t  i s  asked to  w r i t e  a 

common E n g l i s h  word f rom a group o f  scrambled l e t t e r s
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( s u i t a b l e  f o r  grades 8 - 1 6 ) .  The Nonsense S y l l o g i s m  Test  

and the  D ec i ph e r i ng  Languages Tes ts  were chosen because 

they p r o v i d e  measures o f  l o g i c a l  o r  d e d u c t i v e  reason i ng  

a b i l i t y ,  t he  f i r s t  i n v o l v i n g  semant i c  c o n t e n t  whereas the  

second uses symbo l i c  c o n t e n t .  In t he  Nonsense S y l l o g i s m  

Test  the s u b j e c t s  are p resen ted  w i t h  a fo rmal  s y l l o g i s m  

using n onsens i ca l  c o n t e n t  and the  t a s k  i s  t o  dec ide  

whether  or  not  t he  c o n c l u s i o n  i s  l o g i c a l l y  c o r r e c t  ( s u i t ­

able f o r  grades 1 1 - 16 ) .  The D e c i p he r i ng  Languages Test  

r e q u i r e s  t h a t  t he  s u b j e c t  d e t e r m i ne  the E n g l i s h  t r a n s l a ­

t i o n  o f  a r t i f i c a l  languages ( s u i t a b l e  f o r  grades 1 1 -1 6 ) .  

F i n a l l y ,  the  T o o t h p i c k s  Tes t  served as a measure  o f  d i ­

ve rgen t  t h i n k i n g  w i t h i n  a f i g u r a l  c o n t e x t .  Here the  s u b j e c t s  

are asked to  g i v e  up t o  f i v e  d i f f e r e n t  ar rangements  o f  

t o o t h p i c k s  a c c o r d i n g  t o  s p e c i f i e d  r u l e s  ( s u i t a b l e  f o r  

grades 1 1 -1 6 ) .  These a b i l i t i e s ,  namely,  co nver ge n t  t h i n k i n g ,  

d i v e r g e n t  t h i n k i n g , a n d  d e d u c t i v e  r e a s o n i n g ,  have been 

i d e n t i f i e d  by G u i l f o r d  (1965)  and o t h e r s  as p r e d i c t o r s  

o f  mathemat i ca l  pe r fo rmance .  A l l  s u b j e c t s  were g i ven  

these f i v e  t e s t s  i n  one t w o - ho ur  sess ion  p r i o r  t o  the 

beg inn ing  o f  t h e i r  cou r se .
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To o b t a i n  i n f o r m a t i o n  c on cer n i ng  both the i n i t i a l  

problem s o l v i n g  per formance and the  i n i t i a l  s o r t i n g  

schemes employed by the  s u b j e c t s ,  a s e t  o f  n i ne  problems 

(PS1) was c o n s t r u c t e d  (See Appendix A) .  The bas i s  f o r  

the c o n s t r u c t i o n  o f  these  problems was both h e u r i s t i c  and 

c o n t e x t u a l .  The problems were chosen so t h a t  i f  analyzed 

accord i ng  t o  a h e u r i s t i c  s o r t i n g  scheme, t h r e e  problems 

( 1 , 6 , 8 )  would n a t u r a l l y  be grouped t o g e t h e r  because they  

are most e a s i l y  so l ved  us ing  a l g e b r a i c  symbol i sm;  ano t he r  

t h ree  porblems ( 3 , 5 , 7 )  would be grouped t o g e t h e r  s ince  

they are most e a s i l y  so lved us ing  p a t t e r n  g e n e r a t i o n  

techn iques  and,  f i n a l l y ,  t h r e e  problems ( 2 , 4 , 9 )  would be 

c l a s s i f i e d  as problems so lved  by the  method o f  c o n t r a d i c ­

t i o n .  These r e p r e s e n t  t he  t h r e e  h e u r i s t i c  t ec h n i qu e s  

t h a t  were covered i n  the e x pe r i me n t a l  cou rs e .  I f ,  however ,  

a c o n t e x t u a l  s o r t i n g  scheme was used,  then d i f f e r e n t  groups 

would a r i s e .  C e r t a i n  problems ( 2 , 5 , 8 )  would be grouped 

because t he y  are  " v e r b a l  p r o b l e m s , "  o t h e r  problems ( 1 , 4 , 7 )  

because t he y  are " g eo m et r i c  p r o b l e m s , "  and f i n a l l y  t h r e e  

problems ( 3 , 6 , 9 )  would be grouped because t h e y  are "number 

p rob l ems . "  Problems one to  n ine  were ordered  randomly on 

the problem s o l v i n g  p r e t e s t .  The r esear ch  o f  C h a r t o f f  

(1976) and S i l v e r  (1977) was the bas i s  f o r  t he  s e l e c t i o n  

o f  these two s o r t i n g  schemes. Note t h a t  a l l  q u es t i on s  had
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m u l t i p l e  c h o i ce  answers so as to  make the g r a d i n g  e a s i e r  

and more o b j e c t i v e .  The s tu d e n t s  were g i ven  45 minu tes  

to work on t h i s  n ine  i tem t e s t  and a l t h o u g h  t h i s  may no t  

have been s u f f i c i e n t  t i me  f o r  a l l  s t u d en ts  to  a r r i v e  a t  

c o r r e c t  s o l u t i o n s  f o r  a l l  p rob l ems,  i t  p ro v i de d  

adequate t ime f o r  them to  r ea d,  u n d e r s ta n d ,  and a t t e m p t  one 

or more s o l u t i o n s  to  each problem.

Problem S o l v i n g  P o s t t e s t

To o b t a i n  a p o s t t e s t  measurement o f  problem s o l v i n g  

a b i l i t y ,  a 24 i tem problem s o l v i n g  e xa mi na t i on  (PS2) was 

c o n s t ru c te d  by the i n v e s t i g a t o r  (See Appendix A) .  The 

f i r s t  n ine  i tems o f  t he  p o s t t e s t  were i d e n t i c a l  to  the 

n ine i tems on the  problem s o l v i n g  p r e t e s t  (PS1) .  Thus 

changes in  problem s o l v i n g  per formance c ou ld  be ana lyzed 

f o r  the two subgroups who took  the  problem s o l v i n g  

p r e t e s t .  I tem s e l e c t i o n  was based on the c o n t e n t  o f  t he  

exper imenta l  cou rse .  The t e s t  can be broken i n t o  t h r e e  

sub tes ts  c o r r e s p o n d i n g  to  the  t h r e e  problem s o l v i n g  

s t r a t e g i e s  covered i n  t he  problem s o l v i n g  course  as shown 

in Table 2 .
N ot i c e  t h a t  more i tems c a l l i n g  f o r  the  s t u d e n t  to  

se t -up  and s o l v e  the  c o r r e c t  a l g e b r a i c  e q u a t i o n ( s )  ( s u b ­

t e s t  1 i tems)  were i n c l u d e d  than were problems d e a l i n g  

w i t h  t he  c o n t r a d i c t i o n  or  p a t t e r n  g e n e r a t i o n  h e u r i s i t c .

The t e s t  was des igned in  t h i s  way so as t o  s upp l y  data
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w i t h  which to  compare the  two groups on the  a b i l i t y  t o  s o l ve  

problems us ing  t he  t e c h n iq u es  o f  a l g e b r a  and t r i g o n o m e t r y . 

This compar ison i s  i m p o r t a n t  t o  t he  s tudy  s i nc e  both groups 

r ece ived  i n s t r u c t i o n  r e l a t e d  to  t h i s  t ype  o f  problem.  The 

a lgebra ( c o n t r o l )  group r e c e i v e d  e x t e n s i v e  i n s t r u c t i o n  on 

how to so l ve  a l g e b r a i c  and t r i g o n o m e t r i c  e qua t i on s  but  o n l y  

minimal  i n s t r u c t i o n  on how to  s e t - u p  such equa t i on s  g i ven  a 

problem s i t u a t i o n .  The e x p er i m en t a l  g roup ,  on the  o t h e r  

hand, was i n s t r u c t e d  c a r e f u l l y  on the  methods o f  

s e t t i n g - u p  e q u a t i o n s  to  be so l ved  and o n l y  rev iewed the  

va r ious  a l g e b r a i c  t ec h n i qu e s  as th ey  were needed. The 

eleven t e s t  i tems on the  problem s o l v i n g  p o s t t e s t  t h a t  come 

under s u b t e s t  1 can then be used to  compare the  e f f e c t i v e n e s s  

o f  the two methods o f  i n s t r u c t i o n  i n  t ea c h i n g  s t ud en ts  how 

to so l ve  problems u s ing  a l g e b r a i c  and t r i g o n o m e t r i c  

t echn i  ques .

The problem s o l v i n g  p o s t t e s t  was a d m i n i s t e r e d  to  a l l  

s ub jec ts  a t  t he  end o f  t he  i n s t r u c t i o n a l  p e r io d  d u r i n g  the 

scheduled e xa mi na t i o n  p e r i o d .  The t i me l i m i t  was two 

hours and about  e i g h t y  p e r c en t  o f  t he  s tu d e n t s  handed t h e i r  

exams in  b e f o r e  t i me was c l l l e d .  C a l c u l a t o r s  were a l l owed  

to be used on t h i s  exam and s tu d e n t s  were t o l d  t h a t  the 

examinat ion would count  f o r  ten p e r c e n t  o f  t h e i r  f i n a l  

grade.
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Tab!e 2 

S ub te s t s  o f  t he  Problem S o l v i n g  P o s t t e s t

Subtests I tem Numbers

1. Use o f  A l g e b r a i c  Symbol ism 2, 4,  8,  10, 12, 13
17 , 20,  22,  23,  24

2. Use o f  the C o n t r a d i c t i o n 5, 6, 9, 11, 14, 16
Heur i  s t i  c 18

3. Use o f  the  P a t t e r n  
Generat i on  H e u r i s t i c

1, 3,  7,  15, 19, 21

I n i t i a l  and F i na l  Problem S o r t i n g  Schemes

F o l l o w i n g  a d m i n i s t r a t i o n  o f  both the  problem s o l v i n g  

p r e t e s t  (PS1) and the  problem s o l v i n g  p o s t e s t  (PS2) ,  

s tuden ts  were r e q u i r e d  to  comple te  a problem s i m i l a r i t y  

q u e s t i o n n a i r e  (PSQ). A copy o f  t he  q u e s t i o n n a i r e  appears 

in Appendix A. The q u e s t i o n n a i r e  was des igned to  p r o v i d e  

i n f o r m a t i o n  r e g a r d i n g  s t u d e n t  s i m i l a r i t y  judgements on the 

nine i tems o f  the  problem s o l v i n g  p r e t e s t  which were a lso  

the f i r s t  n ine  i tems o f  t he  problem s o l v i n g  p o s t t e s t .

Resu l t s  cou ld  then be examined f o r  p r e - p o s t  d i f f e r e n c e s  

in s o r t i n g  schemes. S tuden ts  were asked t o  j udge 

the s i m i l a r i t y  o f  a l l  p o s s i b l e  p a i r s  o f  t hese n ine  

i tems f o r  a t o t a l  o f  36 compar i sons .  In i m i t a t i o n  o f  

C h a r t o f f ' s  (1976)  q u e s t i o n n a i r e ,  s t u d e n t s  were t o l d  to  

r a t e  each p a i r  o f  problems on a c o n t i nu o us  s i m i l a i t y  sca le
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rang ing  f rom e x t r e me ly  d i s s i m i l a r  t o  e x t r e m e l y  s i m i l a r .

The s i m i l a r i t y  s ca l e  measured 15 cm and each p a i r  o f  

problems was g iven a s i m i l a r i t y  score based on the  d i s t a n c e  

the s lash mark was f rom the l e f t  end o f  the l i n e .  So the 

responses t o  each s i m i l a r i t y  q u e s t i o n n a i r e  cou ld  be 

t r a n s l a t e d  i n t o  a n ine  by n ine  s i m i l a r i t y  m a t i r x .

S tudents  were g iven the f o l l o w i n g  i n s t r u c t i o n s  by

the i n v e s t i g a t o r :

I w i l l  ask you t o  r e f e r  t o  your  t e s t  and d i r e c t  y ou r  
a t t e n t i o n  to  two problems a t  a t i m e .  When I do,  r e ­
read those problems and then r ec o rd  you r  f i r s t  
i mpr ess i on  as to  how s i m i l a r  o r  d i s s i m i l a r  t h e y  are 
by p l a c i n g  a v e r t i c a l  s l ash  mark on t h a t  p a r t  o f  t he  
l i n e  t h a t  best  d e s c r i b e s  how s i m i l a r  you f e e l  t hey  
a re .  For example,  i f  I ask you to  compare problems 
1 and 2 and you f e e l  they  are  v e r y  much a l i k e  you 
cou ld  i n d i c a t e  t h a t  by:

 1 —

Ext remely  Mo der a te l y  Ex t r eme l y
n i s s i m i 1 a r  S i m i l a r  S i m i l a r

I f  you f e l t  t hey  were o n l y  somewhat a l i k e  you c ou ld  i n d i c a t e

t h a t  by:

Ext remely   ̂ Moder a te ! y  Ex t reme l y
D i s s i m i l a r  S i m i l a r  S i m i l a r

The i n v e s t i g a t o r  used an overhead p r o j e c t o r  to  demons t ra t e

e x a c t l y  how the  q u e s t i o n n a i r e  was t o  comple ted.

N o t i c e  t h a t  i n t h i s  s t u d y ,  as opposed to  those 

conducted by C h a r t o f f  and S i l v e r ,  t he  s t ud e n t s  a re  r e q u i r e d  

to so l ve  ( o r  a t  l e a s t  a t t e m p t  to  s o l v e )  the problems be f o r e  

they are asked to j udge t h e i r  s i m i l a r i t y .  I t  was f e l t  t h a t



34

s tuden ts  are more l i k e l y  t o  re co rd  a h igh  s i m i l a r i t y  

r a t i n g  based on a h e u r i s t i c  judgement  a f t e r  t h e y  have 

cons idered how the  problem should be s o l v e d ,  than would be 

the case i f  t hey  had s i mp ly  read the  problem t h ro ugh  once 

or t w i c e .

Algebra  and T r i g o n o m e t r y  Per formance 

Since one o f  the aims o f  the  s t ud y  was to  compare 

the ex per i me nt a l  and c o n t r o l  groups w i t h  r e s p e c t  t o  p e r f o r m ­

ance in  bas i c  a l g e b r a  and t r i g o n o m e t r y ,  a 24 i tem p o s t t e s t  

in a l ge br a  and t r i g o n o m e t r y  (AT) was c o n s t r u c t e d  by the 

i n v e s t i g a t o r .  The s e l e c t i o n  o f  problems and t o p i c s  covered 

by the exami na t i on  was de te rmined  by those  areas covered 

in the c o n t r o l  course in a l g e b r a .  The t e s t ,  which appears 

in Appendix A, can be s u bd i v i d e d  on the  b as i s  o f  t he  

a l g e b r a i c  t e c h n i q u e  needed to  s o l ve  each i tem (Ta b l e  3 ) .

Treatments

In o r d e r  t o  f u l f i l l  a d i s t r i b u t i o n  r e q u i r e m e n t ,  a l l  

s tuden ts  a t  t he  c o l l e g e  where t h i s  s tu dy  was conducted are 

r e qu i r e d  to  take  n ine  q u a r t e r  hours ( t h r e e ,  3 c r e d i t  c ou rs es )  

in mathemat i cs .  Because most e n t e r i n g  f reshmen are d e f i c i e n t  

in a number o f  a l g e b r a i c  s k i l l s  and s i n c e  the  pharmacy c u r ­

r i c u l u m  i s  such t h a t  these s k i l l s  a re  e x t r e m e l y  necessary  

f o r  f u t u r e  courses i n  p h y s i c s ,  c h e m i s t r y ,  and pharmaco logy ,  

a l l  f reshmen ( w i t h  the e x c e p t i o n  o f  f o u r  o r  f i v e  advanced 

placement  s t u d e n t s )  are r e q u i r e d  to  ta ke  a course  i n  C o l l e g e
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Table  3

S u b d i v i s i o n s  o f  t he  A l gebra  and T r i g on o me t ry  
P o s t t e s t

A l g e b r a i c  Technique I tem Numbers

S i m p l i f y i n g  a l g e b r a i c  e x p r e ss i o ns  1, 2,  3,  4,  5,  6,  7
i n v o l v i n g  exponents  and 
r a d i c a l s

So l v ing  q u a d r a t i c  e q u a t i o n s  8,  9, 10

Adding and m u l t i p l y i n g  11,  12
a l g e b r a i c  f r a c t i o n s

Graphing the  e q u a t i o n  o f  13
a s t r a i g h t  l i n e

Working w i t h  l o g a r i t h m s  and 14, 15,  16, 17
e x p o n e n t i a l  e qu a t i on s

So l v i ng  t r i a n g l e s  ( l aw  o f  18, 19, 20,  21,  22
s ines  and c o s i n e s )

So l v i ng  l i n e a r  systems 23,  24

Algebra i n  t he  f a l l  q u a r t e r .  Th i s  course i n  Co l l ege  A l gebra  

accounts f o r  t h r e e  o f  t he  n ine  q u a r t e r  hours i n  mathemat i cs  

and the  r ema i n i ng  s i x  q u a r t e r  hours are then chosen f rom 

e l e c t i v e  o f f e r i n g s .  The exp er i me nt a l  course in Problem 

So l v i ng  was a new e l e c t i v e  course f i r s t  o f f e r e d  in the 

f a l l  o f  1977. For t he  purposes o f  the  s t u d y ,  t h i s  course 

was o n l y  open to  t hose f reshmen randomly ass igned to  t ake  

i t  i n  the f a l l  o f  1977.
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An a t t e m p t  was made t o  keep se ve ra l  o f  t he  i n s t r u c ­

t i o n a l  v a r i a b l e s  c o n s t a n t  i n both e x p er i me n t a l  and c o n t r o l  

c l asses .  The i n s t r u c t o r  v a r i a b l e  was held f i x e d  by hav ing 

the i n v e s t i g a t o r  teach both the  c o n t r o l  and t he  e x p e r i ­

mental  co u r s es .  Both c l as s e s  met t h r e e  t i mes  a week f o r  

50 minutes and a 90 mi nu t e  " h e l p  s e s s io n "  was conducted 

weekly.  Dur ing  these s e s s i o n s ,  t he  i n v e s t i g a t o r  was 

a v a i l a b l e  to  d i s c u s s  ass ignments  and he lp  s t u d e n t s  r e v i e w  

f o r  upcoming t e s t s .  In t he  course  o f  t he  q u a r t e r ,  s t ud e n t s  

were r e q u i r e d  t o  hand in f o u r  ass ignments  which were graded 

and r e t u r n e d  to  them. Both groups o f  s t ud e n t s  took  f o u r  

i n - c l a s s  e x a m i n a t i o n s .  The number and l e n g t h  o f  the 

problem ass ignments  and e x ami na t i ons  as w e l l  as the  g ra d i n g  

system was the  same f o r  both g roups .  However,  t he  

method and c l a r i t y  o f  t he  s o l u t i o n  was c on s i de re d  more 

i m po r t an t  i n  g r a d i n g  the  ass ignmnets  o f  t he  e x pe r i me n t a l  

group s i nc e  the  method o f  s o l u t i o n  r a t h e r  than the  s p e c i f i c  

answer was the  f o c a l  i n t e r e s t  o f  t he  problem s o l v i n g  c o ur se .

Both e x p er i m en t a l  and c o n t r o l  s u b j e c t s  were 

encouraged t o  p a r t i c i p a t e  in the  s o l u t i o n ( s )  t o  a l l  

problems p resen ted  i n  c l a s s .  The method o f  i n s t r u c t i o n  

d i f f e r e d  w i t h  r e s p e c t  to  problem s o l v i n g .  The c o n t r o l  

group had as the  goal  o f  t he  i n s t r u c t i o n  the  a p p l i c a t i o n  

o f  mathemat i ca l  and a l g e b r a i c  t e c h n i q u e s ,  whereas,  the 

exper i menta l  group focused on h e u r i s t i c  s t r a t e g i e s .  Th i s  

d i f f e r e n c e  in  i n s t r u c t i o n a l  s t r a t e g y  arose because o f  a
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d i f f e r e n c e  i n  o b j e c t i v e s .  The c o n t r o l  group s t u d i e d  

problems so as to  r e i n f o r c e  newly l ea r ne d  a l g e b r a i c  con­

cepts whereas the  e x pe r i me n t a l  group s t u d i e d  problems f o r  

the purpose o f  l e a r n i n g  more genera l  t e c h n iq u es  and s t r a t e ­

g ies  to  be a p p l i e d  i n  problem s o l v i n g  s i t u a t i o n s .  As a 

r e s u l t  problems were d iscussed  i n  much f u l l e r  d e t a i l  and 

f o r  a l o n g e r  p e r i o d  o f  t ime in the  e x pe r i m e n t a l  c l a s s .  

Students i n  t he  problem s o l v i n g  c l a s s  were reminded o f t e n  

o f  such s t r a t e g i e s  as us ing  methods and r e s u l t s  o f  p r e v i o u s  

l y  so lved p rob lems,  o r g a n i z i n g  i n f o r m a t i o n ,  d e v i s i n g  and 

using s u i t a b l e  n o t a t i o n ,  making use o f  d iag ra ms ,  work i ng  

problems o u t  c a r e f u l l y  and i n  comple te  d e t a i l  on paper 

as opposed to  wor k i ng  them in  t h e i r  heads,  avo idance o f  

guessing,  and check ing  r e s u l t s .  A more f l e x i b l e  approach 

to problem s o l v i n g  was encouraged i n  t he  e x pe r i me n t a l  

c l ass  as s tu d e n t s  were encouraged t o  l o o k  f o r  m u l t i p l e  

s o l u t i o n s  to  a prob lem,  to  gene ra te  new problems f rom o l d  

problems, and to  t e s t  t h e i r  i n t u i t i o n  about  what  the 

s o l u t i o n  should  l ook  l i k e .

Con t ro l  Course 

The t e x t b o o k  used in  the  c o n t r o l  course  was the 

popu l ar  A lgeb r a  and T r i g o n o m e t r y : A Fun c t i ons  Approach 

by Mervin Keedy and Marv in  B i t t i n g e r  ( 19 74 ) .  The i n v e s t i ­

g a t o r  has t a u g h t  t h i s  p a r t i c u l a r  course f o r  t h r e e  years  

(1974-1976) .  No e s s e n t i a l  changes i n  e i t h e r  m a t e r i a l  or  

emphasis were made when the course was p resen ted  i n  the
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f a l l  o f  1977 as t he  c o n t r o l  f o r  t h i s  s t u d y .  Top ics  

covered in  the course  i n c l u d e d  a t h r e e  week r e v i e w  o f  bas i c  

a lgebra  ( e x p on e n t s ,  r a d i c a l s ,  f a c t o r i n g  p o l y n o m i a l s ,  

o p e r a t i o ns  w i t h  a l g e b r a i c  f r a c t i o n s ,  and s o l v i n g  l i n e a r  and 

q u a d r a t i c  e q u a t i o n s ) .  Two weeks were devoted to  a s t ud y  o f  

l o g a r i t h m s ,  t h r e e  weeks to  t r i g o n o m e t r y ,  and two weeks to 

l i n e a r  a l ge br a  t o p i c s .  The s e c t i o n s  on l i n e a r  and q u a d r a t i c  

e q u a t i o n s ,  l o g a r i t h m s ,  t r i g o n o m e t r y ,  and l i n e a r  a l g e b r a  a l l  

concluded w i t h  a s u b s e c t i o n  e n t i t l e d  " a p p l i c a t i o n s . "  In 

the case o f  l o g a r i t h m s  these a p p l i c a t i o n s  i n c l u d e d  compound 

i n t e r e s t ,  b a c t e r i a  g r owt h ,  and r a d i o a c t i v e  decay.  Vec to r s  

were s t u d i e d  as an a p p l i c a t i o n  o f  t r i g o n o m e t r i c  t e ch n i qu es  

and a v a r i e t y  o f  t r a d i t i o n a l  "word problems"  p ro v i de d  

a p p l i c a t i o n s  o f  s o l v i n g  systems o f  l i n e a r  e q u a t i o n s .

The major  t h r u s t  o f  t he  course was the t e a c h i n g  o f  

a l g e b r a i c  s k i l l s .  As each new t o p i c  was i n t r o d u c e d  an over^  

view o f  t he  a l g e b r a i c  t e ch n i qu es  to  be covered i n  t h a t  

s ec t i on  was g i v e n .  The m o t i v a t i o n  p rov ided  the  s t ud e n t s  

was t h a t  l e a r n i n g  these bas i c  t ech n i qu es  a l l o wed  them to  

per form more advanced a l g e b r a i c  p rocesses .  For example,  

s tudents  were t o l d  t h a t  l e a r n i n g  to  f a c t o r  p o ly n o m i a l s  was 

necessary in o r d e r  t o  add p o l ynomi a l  f r a c t i o n s  o r  to  so l v e  

q u a d r a t i c  e q u a t i o n s .  S i m i l a r l y ,  one should l e a r n  how to  

deal  w i t h  l o g a r i t h m s  because l o g a r i t h m s  are used to  so l ve  

e xpon en t i a l  e q u a t i o n s ,  Hence, the  emphasis and the m o t i ­

v a t i o n  f o r  the  course  were a l g e b r a i c  t ec h n i qu e s  —  s o l v i n g
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q u a d r a t i c  e q u a t i o n s ,  l o g a r i t h m i c  e q u a t i o n s ,  e x p o n e n t i a l  

e q ua t i o ns ,  s o l v i n g  t r i a n g l e s ,  and s o l v i n g  systems o f  l i n e a r  

e qua t i on s .  Reca l l  t h a t  each s e c t i o n  c on ta in e d  a s u bs e c t i o n  

on " a p p l i c a t i o n s "  and t h a t  f o l l o w i n g  Keedy and B i t t i n g e r  

(and,  i n f a c t ,  most commercial  t e x t s  i n  c o l l e g e  a l g e b r a ) ,  

t h i s  s u b se c t i o n  appeared a t  the end o f  the d i s c u s s i o n .  Word 

problems c a l l i n g  f o r  s t u d e n t s  to  s e t - u p  and s o l ve  q u a d r a t i c  

and e x p o n e n t i a l  e q u a t i o n  prob l ems,  t r i a n g l e  p rob lems,  and 

systems o f  l i n e a r  e q u a t i o n s  problems were p resen ted  i n  the 

a lgebra c o n t r o l  c o u r s e ,  but  o n l y  a f t e r  the needed a l g e b r a i c  

t echn iques  had been f u l l y  deve l oped .  Only about  f i f t e e n  

percent  o f  t he  t o t a l  c a l s s  t i me  was spent  on such a p p l i c a ­

t i o n s .

Exper imen ta l  Course 

The e x pe r i m e n t a l  c o u r s e ,  e n t i t l e d  Problem S o l v i n g ,  

was an e l e c t i v e  course  f i r s t  o f f e r e d  i n  the f a l l  o f  1977.

The t e x t b o o k  f o r  t he  course  was an 85 page se t  o f  notes 

prepared by the  i n v e s t i g a t o r .  Rather  than i n c l u d i n g  the 

e n t i r e  t e x t  as an a p pe n d i x ,  a d e t a i l e d  o u t l i n e  t o g e t h e r  

w i th  a sampl ing o f  t he  problems d i scussed  i n  c l a s s  w i l l  be 

prov ided here.  The t e x t  i t s e l f  i s  a v a i l a b l e  f rom the a u t h o r  

upon r e q u e s t . *  The course  was o rgan i zed  aroud t h r e e  

h e u r i s i t c  s t r a t e g i e s :  t he  use o f  a l g e b r a i c  symbol i sm,  the 

c o n t r a d i c t i o n  h e u r i s t i c m  and the  p a t t e r n  g e n e r a t i o n  h e u r i s t i c .

^ A v a i l a b l e  f rom:  P r o f .  Mar tha L. Hunt ,  Mathemat ics D e p t . ,  
Massachuset ts  C o l l ege  o f  Pharmacy,  Boston ,  Mass. 02115
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Each o f  t he  t h r e e  c h ap t e r s  i n  t he  t e x t  t r e a t e d  o n l y  one 

o f  these t h r e e  h e u r i s t i c s .

The f i r s t  c h a p t e r ,  e n t i t l e d  "The Symbol i c  Language 

o f  M a t he mat i c s , "  d i sc uss es  how t o  e x t r a c t  p e r t i n e n t  i n f o r m a ­

t i o n  f rom a problem and r ec o rd  i t  s y m b o l i c a l l y .  Studen ts  

are encouraged to  ske tch  diagrams whenever t he y  cou ld  be 

u s e f u l ,  t o  w r i t e  down a l l  t he f a c t s  on paper b e f o r e  b e g i n ­

ning to so l v e  the  prob lem,  to  be neat  and l a b e l  e x p l i c i t l y ,  

and to  check t h e i r  s o l u t i o n  a t  t he  end. They are t a u g h t  

how to  choose symbols w i s e l y  - so as to  remind them o f  the 

mathemat ical  concept  - and to  keep the  number o f  d i f f e r e n t  

symbols used in  s o l v i n g  a problem to  a minimum. F i n a l l y ,  

emphasis i s  put  on the  procedure  used to  a r r i v e  a t  the 

answer n o t  the  answer i t s e l f .  A problem i s  s o l ved  by 

p r es en t i ng  a c l e a r l y  s t a t e d  arguement  t h a t  would con v i nc e  

anyone r ea d i n g  i t  t h a t  t he  problem had in  f a c t  been so l ved  

c o r r e c t l y .  The exampies p r esented  and d i scussed  i n  the 

f i r s t  c h a p t e r  sample f rom a v a r i e t y  o f  t e c h n iq u es  o r d i n a r i l y  

s tud i ed  in h igh school  a l ge br a  abd t r i g o n o m e t r y .  In 

p a r t i c u l a r ,  s o l v i n g  e x p o n e n t i a l  and l o g a r i t h m i c  e q u a t i o n s ,  

s o l v i n g  f i r s t  and second degree e q u a t i o n s ,  s o l v i n g  systems 

o f  l i n e a r  e q u a t i o n s ,  and s o l v i n g  problems us ing  t r i g o n o m e t r y  

in t h e i r  s o l u t i o n .  To a s s i s t  t he  r eader  in u n de r s t an d in g  

the n a tu re  o f  these problems,  t he  f o u r  examples g iven  in  

Chapter  1 w i l l  be p resen ted .
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Example 1: Tom, D ick , and  H ar ry  mow lawns i n  t he  summer to

earn money. They each have a lawn mower and one Sa tu r day  

they dec ided to  mow a 5,900 s q . f t .  lawn t o g e t h e r ,  us ing  

a l l  t h r e e  mowers. Tom mows 70 s q . f t .  per  m i n u t e ,  Dick  

50, and Har ry  40. D ick  and Har r y  s t a r t  mowing the  lawn 

a t  the same t i m e ,  bu t  Tom has t r o u b l e  s t a r t i n g  h i s  mower 

and i s  de layed f o r  30 m i n u t e s .  A l l  t h r e e  boys s t op  mowing 

a t  the same t i m e ,  when the  lawn i s  f i n i s h e d .  How long does 

Tom mow?

Example 2: A z o o l o g i s t ,  i n an e xp er i me nt  i n v o l v i n g  mi ce ,

f i n d s  he needs a food mix t h a t  c o n t a i n s ,  among o t h e r  

t h i n g s ,  23 grams o f  p r o t e i n ,  6 .6  grams o f  f a t ,  and 16 grams 

o f  m o i s t u r e .  He has on hand mixes o f  the f o l l o w i n g  compo­

s i t i o n s :

P r o t e i n  % Fat  % M o i s t u r e  %

Mix A 20 2 15

Mix B 10 6 10

Mix C 15 5 5

How many grams o f  each mix should be used t o  o b t a i n  the  

d es i re d  d i e t  mix?

Exampl e 3:  Two cars  s t a r t  a t  t he  same t i me  f rom an i n t e r ­

s e c t i o n  o f  two h ighways.  The car  on one highway averages

32 m i l e s  per  hour  w h i l e  t he  car  on t he  o t h e r  highway i s  

d r i v e n  s t e a d i l y  a t  44 mph. I f  t he  highways are s t r a i g h t  

and the  ang l e  o f  i n t e r s e c t i o n  i s  28° ,  how f a r  a p a r t  are

the cars  a t  the  end o f  1 hour and 15 minu tes?
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Example 4: The r a d i o a c t i v e  substance S t r on i um 90 has a h a l f

l i f e  o f  25 y e a r s .  I f  we s t a r t  w i t h  36 grams,  how long w i l l  

i t  t ake  f o r  t h e r e  t o  be o n l y  2.25 grams?

At  t he  end o f  Chapter  1 are 136 problems o f  a 

s i m i l a r  n a t u r e  r a n g i n g  in d i f f i c u l t y  f rom easy to c h a l l e n g ­

ing .  The f o u r  weeks devoted t o  t h i s  c h a p t e r  were spent  

d i sc u s s i n g  the  f o u r  examples p r esented  above as w e l l  as 

some 18 a d d i t i o n a l  problems f rom the  e x e r c i s e s  a t  t he  end 

o f  Chapter  1. Each problem was d iscussed  by hav ing the 

i n v e s t i g a t o r  ask t he  c l a s s  to  t ake  an a c t i v e  p a r t  i n  s o l v i n g  

the problems by s u g ge s t i ng  ways to  r e p r e s e n t  them s y m b o l i ­

c a l l y ,  p r oper  e q u a t i o n s  r e p r e s e n t i n g  the  g i v e n s ,  methods 

f o r  s o l v i n g  these e q u a t i o n s ,  and f i n a l l y ,  ways to  check 

the reasonab leness  o f  t he  answer.  As each problem was p r e ­

sented,  t he  s t u d e n t s  were asked i f  t hey  r e c a l l e d  a s i m i l a r  

p rob lem(s)  and a f t e r  each problem was s o l ved  t i me  was 

taken to  r e c o n s i d e r  t he  s o l u t i o n  i n  l i g h t  o f  o t h e r  problems 

they had s o l ve d  - t o  l o o k  f o r  s i m i l a r i t i e s  and d i f f e r e n c e s .  

F i n a l l y ,  whenever p o s s i b l e ,  a l t e r n a t i v e  s o l u t i o n s  were 

g iven and the  r e l a t i v e  m e r i t s  o f  each were d i s c u s s e d .

Cahpter  I I  i s  "The Method o f  C o n t r a d i c t i o n "  which 

presented s t u d e n t s  w i t h  a v a r i e t y  o f  problems r e q u i r i n g  

them to  a r r i v e  a t  a c o n t r a d i c t i o n ( s )  as a means o f  s o l u t i o n .  

Examples d i scu ss ed  in  c l a s s  i n c l u d e  how t o  work a 

m u l t i p l e  c h o i c e  exam q u e s t i o n  backwards,  problems i n  

l o g i c ,  a l p h a m e t r i c s , magic squares ,  and a number o f  m i s c e l ­
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laneous problems.  The works o f  both Polya (1957,  1962,  1965) 

and Wi cke lg ren  (1974)  were used as problem sources f o r  t h i s  

c hapt er  as w e l l  as f o r  s u gge s t i o ns  as t o  how these problems 

should be d i sc us se d  and p resented  to  s t u d e n t s .  A g a in ,  the 

n ine examples g i ven  in t he  t e x t  w i l l  be p resen ted  as an 

i l l u s t r a t i o n  o f  the m a t e r i a l  i n  t h i s  c h a p t e r .

Exampl e 1_: The s olu t ion  of  V 7x - 3 + y'x - 1 = 2 is :

A. x = 3 B. x = 3 /7  C. x = 2 D. x = 1 E. x = 0 

Example 2: The Nelsons have gone o u t  f o r  the  evening

l ea v i n g  t h e i r  f o u r  c h i l d r e n  w i t h  a new b a b y s i t t e r ,  Nancy 

Wiggens. Among the many i n s t r u c t i o n s  the  Nelsons gave 

Nancy b e fo re  t hey  l e f t  was t h a t  o f  t h e i r  c h i l d r e n ,  t h r e e  

were c o n s i s t e n t  l i a r s  and o n l y  one o f  them c o n s i s t e n t l y  

t o l d  the t r u t h ,  and t o l d  her which one. But  i n  the  course  

o f  r e c e i v i n g  so much i n f o r m a t i o n ,  Nancy f o r g o t  which c h i l d  

was the  t r u a r .  As she was p r e p a r i n g  d i n n e r  f o r  t he  

c h i l d r e n ,  one o f  them broke a vase i n  the  nex t  room. Nancy 

rushed in  and asked who broke the  vase.  These were the  

c h i l d r e n s '  s t a t e m e n t s :

B e t t y :  Steve broke the vase.

Steve:  John broke i t .

Laura:  I d i d n ' t  break i t .

John:  Steve l i e d  when he sa id  I broke i t -

Knowing t h a t  o n l y  one o f  t hese s ta t eme nt s  was t r u e ,  Nancy

q u i c k l y  de te rmined  which c h i l d  broke the  vase.  Who was i t ?



44

Example 3: A lp ha ,  Be ta ,  Gamma, and Omega were f o u r  young

l a d i e s  o f  a n c i e n t  Greece who were t r a i n i n g  to become o r a c l e s ;  

in f a c t ,  o n l y  one o f  them a c t u a l l y  d i d  and she go t  a pos t  a t  

D e l p h i .  Of t he  o t h e r  t h r e e ,  one became a p r o f e s s i o n a l

dancer ,  a n o t h e r  a l ad y  i n  w a i t i n g ,  and the t h i r d  a harp

p l a y e r .  Dur ing t h e i r  t r a i n i n g ,  when they  were p r a c t i c i n g

p r e d i c t i o n s  one day,  Alpha f o r e c a s t  t h a t  whatever  e l s e  Beta

d id  she would never  become a p r o f e s s i o n a l  dancer ;  Beta 

f o r e c a s t  t h a t  Gamma would end up as a D e l p h i c  o r a c l e ;  Gamma 

f o r e c a s t  t h a t  Omega would not  become a harp p l a y e r ;  and 

Omega p r e d i c t e d  she would mar ry  a man c a l l e d  A r a t a x e r x e s .

The o n l y  p r e d i c t i o n . t h a t  i n  f a c t  came t r u e ,  was t h a t  made 

by the D e l p h i c  o r a c l e .  Who became what? Did Omega mar ry  

A r a taxe r xes?

Example 4: On the  I s l a n d  o f  P e r f e c t i o n  t h e r e  are f o u r

p o l i t i c a l  p a r t i e s ;  t he  Free Food, the  Pay L a t e r ,  t he  P e r f e c t  

P a r i t y , a n d  the  G r e a t e r  G l o r y .  Smi th ,  Brown, and Jones were 

s p e c u l a t i n g  about  which one o f  them would win t he  f o r t h ­

coming e l e c t i o n .

Smi th t h o u g h t  i t  would be e i t h e r  the Free Food P a r t y  

or  the Pay L a t e r  P a r t y .  Brown f e l t  q u i t e  c o n f i d e n t  t h a t  i t  

would c e r t a i n l y  not  be the Free Food P a r t y .  And Jones ex ­

pressed the  o p i n i o n  t h a t  n e i t h e r  the  Pay L a t e r  P a r t y  nor 

the G re a t e r  G l o r y  Pa r t y  s tood a chance.  Only one o f  them 

was r i g h t .  Which p a r t y  won t h e  e l e c t i o n ?



Example 5: C h a r l i e  t o l d  me the  o t h e r  day t h a t  he had not  

been f i r s t  i n  a race he had w i t h  A l f ,  B e r t ,  Duggie and 

E r n i e .  Duggie,  he a l s o  i n fo rmed me, was two p laces  below 

E r n i e ,  who was no t  second,  and A l f  was n e i t h e r  f i r s t  nor  

l a s t .  I heard l a t e r  f rom B e r t  t h a t  he was one p lace  below 

C h a r l i e .  Find the  o r d e r  i n  which t hey  f i n i s h e d  the race 

( no  t i e s ) .

Example 6: Replace the  l e t t e r s  by d i g i t s  f rom 0 to  9

(each l e t t e r  s tands f o r  a d i f f e r e n t  d i g i t )  so t h a t  the 

f o l l o w i n g  w i l l  be a v a l i d  m u l t i p l i c a t i o n .  (BE) (BE) = MOB 

Exampie 7: Replace the l e t t e r s  by d i g i t s  f rom 0 to  9 (each

l e t t e r  s tands f o r  a d i f f e r e n t  d i g i t )  so t h a t  t he  f o l l o w i n g  

w i l l  be a v a l i d  a d d i t i o n :

F O O D  

+ F A  D 

D I E T S
Example 8: Complete t h e  f o l l o w i n g  3 by 3 magic square :

8 . .

. . 9

Exampl e jJ: In number ing the  pages o f  a book,  a p r i n t e r

used 3289 d i g i t s .  How many pages were t h e r e  i n  the book,  

assuming t h a t  the f i r s t  page i n  t he  book was numbered 1?

There were 27 a d d i t i o n a l  problems a t  t he  end o f  

Chapter  I I  t h a t  served as ass ignment  problems and f u r t h e r  

examples to  be d iscussed  i n  c l a s s .  Aga in ,  s t ud e n t s  were
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taught  to  l o o k  f o r  s i m i l a r i t i e s  between problems and t h e i r  

s o l u t i o n s  and most o f  t he  s teps i n  the  s o l u t i o n  to  each 

problem were s u p p l i e d  by s t ud e n t s  i n  t he  c l a s s .

In Chapter  I I I ,  "Sear ch i ng  f o r  P a t t e r n s , "  t he  heu­

r i s t i c  o f  d i s c o v e r i n g  and c o n t i n u i n g  p a t t e r n s  was e x p l a i n e d .  

The f i r s t  p a r t  o f  t he  c h a p t e r  d i scussed  P a s c a l ' s  t r i a n g l e ,  

the oblong numbers,  t he  t r i a n g u l a r  numbers,  and the  s e r i e s
p

1 + 4 + 9 + . . .  + n . Students  were encouraged to  w r i t e  

down the f i r s t  severa l  cases and to  l o o k  f o r  some s o r t  o f  

emerging p a t t e r n .  The second p a r t  o f  t he  c h a p t e r  was de­

voted to  a development  o f  the  method o f  f i n i t e  d i f f e r e n c e s .  

I t  was f e l t  t h a t  s in ce  some o f  the  more c o m p l i c a t e d  p a t t e r n s  

r e qu i r ed  a g r e a t  deal  o f  i n t u i t i o n  to  d i s c o v e r  t he  c o r r e c t  

r u l e ,  the method o f  f i n i t e  d i f f e r e n c e s  would p r o v i d e  a more 

general  t e c h n iq u e  f o r  h a nd l i n g  such problems.  The 

f o l l o w i n g  s i x  examples and t h e i r  s o l u t i o n s  us ing  f i n i t e  

d i f f e r e n c e s  were d iscussed  in the  t e x t .

Example 1: Find the  sum S = l  + 2 + 3 + 4 + . . .  + n

Example 2: Find the  sum S = l + 4 + 9 + . . . + n ^

Example 3: What i s  the  maximum number o f  r e g io n s  i n t o  which

5 c i r c l e s  o f  a r b i t r a r y  r a d i i  d i v i d e  the  p lane? What about  

10 c i r c l e s ?

Example 4:  How many r e c t a n g l e s  w i t h  i n t e g r a l  s i des  are

con ta ined  w i t h i n  an N by N r e c t a n g l e ?  In p a r t i c u l a r ,  how 

many s m a l l e r  r e c t a n g l e s  are c on ta in e d  w i t h i n  a 5 by 6 

r e c t an g l e ?
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Example 5; Ob ta i n  a f o r mu la  f o r  the  n th  oc tagona l  number

and use t h a t  f o r mu l a  to  f i n d  t he  f i r s t  f i v e  oc tagona l

numbers.

Example 6k  F ind a f o r mu la  f o r  t he  sum o f  t he  face  angles 

o f  a po l yh ed ron .

Twenty t h r e e  a d d i t i o n a l  problems were p ro v i de d  a t

the end o f  t he  c h a p t e r .  These served as ass ignment

p rob l ems.



CHAPTER IV

RESULTS

The a na l yses  p resen ted  i n  t h i s  c h a p t e r  are d i r e c t e d  

at  uncover ing  p o s s i b l e  (1)  p r e - p o s t  and t r e a t m e n t  d i f f e r e n c e s  

in problem s o l v i n g  per fo r mance ,  (2)  t r e a t m e n t  e f f e c t s  i n  

a lgebra and t r i g o n o m e t r y  p er fo r mance ,  (3)  p r e - p o s t  d i f ­

ferences i n  problem s o r t i n g  schemes, (4)  i n t e r a c t i o n  e f f e c t s  

between a b i l i t y  p r o f i l e s  and t r e a t m e n t  v a r i a b l e s ,  and (5)  

a b i l i t y  and t r e a t m e n t  e f f e c t s  i n  problem s o r t i n g  schemes.

Since the  problem s o l v i n g  p o s t t e s t  can be s u bd i v i d ed  

i n t o  t h r e e  s u b t e s t s  (as g i ven  i n  Table 2 o f  Chapter  I I I )  

cor respond ing  t o  t he  t h r e e  h e u r i s t i c  s t r a t e g i e s  t a u g h t  i n 

the problem s o l v i n g  c o ur se ,  se par a t e  scores  on each o f  t hese 

three s u b t e s t s  were c a l c u l a t e d .  So i n  a d d i t i o n  to  o b t a i n ­

ing i n f o r m a t i o n  on how t r e a t m e n t  v a r i a b l e s  r e l a t e  to  p o s t ­

t e s t  problem s o l v i n g  p er fo rmance ,  a d d i t i o n a l  i n f o r m a t i o n  

as to how t r e a t m e n t  v a r i a b l e s  r e l a t e  to  s p e c i f i c  s u b t e s t  

scores a l s o  was o b t a i n e d .

The problem s i m i l a r i t y  q u e s t i o n n a i r e s  were used to  

gain i n s i g h t  i n t o  t he  s o r t i n g  schemes employed by 

the s u b j e c t s .  Using these  problem s i m i l a r i t y  q u e s t i o n n a i r e s ,  

i t  was p o s s i b l e  t o  d e r i v e  a measure o f  t he  degree to  which 

a s tuden t  s o r t ed  h e u r i s t i c a l l y .  Th i s  measure i s  r e f e r r e d  

to as the  h e u r i s i t c  s o r t i n g  score (HSS) and w i l l  be d e f i n e d  

p r e c i s e l y  l a t e r  i n  the  c h a p t e r .  B a s i c a l l y ,  h igh h e u r i s t i c

48
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s o r t i n g  scores a re  i n d i c a t i v e  o f  a tendency  to  s o r t  

heur i  s t i c a l l y .

P o s t t e s t  measures o f  problem s o l v i n g  p er fo r mance ,  

a lgebra  and t r i g o n o m e t r y  p e r f o r ma nc e ,  and h e u r i s t i c  s o r t i n g  

scores are summarized in  Tab l e  4 to  p r o v i d e  t he  r ea de r  w i t h  

an ove rv ie w o f  t he  r e s u l t s .

T rea tment  - P r e t e s t  I n t e r a c t i o n

Th is  s tudy  employed the  Solomon f o u r  group des ign 

to check f o r  a p o s s i b l e  p r e t e s t i n g  e f f e c t  due to  the 

a d m i n i s t r a t i o n  o f  t he  problem s o l v i n g  p r e t e s t  and problem 

s i m i l a r i t y  q u e s t i o n n a i r e .  A two f a c t o r ,  t r e a t m e n t  by p r e ­

t e s t ,  a n a l y s i s  o f  v a r i a n c e  was per formed and the  r e s u l t s  

i n d i c a t e d  t h a t  o n l y  t he  t r e a t m e n t  f a c t o r  was s i g n i f i c a n t  

(F = 40 .0 28 ,  d f  = 1 / 8 0 ,  p < . 0 0 1 ) .  Hence no p r e t e s t i n g  

e f f e c t  was i n t r o d u c e d  and the  p r e t e s t  data  can be used as 

a c o v a r i a t e  in  p e r f o r m i n g  the  a n a l y s i s  o f  c o v a r i a n c e  on the  

po s te s t  problem s o l v i n g  sc o r e s .  Tab le  5 g i v e s  the  mean 

scores on t he  problem s o l v i n g  p o s t t e s t  f o r  each o f  the 

f o u r  groups o f  s t u d e n t s  i n  the s t u d y .



Table  4

P o s t t e s t  Means f o r  I n s t r u c t i o n a l  Groups

Group n PS2 s i S2 S3 AT HSS

Cont ro l 47 48.8 47.7 43.1 46.4 60.2 - 1 . 9

Exper i  mental 37 68.2 70.2 54.4 80.1 49.2 0.6

Pooled 84 57.3 57.6 48.1 61.3 55.4 - 0 . 9

PS2 = the  24 i t e m problem s o l v i n g  p o s t t e s t

51 = a l g e b r a i c  symbol ism h e u r i s t i c  s u b t e s t  o f  the problem s o l v i n g  p o s t t e s t

52 = c o n t r a d i c t i o n  h e u r i s t i c  s u b t e s t  o f  t he  problem s o l v i n g  p o s t t e s t

53 = p a t t e r n  g e n e r a t i o n  h e u r i s t i c  s u b t e s t  o f  the problem s o l v i n g  p o s t t e s t

AT = a lg e b r a  and t r i g o n o m e t r y  p o s t t e s t

HSS = p o s t t e s t  h e u r i s t i c  s o r t i n g  score
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Table 5

Problem S o l v i n g  P o s t t e s t  (PS2) Means by Trea tment

Exper i  menta1 Con t r o l

Problem S o l v i n g  P r e t e s t  

No P r e t e s t  

Pooled

67.0 (n = 19) 

69.5 (n = 18) 

68.2 (n = 37)

49.1 (n = 22) 

48.5 (n = 25) 

48.8 (n = 47)

Changes i n  Problem S o l v i n g  Per formance

An a n a l y s i s  o f  co v a r ia n ce  was per formed us ing  the 

data o b t a i n e d  f rom the 19 e x p er i me n t a l  and the  22 c o n t r o l  

group s t ud e n t s  who took  the n ine  i t e m problem s o l v i n g  p r e ­

t e s t .  Th i s  a n a l y s i s  compared scores on the  problem s o l v i n g  

p r e t e s t  w i t h  scores on o n l y  t he  f i r s t  n i ne  i tems o f  the 

problem s o l v i n g  p o s t t e s t .  Reca l l  t h a t  these two se ts  o f  

i tems were i d e n t i c a l .  The a n a l y s i s  o f  c o v a r i a n c e  r ev e a l e d  

t h a t  when p r e t e s t  scores were taken i n t o  c o n s i d e r a t i o n ,  the 

e xp er i ment a l  group s i g n i f i c a n t l y  o u t pe r f o rme d  the c o n t r o l  

group on i tems one t o  n ine  o f  the problem s o l v i n g  p o s t t e s t  

(F = 8 .6 27 ,  d f  = 1 /3 8 ,  p < . 0 1 ) .  F u r t he r mo r e ,  t h i s  a n a l y s i s  

r evea l ed  t h a t  the p r e t e s t  scores were not  c o r r e l a t e d  s i g n i ­

f i c a n t l y  w i t h  the p o s t t e s t  scores (F = 0 . 5 2 ,  d f  = 1 / 3 8 ) .

Mean scores on i tems 1 to  9 f o r  both e x pe r i me n t a l  and c o n t r o l  

groups are g iven i n  Table 6.
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Mean Scores f o r  t he  Problem S o l v i n g  Test  
I tems One t o  Nine

Con t r o l Exper i  mental

P r e t e s t 33. 7 30.8

P o s t t e s t 45.9 63.9

n 22 19

A second a n a l y s i s  was per fo rmed us ing  the e n t i r e  

group o f  84 s t u d e n t s .  Here the 24 i tem p o s t t e s t  was 

p a r t i t i o n e d  i n t o  the  t h r e e  s u b t e s t s  d e s c r i b e d  i n  Table 2 

o f  the p r e v i ou s  c h a p t e r .  These s u b t e s t s  c or respond  to  the 

th ree  h e u r i s t i c s  t a u g h t  i n  the problem s o l v i n g  cou rse :  

a l g e b r a i c  symbo l i sm,  c o n t r a d i c t i o n ,  and p a t t e r n  g e n e r a t i o n .  

Mean scores on these t h r e e  s u b t e s t s  appear  i n  Table 4.

To analyze the r e l a t i o n s h i p  between t r e a t m e n t  group and 

problem s o l v i n g  s c o r e s ,  a two by t h r e e  f a c t o r i a l  a n a l y s i s  

w i t h  repeated  measures on the s u b t e s t  f a c t o r  was c a r r i e d  

out  (Wi ner ,  1962) .  The e x p er i m en t a l  group s i g n i f i c a n t l y  

ou tper f o rmed the c o n t r o l  group (F = 4 6 . 07 ,  d f  = 1 /82 ,  

p < . 0 1 ) ,  t h e r e  was a d i f f e r e n c e  i n  per formance across the 

th ree  s u b t e s t s  (F = 11 .07 ,  d f  = 2 /164 ,  p < . 0 1 ) ,  and t h e r e  

was a t r e a t m e n t  across s u b t e s t s  i n t e r a c t i o n  (F = 7 .60 ,  

d f  = 2 /164 ,  p < . 0 1 ) .  A Newman-Keuls p rocedure  was used 

to t e s t  f o r  d i f f e r e n c e s  between a l l  p o s s i b l e  s u b t e s t s  means.



I t  was found t h a t  s u b t e s t  1 ( a l g e b r a i c  symbol i sm)  scores 

were s i g n i f i c a n t l y  h i g h e r  than s u b t e s t  2 ( c o n t r a d i c t i o n )  

scores (p < .01)  and t h a t  s u b t e s t  3 ( p a t t e r n  g e n e r a t i o n )  

scores were s i g n i f i c a n t l y  h i g h e r  than s u b t e s t  2 scores 

(p < .01)  but  no s i g n i f i c a n t  d i f f e r e n c e s  e x i s t e d  between 

sub tes ts  1 and 3.

To e x p l a i n  the i n t e r a c t i o n  e f f e c t ,  t e s t s  on the 

s imple main e f f e c t s  o f  the s u b t e s t  f a c t o r  a t  each o f  the 

two t r e a t m e n t  l e v e l s  were per fo rmed.  The F r a t i o  f o r  sub­

t e s t s  a t  the c o n t r o l  l e v e l  was n o n s i g n i f i c a n t  (F = .7479,  

d f  = 1) whereas the F r a t i o  f o r  s u b t e s t s  a t  the e x p e r i ­

mental  l e v e l  was s i g n i f i c a n t  (F = 1 7 . 7 ,  d f  = 1, p < . 0 1 ) .  

This a n a l y s i s  i n d i c a t e d  t h a t  s t ud e n t s  i n  the  c o n t r o l  group 

per formed the same across a l l  t h r e e  s u b t e s t s ,  whereas 

s tuden ts  i n  the e x p er i me n t a l  group d i d  n o t .  In the e x p e r i ­

mental  g roup,  s t u d en ts  per formed bes t  on p a t t e r n  g e n e r a t i o n  

and p o or e s t  on c o n t r a d i c t i o n .

Pi f f e r e n c e s  i n A1gebra and T r i  qonometry S k i l l s

In a d d i t i o n  to  s t u d y i n g  changes i n  problem s o l v i n g  

per formance,  t h i s  s tudy  a l s o  was des igned to  t e s t  f o r  d i f ­

ferences i n  per formance on b as i c  a l g e b r a  and t r i g o n o m e t r y  

s k i l l s .  The c o n t r o l  group r e c e i v e d  a tho rough  rev iew o f  

these c on cep t s ,  whereas the e x p er i me n t a l  group rev iewed 

on ly  t hose aspects  o f  a lg e b r a  and t r i g o n o m e t r y  needed to 

so lve the problems they encoun te red .  Comparison o f  the 

scores on the a lg e b r a  and t r i g o n o m e t r y  p o s t t e s t  r ev e a l e d
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t h a t  the c o n t r o l  group d i d  s i g n i f i c a n t l y  b e t t e r  than the 

exper iment a l  group on bas i c  a l g e b r a  s k i l l s  ( t  = 2 .905 ,  

d f  = 82,  p < .001)  See Tab le  4 f o r  the mean p o s t t e s t  

scores f o r  the  a lg e b r a  and t r i g o n o m e t r y  t e s t .

Changes i n  S o r t i n g  Schemes

To ana l yze  t he  s o r t i n g  scheme d a t a ,  t he  p r e t e s t  and 

p o s t t e s t  s i m i l a r i t y  q u e s t i o n n a i r e s  were s u b je c te d  to  a 

complete l i n k  h i e r a r c h i c a l  c l u s t e r i n g  a n a l y s i s ,  a s t a t i s t i ­

cal  p rocedure  d e s c r i b e d  by Anderbery  (1973) and Huber t  and 

Baker ( 1976) .  The comple te  l i n k  method op er a t es  on a 

s i m i l a r i t y  m a t r i x  t o  produce c l u s t e r s  by s t a r t i n g  w i t h  

c l u s t e r s  c o n s i s t i n g  o f  s i n g l e  o b j e c t s  (p r ob l ems)  and f u s i n g  

c l u s t e r s  which are c l o s e s t  o r  most  s i m i l a r .  To i l l u s t r a t e  

the comple te  l i n k  c l u s t e r i n g  t e c h n iq u e  c o n s i d e r  the f o l l o w i n g  

m a t r i x  taken to  r e p r e s e n t  the s i m i l a r i t y  measures among 

f i v e  o b j e c t s .

2 3 4 5

9.0 5.0 1.0 2 .0
x 6.0 2.0 3 .0

X 7.0 6 .0
X 8 .0

X
At  s tage one o f  the  c l u s t e r i n g ,  o b j e c t s  one and two 

are fused t o  form a c l  us t e r  s i nee  9 .0  i s  the l a r g e s t  e n t r y  i n  

the m a t r i x .  The s i m i l a r i t y  between the c l u s t e r  ( 1 , 2 )  and 

the r ema i n i ng  o b j e c t s  i s  o b t a in e d  as f o l l o w s :
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s (12)3  = m i  n ( s j  g , s23 ) = 5.0

s (12)4  = min ( s 14 , s24 ) = 1.0

s ( 12)5  = min ( s 15 , S25  ̂ = 2 .0

A new s i m i l a r i t y m a t r i  x r e s u l t s :

(12) 3 4 5

(12) X 5.0 1.0 2 . 0 '

3 X 7.0 6.0
S' = 4 X 8 .0

5 X

The complete l i n k  method d i c t a t e s t h a t  t he  n ex t  c l u s t e r

should be ( 4 , 5 ) s i nc e  8 .0 i s  the 1a r g e s t e n t r y o f  S' .

Again,  new s i m i l a r i t y  measures are computed:

S(12)  (45) = mi n (Si2» s i4» s 15 ’ s24 » s 25^ ^ ^

S(45)  3 = min ( s34 5 s35^ = 6 .0

These new s i m i l a r i t y  measures can be used t o  c r e a t e  S"

(12) 3 (45)

(12) X 5.0 1.0

S" = 3 X 6.0

(45) X

The l a r g e s t  e n t r y  i s  now 6 . 0 ,  hence the  nex t  c l u s t e r  i s  

( 3 , 4 , 5 ) .  So the  comple te  l i n k  c l u s t e r i n g  scheme f o r  t he  

given m a t r i x  i s :



Level 0 (1) (2) (3 )  (4)  (5)
Level 1 (1 . 2) (3 )  (4)  (5)
Level 2 (1 , 2) (3)  ( 4 ,  5)
Level 3 (1 , 2) ( 3 ,  4 ,  5)
Level 4 (1 , 2, 3, 4,  5)

The r eader  shou l d  be aware o f  the f a c t  t h a t  the 

complete l i n k  method used here i s  b u t  one o f  s e ve r a l  w i d e l y  

used c l u s t e r i n g  procedures  t h a t  o p e r a t e  on a s i m i l a r i t y  

m a t r i x  to  y i e l d  a h i e r a r c h i c a l  p a r t i t i o n  o f  a s e t  o f  

o b j e c t s .  These procedures  d i f f e r  w i t h  r e s p e c t  t o  the 

manner i n  which they  d e f i n e  the d i s t a n c e  between an o b j e c t  

and a group c o n t a i n i n g  s ev e ra l  o b j e c t s ,  o r  between two 

groups o f  o b j e c t s .  In a d d i t i o n  to  the  complete l i n k  method 

o t h e r  w e l l  known methods i n c l u d e  the  s i n g l e  l i n k  method,  

the c e n t r o i d  method,  the median method,  the group average 

method, Ward's method and the s i mp l e  average method. 

Cunningham and O g i l v i e  (1971)  compared the  seven h i e r a r c h i ­

cal  g roup i ng  t e ch n i qu es  ment ioned above on f o u r  a r t i f i c i a l ­

l y  c o n s t r u c t e d  data s e t s .  They computed the rank c o r r e ­

l a t i o n  ( K e n d a l l ' s  t a u )  between the  e lements  o f  the g iven 

d is t an ce  m a t r i x  d . .  and t he  o u t p u t  d i s t a n c e  d . . *  taken
• J  ' J

as the v a lue  a s s o c i a t e d  w i t h  t he  p a r t i t i o n  i n  which i and j  

f i r s t  appear  i n  the same su bs e t .  These a u t ho rs  found t h a t  

f o r  most data se ts  the group average method and the  complete 

l i n k  method were a t  l e a s t  as good a g roup i ng  method as any 

o t h e r  and t h a t  the s i n g l e  l i n k  method was the most dependent  

on the t ype  o f  i n p u t  d a t a ,  Based on the  r e s u l t s  o f  t h i s



r e p o r t ,  i t  was dec ided t o  ana l yze  the  problem s o l v i n g  

q u e s t i o n n a i r e s  us ing  the  comple te  l i n k  method.

Tables 7,  8 and 9 g i v e  the  s i m i l a r i t y  m a t r i c e s  

t h a t  were used in  t he  comple te  l i n k  a n a l y se s .  Reca l l  t h a t  

the problem s i m i l a r i t y  q u e s t i o n n a i r e  r e q u i r e d  s t u d e n t s  to  

compare i tems one to n ine  on the problem s o l v i n g  t e s t  f o r  

a t o t a l  o f  36 compar isons and s i m i l a r i t y  measurements were 

ob ta ined  by measur ing the  d i s t a n c e  f rom the end o f  t he  l i n e  

to the s l as h  mark on a co n t i nu o us  s i m i l a r i t y  s c a l e .  Each 

e n t r y  i n  the  s i m i l a r i t y  m a t r i x  i s  t he  average s i m i l a r i t y  

r a t i n g  over  a l l  s t ud e n t s  i n  t h a t  group.  The comple te  l i n k  

c l u s t e r i n g  r e s u l t s  f o r  these s i m i l a r i t y  m a t r i c e s  are 

given i n  Tables  10,  11 and 12.
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Table 7

S i m i l a r i t y  Rat i ngs  Der i ved  f rom the P r e t e s t  Problem S o l v i n g  
Q u e s t i o n n a i r e - (Both Groups Combined n = 41)

Problem Number
Problem 1 2 2 4 5 6 7 8 9
Number ■ 

1 3.46 7.53 4.88 8. 18 5.07 7.17 8.07 4.92

2 3.92 3.23 4.67 4.56 6.01 4.57 3.86

3 - 4.01 9.88 4.14 9.03 11.46 6.80

4 - 3.50 10.43 3. 78 3.72 3.45

5 - 3.32 10.68 8.03 5.38

6 - 3.47 3. 58 3. 32

7 7.16 5.77

8 - 7.51

9

Table 8

S i m i l a r i t y  Rat ings  Der i ved  f rom the P o s t t e s t  Problem S o l v i n g  
Q u e s t i o n n a i r e  ( C o n t r o l  group o n l y ,  n = 47)

Problem Number
rroDiem 
Number 1 2 3 4 5 6 7 8 9

1 - 3.29 7.02 4. 00 5.69 5. 12 5.72 6.40 4.20
2 - 3.91 3.95 4.69 3. 55 5. 18 4.35 3. 39
3 - 3. 19 8.87 3.61 7.90 9. 66 6.60
4 - 3. 59 9.95 3.84 3. 32 3. 36
5 - 3.32 9.38 8.52 6.11
6 - 3. 32 3.41 3. 56

7 - 7.56 6. 33

8 - 8.91
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Table  9

S i m i l a r i t y  Rat i ngs  Der i ved  f rom t he  P o s t t e s t  Problem S o l v i n g  
Q u e s t i o n n a i r e  ( E xp er im en ta l  Group o n l y ,  n = 37)

Problem 
Number

1 2
Problem Number 

3 4 5 6 7 8 9

1 - 2.93 8. 52 3.98 5.99 3.94 6.44 5.81 3.61

2 - 2. 93 2.69 3.41 2. 74 3.49 3. 75 2. 64

3 - 2.69 7.46 3.14 8.43 7.91 4.46

4 - 2.90 10.13 3.83 3.27 3. 02

5 - 2.92 8.09 6.77 4.09

6 - 2.82 2.85 2.74

7 - 7.11 4.98

8 .. 5.29

Table 10

Complete L in k  C l u s t e r i n g  f o r  t he  P r e t e s t  S i m i l a r i t y  M a t r i x

Level  C l u s t e r s  Generated

1 ( 3 , 8 )
2 ( 3 , 8 )  ( 5 , 7 )
3 ( 3 , 8 )  ( 5 , 7 )  ( 4 , 6 )
4 ( 3 , 5 , 7 , 8 )  ( 4 , 6 )
5 ( 1 , 3 , 5 , 7 , 8 )  ( 4 , 6 )
6 ( 1 , 3 , 5 , 7 , 8 , 9 )  ( 4 , 6 )

7 ( 1 , 2 , 3 , 5 , 7 , 8 , 9 )  ( 4 , 6 )
8 ( 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 )
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Table  11

Complete L ink  C l u s t e r i n g  f o r  Co n t r o l  Group P o s t t e s t  
S i m i l a r i t y  M a t r i x

Level C l u s t e r s  Generated

1 ( 4 , 6 )
2 ( 4 , 6 ) ( 3 , 8 )
3 ( 4 , 6 ) ( 3 , 8 )  ( 5 , 7 )
4 ( 4 , 6 ) ( 3 , 5 , 7 , 8 )
5 ( 4 , 6 ) ( 3 , 5 , 7 , 8 , 9 )
6 ( 4 , 6 ) ( 1 , 3 , 5 , 7 , 8 , 9 )
7 ( 2 , 4 , 6) ( 1 , 3 , 5 , 7 , 8 , 9 )
8 ( 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 )

Tab le  12

Complete L in k  C l u s t e r i n g  f o r  Exper imenta l  Group P o s t t e s t  
S i m i l a r i t y  M a t r i x

Level C l u s t e r s  Generated

1 ( 4 , 6 )
2 ( 4 , 6 )  ( 1 , 3 )
3 ( 4 , 6 )  ( 1 , 3 )  ( 5 , 7 )
4 ( 4 , 6 )  ( 1 , 3 )  ( 5 , 7 , 8 )
5 ( 4 , 6 )  ( 1 , 3 , 5 , 7 , 8 )
6 ( 4 , 6 )  ( 1 , 3 , 5 , 7 , 8 , 9 )
7 ( 1 , 3 , 4 , 5 , 6 , 7 , 8 , 9 )  (2)
8 ( 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 )
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An e x ami na t i on  o f  the p r e t e s t  c l u s t e r s  (Tab le  10) 

r evea l s  many i n s t a n c e s  o f  c o n t e x t u a l  s o r t i n g .  The f i r s t  

t h r ee  c l u s t e r s  g ene r a t ed ,  c l u s t e r s  ( 3 , 8 ) ,  ( 5 , 7 ) ,  and ( 4 , 6 ) ,  

are a l l  based on c o n t e x t u a l  cues.  Problems 3 and 8 both 

p resen t  a number s e r i e s ,  y e t  the h e u r i s t i c  bes t  used to 

so lve  problem 3 i s  p a t t e r n  g e ne r a t i on  and the  h e u r i s t i c  

best  used to  s o l v e  problem 8 i s  a l g e b r a i c  symbol i sm.

Problems 5 and 7 are s h o r t  " a l g e b r a  word p r o b l e m s , "  but  

problem 5 i s  c l a s s i f i e d  h e u r i s t i c a l l y  as a problem so l ved  

by c o n t r a d i c t i o n  and problem 7 i s  a problem so l ved  by 

p a t t e r n  g e n e r a t i o n .  The c l e a r e s t  i n d i c a t i o n  o f  c o n t e x t u a l  

s o r t i n g  on the p r e t e s t  i s  the c l u s t e r  ( 4 , 6 ) .  Both problems

4 and 6 d e p i c t  a t r i a n g l e .  Problem 4 i s  bes t  s o l ved

a l g e b r a i c a l l y  and problem 6 by c o n t r a d i c t i o n .

The same remarks app ly  to  the p o s t t e s t  c l u s t e r s  f o r  

the c o n t r o l  group (Tab le  11) s i n c e  the c l u s t e r s  t h a t  appear  

in l e v e l  3 are the same as those t h a t  appeared on the  p r e ­

t e s t .  Only the o r d e r  in which the  c l u s t e r s  are genera ted  

i s  d i f f e r e n t .  On the p o s t t e s t ,  c o n t r o l  s t ud e n t s  found 

problems 4 and 6 to  be the most s i m i l a r  as opposed to

problems 3 and 8 on the p r e t e s t .

A d i f f e r e n t  l e v e l  3 c l u s t e r i n g  scheme can be o b s e r v ­

ed in  the e x pe r i me n t a l  p o s t t e s t  g ro up i ng s .  Again we f i n d  

the c l u s t e r s  ( 4 , 6 )  and ( 5 , 7 ) ,  both c o n t e x t u a l  i n  n a t u r e ,  

but  i n s t e a d  o f  problems 3 and 8 being grouped t o g e t h e r ,  we 

have i n s t e a d  the c l u s t e r  ( 1 , 3 ) .  This  i s  i n t e r e s t i n g  s i nc e
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problem 1 dea ls  w i t h  d e t e r m i n i n g  the  maximum number o f  

r e g i on s  i n t o  which ten l i n e s  d i v i d e  a t r i a n g l e  and problem 

3 i s  a number s e r i e s  - the  c o n t e x t u a l  cues appear  to  be 

very  weak. Fur thermore  both problems are examples o f  the  

h e u r i s t i c  o f  p a t t e r n  g e n e r a t i o n .  So whereas no ev idence 

o f  h e u r i s t i c  s o r t i n g  cou ld  be observed in  t he  l e v e l  3 

c l u s t e r i n g s  o f  t he  p r e t e s t  o r  c o n t r o l  g r oup s ,  a c l u s t e r  d id  

a r i s e  i n  t he  l e v e l  3 g r oup in g  o f  t he  e x p er i m en t a l  group 

t h a t  was h e u r i s t i c  i n  n a t u r e .

Look ing a t  l e v e l  6,  no d i f f e r e n c e s  e i t h e r  between 

the two p o s t t e s t  groups o r  between the  p r e t e s t  and t he  

p o s t t e s t  groups are o b s e r v a b l e .  The l e v e l  6 c l u s t e r s  a r e :  

(1,  3, 5, 7,  8,  9 ) ;  ( 4 ,  6 ) ;  ( 2 ) .  A p o s s i b l e  e x p l a n a t i o n  

f o r  t he  c l u s t e r  ( 1 ,  3,  5, 7,  8,  9) i s  t h a t  none o f  t he  

problems in  t h a t  c l u s t e r  are t r a d i t i o n a l  " a l g e b r a  word 

p r ob le ms . "  Even though problem number 8 can be so lved 

a l g e b r a i c a l l y ,  i t  i s  no t  o f  t he  t ype  t y p i c a l l y  encountered  

in h igh school  a lg e b r a  t e x t s  and as a r e s u l t  may not  be 

th ough t  o f  as an a lg e b r a  problem.  Problems 2 and 4 remain 

o u t s i d e  the  c l u s t e r  perhaps because th ey  are r e c o g n i z a b l e  

as problems f a m i l i a r  t o  the  s u b j e c t s  f rom p r e v i o u s  a l g e b r a  

c o u r s e s .

Hence the  comple te  l i n k  ana l yses  p resen ted  here 

i n d i c a t e s  t h a t  w i t h  the  e x c e p t i o n  o f  one h e u r i s t i c  c l u s t e r  

observed i n  t he  s o r t i n g  scheme o f  t he  e x pe r i me n t a l  g roup ,  

s u b j e c t s  were no t  o v e r l y  a t t e n t i v e  to  h e u r i s t i c  cues and
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tenden to s o r t  more on the  b as i s  o f  c o n t e x t u a l  cues.

As a f i n a l  compar ison o f  the t h r e e  se ts  o f  c l u s t e r s  

generated by the p r e t e s t  and p o s t t e s t  s i m i l a r i t y  q u e s t i o n ­

n a i r e s ,  the  Spearman c o r r e l a t i o n  c o e f f i c i e n t s  (Tab le  13) 

r e l a t i n g  the t h r e e  s i m i l a r i t y  m a t r i c es  (Tab les  7, 8 and 9) 

were computed.  The s i g n i f i c a n c e  o f  each o f  the t h r e e  

c o r r e l a t i o n  c o e f f i c i e n t s  i n d i c a t e s  t h a t  few,  i f  any,  r e a l  

d i f f e r e n c e s  i n  s o r t i n g  schemes oc cu r r ed  as a r e s u l t  o f  the 

problem s o l v i n g  course .

Table 13

Spearman C o r r e l a t i o n  C o e f f i c i e n t s  f o r  t he  P r e t e s t  and P o s t ­
t e s t  S i m i l a r i t y  M a t r i c es

Mi m2 M3

M1 1.0000 0.8975* 0 .9040*

m2 1.0000 0.8940*

M3 1.0000

*p < .001

M̂  = P r e t e s t  S i m i l a r i t y  M a t r i x  (Tab le  7) .

M2 = Co n t r o l  P o s t t e s t  S i m i l a r i t y  M a t r i x  (Tab le  8 ) .

M̂  = Exper imen ta l  P o s t t e s t  S i m i l a r i t y  M a t r i x  (Table 9 ) .
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H e u r i s t i c  S o r t i n g  and Problem S o l v i n g  Per formance

The c l u s t e r s  t h a t  would have a r i s e n  i f  the s tu d e n t s  

had s o r t e d  p u r e l y  h e u r i s t i c a l l y  are ( 1 ,  3, 7 ) ,  (2 ,  4,  8 ) ,  

and (5 ,  6,  9 ) .  To t e s t  whether  o r  no t  a tendency to  s o r t  

h e u r i s t i c a l l y  i s  r e l a t e d  to  problem s o l v i n g  per fo rmance each 

s tud en t  i n  t he  s tudy  was ass igned a h e u r i s t i c  s o r t i n g  score  

on the bas i s  o f  t he  problem s o r t i n g  q u e s t i o n n a i r e .  Th i s  

score was computed by t a k i n g  the  mean s i m i l a r i t y  r a t i n g  

f o r  a l l  p a i r s  o f  problems t h a t  were r e l a t e d  h e u r i s t i c a l l y  

and s u b t r a c t i n g  t he  mean s i m i l a r i t y  r a t i n g  f o r  a l l  p a i r s  

o f  problems t h a t  were no t  r e l a t e d  h e u r i s t i c a l l y .  As a 

r e s u l t  the h i g h e r  the h e u r i s t i c  s o r t i n g  s c o r e ,  t he  more the  

s tuden t  tended to r e c o gn i z e  h e u r i s t i c  cues as opposed t o  

n o n h e u r i s t i c  cues.  Next  a s i mp l e  l i n e a r  r e g r e s s i o n  a n a l y s i s  

was done to  r e l a t e  problem s o l v i n g  per fo rmance (as measured 

by the p o s t t e s t  i n problem s o l v i n g )  and h e u r i s t i c  s o r t i n g  

(as measured by the  h e u r i s t i c  s o r t i n g  s c o r e ) .  These 

s o r t i n g  s c o r es ,  t o g e t h e r  w i t h  the  comple te  se t  o f  data on 

each s t u d e n t ,  appear  i n  Appendix B. The r e g r e s s i o n  a n a l y s i s  

gave a c o r r e l a t i o n  c o e f f i c i e n t  r  = .204 (p < .04)  

i n d i c a t i n g  t h a t  h e u r i s t i c  s o r t i n g  and problem s o l v i n g  

per formance are c o r r e l a t e d  p o s i t i v e l y .  The s c a t t e r  d iagram 

f o r  t h i s  a n a l y s i s  i s  g i ven  i n  F i g u r e  1.
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A n a l y s i s  o f  t he  Ab11i t y  Tes t  Data

The f i v e  a b i l i t y  t e s t s  a d m i n i s t e r e d  to  both groups 

o f  s t ud e n t s  a t  the b eg i nn in g  o f  t he  s tudy  were s u b j ec te d  

to a p r i n c i p a l  components f a c t o r  a n a l y s i s .  Two f a c t o r s  

were i s o l a t e d  a c c o un t i n g  f o r  72% and 28% o f  the t o t a l  

v a r i a b i l i t y .  A var imax o r t ho go n a l  r o t a t i o n  was per formed 

next  t o  p r o v i d e  a t h e o r e t i c a l  d e f i n i t i o n  f o r  the two i o s -  

l a t e d  f a c t o r s .  The r o t a t e d  f a c t o r  m a t r i x  appears in Tab le  

14. Th i s  a n a l y s i s  i n d i c a t e d  t h a t  the Hidden F i gu res  T e s t ,  

the D ec i ph e r i ng  Languages Tes t  and the  T o o th p ic ks  Tes t  a l l  

loaded h igh on f a c o t r  1 whereas o n l y  t he  Scrambled Words 

Test  l oaded h igh on f a c t o r  2. The Nonsense S y l l o g i s m  Test  

has e s s e n t i a l l y  a zero l o a d i n g  on f a c t o r  2 and a low l o a d i n g  

on f a c t o r  1. In f a c t ,  t he  communal i t y  o f  o n l y  0.0806 i n d i ­

cated t h a t  o n l y  e i g h t  p e rc en t  o f  t he  v a r i a b i l i t y  i n  the 

Nonsense S y l l o g i s m  Test  scores was accounted f o r  by f a c t o r s  

1 and 2. F ac t o r  1 was l a b e l l e d  D isembedd i ng- Log ica l  

Reasoning and f a c t o r  2 was l a b e l l e d  S e ma n t i c - D i v e r g e n t  

T h i n k i n g .  The Hidden F i g u r e s ,  D e c i p he r i n g  Languages,  and 

Too thp i ck s  Tes ts  a l l  demand t h a t  t he  s u b j e c t  be ab le  to 

l o c a t e  e i t h e r  a f i g u r e  o r  symbol in a complex p a t t e r n  and 

then dec ide  how t h a t  f i g u r e  or  symbol i s  t o  be used to 

answer the  q u e s t i o n .  Since the Hidden F i gu res  Tes t  loads 

h i g h e s t  on f a c t o r  1, i t  i s  f e l t  t h a t  the  d isembedding 

aspect  i s  t he  most i m p o r t a n t  d e s c r i p t o r  o f  t h i s  f a c t o r .

Note t h a t  t he  Nonsense S y l l o g i s m  Test  has a l o a d i n g  o f
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0 „ 28206-' oni f a c t o r  1,  i n d i c a t i n g  t h a t  l o g i c a l  reason i ng  

has some p lace  i n  t he  d e f i n i t i o n  o f  t h i s  f a c t o r  but  i t  i s  

not  n e a r l y  as i m p o r t a n t  as the d isembedding a sp ec t .  Fa c to r  

2 was l a b e l l e d  Semant ic D i v e r g e n t  T h i n k i n g  s i nc e  t he  o n l y  

t e s t  t h a t  l oaded h igh  on f a c t o r  2 was the  Scrambled Words 

Tes t .  Since each o f  the words p resen ted  in  t h i s  t e s t  was 

s h o r t  ( f i v e  t o  seven l e t t e r s ) ,  d i v e r g e n t  p r o d u c t i o n  o f  

l e t t e r  c o mb in a t i o ns  would y i e l d  t he  s o l u t i o n  to  each 

problem r a t h e r  q u i c k l y .  The o n l y  o t h e r  t e s t  w i t h  a s i g n i f i  

cant  l o a d i n g  on f a c t o r  2 was t h e  Hidden F i gu re s  T e s t .  Here 

too ,  d i v e r g e n t  p r o d u c t i o n  o f  p o s s i b l e  l o c a t i o n s  f o r  the 

t o - b e - f o u n d  f i g u r e  would y i e l d  a s o l u t i o n .

Tab le  14

Var imax Rotated Fa c to r  M a t r i x  f o r  A b i l i t y
Tes t  Data

A b i l i t y  Test  Fa c to r  1 F ac t o r  2 Communal i ty

Scrambled Words 0.06572 0.78120 0.61459

Hidden F i gu res 0.65457 0.37928 0.57232

Dec i p he r i  ng 
Languages

0.54601 0.22981 0.35084

Nonsense S y l l o g i s m 0.28206 0.03234 0.08060

Toothpi  c ks 0.53963 -0 .06989 0.29609
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The next  s tep  i n  t he  a n a l y s i s  was t o  compute f a c t o r  

scores f o r  each s t u d e n t  to  r e p r e s e n t  t h e i r  s t r e n g t h  on 

both o f  the  f a c t o r s  and then use these f a c t o r  scores  to 

form homogeneous subgroups o f  s tu d e n t s  w i t h  s i m i l a r  p r o f i l e s  

on both f a c t o r s  1 and 2. Ward's h i e r a r c h i c a l  c l u s t e r i n g  

a n a l y s i s  was the  method used t o  form such groups 

( Anderbery ,  1973) .

Ward's method,  a n o t h e r  o f  the  h i e r a r c h i c a l  g r oup i ng  

p rocedur es ,  s t a r t s  w i t h  n o b j e c t s  measured on p o r th ogo na l  

v a r i a b l e s .  I n i t i a l l y  each o f  t he  n o b j e c t s  i s  i t s  own 

c l u s t e r .  At  each f u r t h e r  s tage o f  the a n a l y s i s ,  t he  e r r o r  

sum o f  squares (ESS),  d e f i n e d  to  be the  t o t a l  sum o f  

squared d e v i a t i o n s  o f  ever y  p o i n t  f rom the  mean o f  t he  

c l u s t e r  to  which i t  be lo ng s ,  i s  s p e c i f i e d  and c l u s t e r s  

are fused so as to  c r e a t e  t he  minimum i n c r e a s e  i n  t he  ESS.

I t  i s  i m p o r t a n t  to  note  t h a t  t he  v a r i a b l e s  t h a t  one uses 

as the  bas i s  f o r  Ward's method must be o r th o g o n a l  and i t  

was to  t h i s  end t h a t  a var imax ( o r t h o g o n a l )  f a c t o r  a n a l y s i s  

o f  t he  f i v e  a b i l i t y  t e s t s  was per fo rmed.  I t  would have 

been improper  t o  form c l u s t e r s  o f  s tu d e n t s  w i t h  r e s p e c t  

to f i v e  nonor thogona l  measures o f  a b i l i t y ,  however ,  the 

two d e r i v e d  a b i l i t y  f a c t o r s  i s o l a t e d  in t h i s  s e c t i o n  are 

a p p r o p r i a t e  v a r i a b l e s  on which to c l u s t e r  s tu d e n t s  us ing 

Ward's p r ocedur e.  The r eader  i n t e r e s t e d  in r e p o r t s  concerned 

w i t h  t he  goodness o f  f i t  o f  Ward's p rocedure  i s  r e f e r r e d  

to Cunningham and O g i l v i e  (1971)  as we l l  as to  Gross (1972) .
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Both s t u d i e s  i n d i c a t e  t h a t  Ward's p rocedure  can be used 

w i t h  c o n f i d e n c e .

Ward's p rocedure  was c a r r i e d  ou t  on t he  i n d i v i d u a l  

f a c t o r  scores o f  each s t u d e n t  and a d e c i s i o n  was made to  

per form the  a n a l y s i s  o f  a b i l i t y  p r o f i l e s  a t  t h e  s tage where 

f o u r  groups o f  s tu d e n t s  had been s p e c i f i e d .  Th i s  d e c i s i o n  

was based on an a n a l y s i s  o f  the ESS genera ted  a t  each 

stage o f  t he  c l u s t e r i n g .  As each new group i s  formed t h i s  

ESS i n c r e a s e s .  In t h i s  s t u d y ,  f i v e  groups gave an ESS = 

7 .1802,  f o u r  groups gave an ESS = 8.9332 and t h r e e  groups 

gave an ESS = 15.4490.  Since o n l y  a smal l  i n c r e a s e  in  the  

ESS o cc u r r ed  as a r e s u l t  o f  c r e a t i n g  f o u r  groups whereas 

a much l a r g e r  i nc r e a s e  in  t he  ESS o c cu r r ed  when t h r e e  

groups were c r e a t e d ,  i t  was dec ided t o  use f o u r  groups o f  

s tuden ts  i n  f u r t h e r  a n a l y se s .  Average f a c t o r  scores on 

each o f  f a c t o r s  1 and 2 were computed f o r  each o f  t he  f o u r  

groups as w e l l  as 95% c o n f i d e n c e  i n t e r v a l s  f o r  each o f  

these mean sco r es .  These scores appear  i n  Tab le  15.



70

Tab le  15

Mean Scores and 95% Conf idence I n t e r v a l s  on F a c t o r  1 and 
Factor  2 f o r  the  Four Groups o f  S tuden ts  Given by Ward's

H i e r a r c h i c a l  C l u s t e r i n g

n Fa c t o r  1 F a c t o r  2

x = 9.19 x = 35.64
Group 1 35 8.08 < y < 10.31 34.7 < y < 36.6

x = 1.64 x = 28.24
Group 2 16

0.21 < y < 3.10 26.9 < y < 29.6

x = 0.27 x = 34.44
Group 3 29

- 0 . 4 0  < y < 0.95 3 3 . 8 <  p < 35.1

x = 5.03 x = 16.09
Group 4 4

- 1 . 1 0  < y < ' 11.10 12.5 < y < 19.7

Group 4 p r o v id e s  l i t t l e  i n f o r m a t i o n  s i nc e  the  sample 

s i ze  i s  o n l y  4. As a r e s u l t  i t  i s  i m p o s s i b l e  t o  d i s c r i m i ­

nate members o f  group 4 on the bas i s  o f  f a c t o r  1, however ,

even g i ven  such a smal l  sample s i z e  i t  can be de te r mined

t h a t  group 4 s tu d e n t s  do s i g n i f i c a n t l y  worse on f a c t o r  2 

than do members o f  groups 1, 2 or  3. U n f o r t u n a t e l y ,  a l l

members o f  group 4- were i n  the e x p er i me n t a l  group and f o r

t h i s  reason t h e y  .were dropped f rom the  a n a l y s i s  compar ing 

the problem s o l v i n g  per formance o f  s tu d e n t s  i n  e x p er i m en t a l  

and c o n t r o l  g roups .  Comparing groups 1, 2 and 3 the  f o l ­

l owing  o b s e r v a t i o n s  can be made:



71

1. Group 1 s tu d e n t s  do s i g n i f i c a n t l y  b e t t e r  than group 2 

s tuden ts  on both f a c t o r s  1 and 2.

2. Group 1 s tu d e n t s  do s i g n i f i c a n t l y  b e t t e r  than group 3 

s tuden ts  on f a c t o r  1 but  not  f a c t o r  2.

3. Group 3 s t u d e n t s  do s i g n i f i c a n t l y  b e t t e r  than group 2 

s tuden ts  on f a c t o r  2 but  not  f a c t o r  1.

The ne x t  s tage o f  the  a n a l y s i s  i s  to  d e te r mine  

which o f  the  t h r e e  groups o f  s tud en ts  b e n e f i t e d  f rom the 

problem s o l v i n g  course and which d id  n o t .  To t h i s  end 

a 3 x 2 x 3 ( s t u d e n t  p r o f i l e  group x t r e a t m e n t  group x 

problem s o l v i n g  s u b t e s t )  a n a l y s i s  o f  v a r i a n c e  w i t h  r e ­

peated measures on t he  t h i r d  f a c t o r  was per fo rmed.

The a n a l y s i s  i s  g i ven  in Tab le  16 and as noted 

e a r l i e r  i t  was per formed on o n l y  80 o f  the 84 s t ud e n t s  

i nv o l v e d  in  t he  s tudy  and on o n l y  t h r e e  o f  the f o u r  sub­

groups i s o l a t e d  by t he  Ward 's  a n a l y s i s .  R esu l t s  

i nc l u d e  the  f o l l o w i n g :

1. The s t u d e n t  p r o f i l e  group i s  not  a s i g n i f i c a n t  main 

e f f e c t .

2. There i s  no s i g n i f i c a n t  i n t e r a c t i o n  between s tu d e n t  

p r o f i l e  group and t r e a t m e n t  group.

3. There i s  no s i g n i f i c a n t  i n t e r a c t i o n  between s tu d e n t  

p r o f i l e  group and problem s o l v i n g  s u b t e s t .

4. There i s  a s i g n i f i c a n t  t h r e e  f a c t o r  i n t e r a c t i o n  amongst 

t r e a t m e n t  g roup ,  s t u d e n t  p r o f i l e  g roup,and problem 

s o l v i n g  s u b t e s t .
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As was the case i n  t he  a n a l y s i s  p resen ted  in  the  second 

s e c t i o n  o f  t h i s  c h a p t e r ,  problem s o l v i n g  s u b t e s t ,  t r e a t s  

ment group and t r e a t m e n t  group c r oss  problem s o l v i n g  

s u b t e s t  e f f e c t s  a re  a l l  s i g n i f i c a n t .  The r e ade r  i s  

r e f e r r e d  t o  t he  p r e v i o u s  s e c t i o n  on Changes i n  Problem 

S o lv in g  Per formance f o r  an i n t e r p r e t a t i o n  o f  t hese 

s i g n i f i c a n t  d i f f e r e n c e s  (See Tab le  16) .

To f u r t h e r  i n v e s t i g a t e  the  t h r e e  way i n t e r a c t i o n  

uncovered he r e ,  a t h r e e  way summing over  t a b l e  was 

c o n s t r u c t e d  w i t h  e n t r i e s  r e p r e s e n t i n g  the  mean scores o f  

each group o f  s t u d e n t s  on the  t h r e e  s u b t e s t s  o f  t he  problem 

s o l v i n g  p o s t t e s t .  The summing o v e r . t a b l e  i s  p resen ted  i n  

Table 17. Tes ts  on the  s i m p l e - s i m p l e  main e f f e c t s  o f  t he  

t r e a t m e n t  f a c t o r  a t  each o f  t he  n ine  l e v e l s  o f  p r o f i l e  

group c ross  s u b t e s t  were pe r fo r med ,  The F r a t i o s  f o r  these 

t e s t s  are g i ven  in  Tab le  18.

Combining the  ana l yses  g iyen  i n  Tab le  18 w i t h  the 

summing over  t a b l e  g i ven  i n  Tab le  17,  the  f o l l o w i n g  conclu-r  

s ions can be drawn about  each o f  t he  t h r e e  p r o f i l e  g roups.  

P r o f i l e  Group 1; No s i g n i f i c a n t  d i f f e r e n c e s  i n  per formance 

e x i s t s  between e x p er i m en t a l  and c o n t r o l  group s t u d e n t s  on 

s u b t e s t  2. On s u b t e s t s  1 and 3,  however ,  t he  e x per i me nt a l  

group o u t pe r f o r me d the  c o n t r o l  group (p < .05 and p < . 01 ,  

r e s p e c t i  v e l y ) .

P r o f i l e  Group 2;No s i g n i f i c a n t  d i f f e r e n c e s  i n  per formance 

e x i s t  between e x p er i m en t a l  and c o n t r o l  groups on any o f  the



Tab!e 16
Treatment  (T) versus  Studen t  P r o f i l e  Group (G) versus  Problem S o l v i n g  S u b t e s t  (S) 
A n a l y s i s  o f  Va r iance  w i t h  Repeated Measures on Problem S o l v i n g  S u b t e s t  (S)

Source o f  V a r i a t i o n Sum o f  Squares D.F. Mean Squares F

Between S ub je c t s 93153.6291 79
G 3314.1743 2 1657.0872 1.97
T 26356.9218 1 26356.9218 3 1 . 3 7 * * *

G x T 1312.1942 2 656.0971 .78
S u b j ec ts  w i t h i n 62170.3388 74 840.1397
groups

W i t h i n  S u b j ec ts 52261.6667 160

S 5595.1583 2 2792.5792 1 0 . 7 9 * *
G x S 810.8346 4 202.7987 .77
T x S 3885.7512 2 1942.8761 7 . 4 3 * *

T x S x G 3257.2830 4 814.3208 3.11 *

S x s u b j e c t s 38712.6387 148 261.5719
w i t h i n  groups

*p < .05, * * p  < . 01 ,  * * * p  < .001
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th re e  s u b t e s t s ,

P r o f i l e  Group 3: P r o f i l e  group 3 s tu d e n t s  e x f t t b i t  s t a t i s t i ­

c a l l y  s i g n i f i c a n t  d i f f e r e n c e s  between e-xpertmental  and 

c o n t r o l  groups across  a l l  t h r e e  s u b t e s t s ,  Tt lat  i s  students-  

e n r o l l e d  i n  the  course i n  h e u r i s t i c  problem s o l v i n g  d id  

s i g n i f i c a n t l y  b e t t e r  than c o n t r o l  s t u d en ts  on a l l  t h r e e  

s u b t e s t s .

Table 17

Mean Scores on the  Su b te s ts  o f  the Problem S o l v in g  P o s t t e s t  
f o r  the Three Student  P r o f i l e  Groups and the  Two Treatment

Groups

Sub te s t  1 Sub tes t  2 S ub te s t  :

P r o f i 1e Group 1 Con t ro l 51.2 51.7 42.9
Exper imenta l 66.1 58.1 86.4

P r o f i 1e Group 2 C on t ro l 52.6 41.3 57.4
Exper imenta l 63.9 46.9 64.3

Con t ro l 41.9 35.4 44.7
P r o f i 1e Group 3 Exper imenta l 73.9 55.7 74.9
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Tab le  18

F Rat ios  f o r  t he  S i m p l e - S i m p l e  Main E f f e c t s  o f  Trea tment  
Group a t  P r o f i l e  Group Cross Subt .ests

P r o f i 1e Group x Sub tes t F

Group 1 X Su b t es t 1 4 . 2 4 *

Group 1 X Su bt es t 2 0.78

Group 1 X S u b t e s t 3 3 6 . 1 7 * *

Group 2 X S u b t e s t 1 1.11

Group 2 X S u b t e s t 2 0.27

Group 2 X S ub te s t 3 0.37

Group 3 X S ub te s t 1 1 4 . 7 6 * *

Group 3 X S ub te s t 2 5 .94*

Group 3 X Su b t e s t 3 1 3 . 1 5 * *

*p < . 05i,

As

* * p  <

a f i n a l

.01

way o f  examin ing the  r a t h e r  complex

t h r e e  f a c t o r  i n t e r a c t i o n  encoun te red  here t he  p r o f i l e  o f  

means f o r  each o f  the  t h r e e  s t u d e n t  p r o f i l e  groups i s  de­

p i c t e d  i n  F ig u r e  2.

The summary s t a t i s t i c s  f o r  the f o u r  s tu d e n t s  t h a t  

compr ised group 4 are g i v en  below.  Reca l l  t h a t  these  

s tud en ts  were a l l  i n  t he  e x pe r i m e n t a l  g roup.  On s u b t e s t  1 

scores were 91 , 100,  82 and 8 2 , y i e l d i n g  an average score  o f  

89. On s u b t e s t  2 scores  were 43,  71,  43, and 43 g i v i n g  an 

average score  o f  50. On s u b t e s t  3 scores  were 100,  100,
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100, and 83 f o r  an average o f  96. The mean scores f o r  

the o t h e r  33 s tu d e n t s  i n  the  e x p er i m e n t a l  group were 68,

55, and 78, r e s p e c t i v e l y .  So these f o u r  s t u d e n t s  per formed 

b e t t e r  than average (as compared to  o t h e r  s tu d e n t s  i n  the  

exper iment a l  group)  on s u b t e s t s  1 and 3 and a p p r o x i m a t e l y  

the same on s u b t e s t  2.

R e l a t i o n s h i p  Between A b i l i t y  P r o f i 1es and S o r t i n g
Schemes

The l a s t  q u e s t i o n  addressed i n  t h i s  s tudy  

i n vo l v e d  the  r e l a t i o n s h i p  between s t u d e n t  a b i l i t y  p r o f i l e s  

and s o r t i n g  scheme usage.  That  i s ,  do c e r t a i n  a b i l i t y  

p r o f i l e s  t ypes  tend t o  s o r t  more h e u r i s t i c a l l y  than o t h e r  

p r o f i l e  t ypes? To answer t h i s  q u e s t i o n  a two f a c t o r  

a n a l y s i s  o f  v a r i a n c e  was per formed w i t h  t r e a t m e n t  group 

and a b i l i t y  p r o f i l e  group as the  i ndependent  v a r i a b l e s  and 

the d e r i v e d  h e u r i s t i c  s o r t i n g  score  as the dependent  

v a r i a b l e .  Ag a in ,  s i nc e  p r o f i l e  group 4 c o n s i s t e d  o f  o n l y  

e xper iment a l  group s t u d e n t s ,  t hese  f o u r  s tu d e n t s  were no t  

p a r t  o f  t h i s  a n a l y s i s .  Mean h e u r i s i t c  s o r t i n g  scores are 

presented i n  Tab le  19 and the  a n a l y s i s  o f  v a r i a n c e  i s  g iven 

in Table 20.

Th i s  a n a l y s i s  i n d i c a t e s  t h a t  both t r e a t m e n t  group 

and p r o f i l e  group are s i g n i f i c a n t  main e f f e c t s  and t h a t  no 

i n t e r a c t i o n  e f f e c t  e x i s t e d .  R e f e r r i n g  to Table 19, i t  can 

be concluded t h a t  e x p er i m en t a l  group s t ud e n t s  had s i g n i f i ­

c a n t l y  h i g h e r  h e u r i s t i c  s o r t i n g  scores than c o n t r o l  group
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s tuden ts  (p < , 00 1 ) .  A Newman^Keuls a n a l y s i s  was 

per formed on the p r o f i l e  group means (See Table  21 ) ,

The r e s u l t s  o f  t he  Newman-Keuls p rocedure  i n d i c a t e  

t h a t  p r o f i l e  group 2 s tu d e n t s  had s i g n i f i c a n t l y  l ower  

h e u r i s t i c  s o r t i n g  scores than s t ud e n t s  i n  e i t h e r  p r o f i l e  

group 1 o r  3 and t h a t  no s i g n i f i c a n t  d i f f e r e n c e s  e x i s t  

between the  h e u r i s t i c  s o r t i n g  scores o f  p r o f i l e  groups 1 

and 3. P r o f i l e  group 2 s t ud e n t s  are c h a r a c t e r i z e d  by l ower  

scores on f a c t o r  2 ( s e m a n t i c - d i v e r g e n t  t h i n k i n g )  and so i t  

appears t h a t  low scores on t h i s  f a c t o r  cor respond  to  a 

tendency to  s o r t  n o n h e u r i s t i c a l 1y .

In and e a r l i e r  s e c t i o n  the  comple te  l i n k  c l u s t e r i n g s  

f o r  t he  p o s t t e s t  problem s i m i l a r i t y  q u e s t i o n n a i r e s  were 

g iven ( Tab les  11 and 12) and o n l y  a few d i f f e r e n c e s  in 

c l u s t e r i n g  schemes were observed.  These d i f f e r e n c e s  i n v o l v e d  

the f i r s t  few l e v e l s  o f  t he  c l u s t e r i n g  where i t  was observed 

t h a t  c o n t r o l  group s tu d e n t s  focused p r i m a r i l y  on c o n t e x t u a l  

cues whereas e x pe r i me n t a l  group s tu d e n t s  showed ev idence  o f  

a t t e n d i n g  t o  both c o n t e x t u a l  and h e u r i s t i c  cues.  I t  should 

be noted t h a t  h i e r a r c h i c a l  c l u s t e r i n g  methods are  one 

d imens iona l  i n  n a t u r e  and as a r e s u l t  t h ey  o n l y  g i v e  

i n f o r m a t i o n  r e g a r d i n g  the  dominant  c l u s t e r i n g  scheme 

employed. The a n a l y s i s  p r esented  i n  t h i s  s e c t i o n  suggests  

t h a t  even though the dominant  s o r t i n g  schemes o f  t he  e x p e r i "  

mental  and c o n t r o l  groups f o l l o w i n g  i n s t r u c t i o n  have much 

in common these s o r t i n g  schemes are not  e q u i v a l e n t .  The
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s o r t i n g  scheme employed by the  ex per i me nt a l  group r ecogn i zed  

h e u r i s t i c  cues to  a g r e a t e r  degree than d i d  those o f  the 

c o n t r o l  group.

Table 19

Mean H e u r i s t i c  S o r t i n g  Scores f o r  P r o f i l e  Groups
1, 2, and 3

P r o f  i 1 e 
Group 1

P r o f i 1e 
Group 2

P r o f i  1 e 
Group 3

Pooled

Cont ro l
- 1 .4368  

(n = 19)

- 4 . 88 88  

(n = 9)

- 1.0388 

(n = 19)

- 1 .9369  

(n = 47)

E x p e r i - 
mental

1.2938 

(n = 16)

-0 .6857  

(n = 7)

0.4400 

(n = 10)

0.5971 

(n = 33)

Pooled
-0 . 18 85  

(n = 35)

-3 .0499  

(n = 16)

- 0 .5289 

(n = 29)

- 0 .8916  

(n = 80)

Table 20

T reatment By Studen t  P r o f i l e  Group A n a l y s i s  o f  Var iance  on 
H e u r i s t i c  S o r t i n g  Scores

Source Sum o f  D. F. 
Squares

Mean Squares F

P r o f i l e  Group (G) 112.6661 2 56.8331 7 .14*

T reatment Group (T) 126.6903 1 126.6903 1 5 . 9 1 * *

G x T 3.8284 2 1,9142 0,24

Resi dual 589.2472 74 7.9627

Tota l 833.4420 79

*p < . 0 1 ,  * *p  < .001
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Table  21

Test  on the Ordered Mean H e u r i s t i c  S o r t i n g  Scores Using 
Newman-Keuls Procedure

Group 2 Group 3 Group 1

Group 2 2 .5210*  

1.76

2.8614*  Observed
Di f f e r e n c e  

2.05 C r i t i c a l
Di f f e r e n c e

Group 3 0.3404 Observed
Di f f e r e n c e

1.42 C r i t i c a l
Di f f e r e n c e

Group 1

*p < .05



CHAPTER V

INTERPRETATION AND DISCUSSION

Research c i t e d  i n  Chapter  I I  i n d i c a t e s  t h a t  s t u d e n t  

a b i l i t y  p r o f i l e s  ( M e r r i e f i e l d , G u i l f o r d ,  C hr i s t en se n  and 

F r i c k ,  1962) and problem s o r t i n g  schemes ( C h a r t o f f ,  1976 

and S i l v e r ,  1977) are f a c t o r s  t h a t  shou ld  be co ns i de re d  

when a n a l y z i n g  problem s o l v i n g  per fo rmance.  The research  

concern i ng  the i n s t r u c t i o n a l  v a r i a b l e s  and procedures  t h a t  

best  promote e f f i c i e n t  problem s o l v i n g  i s  much more a m b i g i -  

ous. Research was o u t l i n e d  i n  Chapter  I I  t h a t  suggested 

h e u r i s t i c  i n s t r u c t i o n  i n  problem s o l v i n g  was s u p e r i o r  to 

e x p o s i t o r y  i n s t r u c t i o n  ( Lucas,  1972) as was resear ch  t h a t  

cas t  doubt  on the t r a n s f e r  to  a l l  s u b j e c t s  o f  h e u r i s t i c  

i n s t r u c t i o n  ( Go l dberg ,  1974 and Smi th ,  1973) .  The s tudy  

presented  here extends these i n v e s t i g a t i o n s  by l o o k i n g  f o r  

p o s s i b l e  i n t e r a c t i o n s  between i n s t r u c t i o n a l  v a r i a b l e s ,  

s tuden t  a b i l i t y  p r o f i l e s ,  and s o r t i n g  scheme usage. Perhaps 

the best  way o f  s t a t i n g  the o v e r a l l  o b j e c t i v e  o f  the p re sen t  

i n v e s t i g a t i o n  i s  an a t t e m p t  to  i s o l a t e  an a p t i t u d e - t e a t -  

ment i n t e r a c t i o n  (ATI )  f o r  a course i n  h e u r i s t i c  problem 

s o l v i n g .  Such an ATI would account  f o r  some o f  t he  i n d e c i ­

s i veness c on cer n i ng  the  u se fu ln e ss  o f  h e u r i s t i c  s t r a t e g i e s .  

Data a l s o  was ga thered  t h a t  a l l o wed  f o r  compar isons between 

exper iment a l  and c o n t r o l  groups w i t h  r e s p e c t  to problem

s o l v i n g  per formance in  b as i c  a lg e b r a  and t r i g o n o m e t r y .

81
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S o r t i n g  scheme data was o b t a i n e d  and t h i s  p r o v i d e d  f o r  

analyses and compar isons o f  t he  s o r t i n g  schemes employed.

Primar.y F i nd inas

A b i l i t y  P r o f i l e s  

A p r i n c i p a l  components f a c t o r  a n a l y s i s  o f  the f i v e  

a b i l i t y  t e s t s  a d m i n i s t e r e d  to the s tu d e n t s  i n  t h i s  s tudy  

i s o l a t e d  two o r t h o go n a l  a b i l i t y  f a c t o r s  l a b e l e d  Disembedding - 

Log i ca l  Reasoning ( F a c t o r  1) and Semant ic  D i v e r g e n t  T h i n k ­

ing ( F a c t o r  2 ) .  Ward's h i e r a r c h i c a l  c l u s t e r i n g  procedure  

then was used to c r e a t e  f o u r  homogeneous groups o f  s tu de n t s  

w i t h  s i m i l a r  p r o f i l e s  across these two a b i l i t y  f a c t o r s .

Fu r t h e r  a n a l y s i s  uncovered a s i g n i f i c a n t  t h r e e  way ( t r e a t ­

ment by problem s o l v i n g  p o s t t e s t  by s t u d e n t  a b i l i t y  p r o f i l e  

group) i n t e r a c t i o n  (p < . 0 5 ) .

Students  i n  p r o f i l e  group 1 were c h a r a c t e r i z e d  by 

high scores on both a b i l i t y  f a c t o r s .  A compar ison o f  ex ­

pe r ime nt a l  and c o n t r o l  subgroups uncovered s i g n i f i c a n t  

d i f f e r e n c e s  i n  per formance on s u b t e s t s  1 and 3 o f  the problem 

s o l v i n g  p o s t t e s t .  Since the i tems o f  s u b t e s t s  1 and 3 both 

make use o f  a l g o r i t h m i c  s o l u t i o n s ,  t h i s  r e s u l t  does not  

i n d i c a t e  any b e n e f i c i a l  e f f e c t s  o f  h e u r i s t i c  i n s t r u c t i o n ,  

but  r a t h e r  suggests  t h a t  o n l y  mastery  o f  a v a r i e t y  o f  very  

s p e c i f i c  a l g o r i t h m s  separ a tes  the two t r e a t m e n t  groups.

A p o s s i b l e  c o n c l u s i o n  i s  t h a t  f o r  s t u d en ts  w i t h  h igh 

scores on both a b i l i t y  f a c t o r s ,  i n s t r u c t i o n  in a l g o r i t h m i c
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procedures i s  more b e n e f i c i a l  than h e u r i s t i c  i n s t r u c t i o n .

P r o f i l e  group 2 s t ud e n t s  score  low on both a b i l i t y  

f a c t o r s  1 and 2 ( l o w e r  than group 1 on f a c t o r  1 and l ower  

than both groups 1 and 2 on f a c t o r  2 ) ,  No s t a t i s t i c a l  d i f ­

fe rences between e x per i me nt a l  and c o n t r o l  subgroups were 

found f o r  t h i s  p r o f i l e  group.

P r o f i l e  group 3 s t ud e n t s  scored low on a b i l i t y  f a c t o r  

1 and h igh  on a b i l i t y  f a c t o r  2 ( l o w e r  than group 1 on f a c t o r  

1, and h i g h e r  than group 2 on f a c t o r  2 ) .  For t h i s  p r o f i l e  

group t h e r e  i s  an i n d i c a t i o n  t h a t  h e u r i s t i c  i n s t r u c t i o n  i s  

b e n e f i c i a l .  Comparison o f  e x per i me nt a l  and c o n t r o l  sub­

groups r e v e a l e d  s i g n i f i c a n t  d i f f e r e n c e s  i n  per formance across 

a l l  t h r e e  s u b t e s t s .  P a r t i c u l a r l y  i n t e r e s t i n g  was a s i g n i f i ­

cant  d i f f e r e n c e  i n  per formance on s u b t e s t  2. Exper imenta l  

group s t ud e n t s  s i g n i f i c a n t l y  o u t p e r f o r m i n g  c o n t r o l  group 

s tuden ts  on the s u b t e s t  r e q u i r i n g  the g r e a t e s t  amount o f  

t r a n s f e r  o f  h e u r i s t i c  s t r a t e g i e s  i n d i c a t e d  t h a t  f o r  p r o f i l e  

group 3 s t u d e n t s ,  h e u r i s t i c  i n s t r u c t i o n  may have t r a n s f e r  

p r o p e r t i e s  i t  does not  have f o r  s t ud e n t s  o f  o t h e r  a b i l i t y  

p r o f i 1e s .

F i n a l l y  p r o f i l e  group 4 i s  bes t  d e s c r i b e d  as c o n s i s t ­

ing o f  s tu d e n t s  w i t h  low scores on f a c t o r  2 ( l o w e r  f a c t o r  2 

scores than any o f  the o t h e r  t h r e e  p r o f i l e  g r o u p s ) .  The 

smal l  sample s i z e  (n = 4) made any s t a t i s t i c a l  analyses 

i m p o s s i b l e  but  mean s u b t e s t  scores i n d i c a t e d  t h a t  these 

f o u r  e x p er i me n t a l  group s t ud e n t s  d i d  e x c e p t i o n a l l y  w e l l  on
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s u b t e s t  1 (mean = 89) and s u b t e s t  3 (mean = 96) and poor er  

on s u b t e s t  2 (mean = 50) .  The h igh scores on s u b t e s t s  c a l ­

l i n g  f o r  a l g o r i t h m i c  s o l u t i o n s  and the low score  on the 

s u b t e s t  c a l l i n g  f o r  t r a n s f e r  o f  h e u r i s t i c  s t r a t e g i e s ,  sug­

gested t h a t  f o r  s tu d e n t s  w i t h  low scores on f a c t o r  2, h e u r i ­

s t i c  i n s t r u c t i o n  may not  be the most p r o d u c t i v e  i n s t r u c t i o n a l  

s t r a t e g y .

In summary, t h i s  s e c t i o n  d es c r i be s  an a p t i t u d e  t r e a t ­

ment i n t e r a c t i o n  (ATI )  between s t u d e n t  a b i l i t y  p r o f i l e  and 

h e u r i s t i c  i n s t r u c t i o n  i n  problem s o l v i n g  versus i n s t r u c t i o n  

in  a l g e b r a i c  t e c h n i q u e s .  I t  was shown t h a t  h e u r i s t i c  

i n s t r u c t i o n  p r o v i d ed  f o r  more t r a n s f e r  f o r  p r o f i l e  type 3 

s tuden ts  than f o r  the o t h e r  t h r e e  p r o f i l e  t ypes  d es cr ib ed  

in t h i s  s tu d y .

S o r t i n g  Scheme Usage

Ano the r  ma jo r  purpose o f  t h i s  s tudy  was to de termine 

whether  the  course i n  h e u r i s t i c  problem s o l v i n g  caused 

s tuden ts  to  a t t e n d  to h e u r i s t i c s  i n  a d d i t i o n  to c o n t e x t u a l  

cues. The complete l i n k  h i e r a r c h i c a l  a n a l y s i s  p resen ted  

i n  Chapter  IV i n d i c a t e s  t h a t  few,  i f  any,  d i f f e r e n c e s  i n  

s o r t i n g  scheme usage can be observed e i t h e r  between the 

c o n t r o l  group and the  e x p er i me n t a l  group a f t e r  i n s t r u c t i o n  

or  between the p r e t e s t  s o r t i n g  schemes and the p o s t t e s t  

s o r t i n g  schemes o f  t he  e x p er i m en t a l  group.  Data analyses  

revea l ed  t h a t  both groups o f  s t ud en ts  pay c l os e  a t t e n t i o n  

to c o n t e x t u a l  cues and tend to d i s t i n g u i s h  between t r a d i t i o n ­
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al a lgeb ra  problems and n o n t r a d i t i o n a l  prob lems.  So i n  

s p i t e  o f  t he  s u p e r i o r  per formance on the problem s o l v i n g  

p o s t t e s t ,  t he  e x pe r i me n t a l  group appears to  have a t te nd ed  

to the same f e a t u r e s  o f  the  problem s ta te me nt  as the c o n t r o l  

group.  Thi s  i s  f u r t h e r  ev idence t h a t  the s u p e r i o r  p e r f o r m ­

ance o f  the e x per i me nt a l  group may be due i n  p a r t  t o  e f f e c t ­

i ve  use o f  s p e c i f i c  a l g o r i t h m s  r a t h e r  than use o f  genera l  

h e u r i s t i c  s t r a t e g i e s .  I t  should  be n o t e d ,  however ,  t h a t  

c o n t e x t u a l  cues were b u i l t  very  s t r o n g l y  i n t o  the problem 

s o l v i n g  t e s t .  I f  t hese c o n t e x t u a l  cues had been somewhat 

l ess  obv ious  i t  may be t h a t  d i f f e r e n c e s  i n  s o r t i n g  schemes 

would have a r i s e n .

On the o t h e r  hand a s i mp l e  l i n e a r  r e g r e s s i o n  r e ­

l a t i n g  a d e r i v e d  h e u r i s t i c  s o r t i n g  score  to the problem 

s o l v i n g  p o s t t e s t  score showed t h a t  a s i g n i f i c a n t  p o s i t i v e  

c o r r e l a t i o n  e x i s t e d  between these two v a r i a b l e s  ( r  = .04174,  

p <, . 0 4 ) .  Here we have an i n d i c a t i o n  t h a t  the tendency to 

r ecogn i ze  h e u r i s t i c  cues i s  r e l a t e d  to  e f f i c i e n t  problem 

s o l v i n g .  Even though the  c o e f f i c i e n t  o f  d e t e r m i n a t i o n  

proved to  be s t a t i s t i c a l l y  s i g n i f i c a n t ,  i t s  va lue  r e v e a l s  

t h a t  j u s t  s l i g h t l y  more than 4% o f  the v a r i a b i l i t y  i n  the 

problem s o l v i n g  p o s t t e s t  scores can be a t t r i b u t e d  to  

h e u r i s t i c  s o r t i n g  sc or es .  An e x ami na t i on  o f  the  s c a t t e r  

diagram f o r  t h i s  a n a l y s i s  ( F i g u r e  1) g i ves  some a d d i t i o n a l  

i n f o r m a t i o n  i n  terms o f  c e r t a i n  o u t l i e r s .  H e u r i s t i c  

s o r t i n g  scores ranged f rom a low o f  - 7 . 1  to  a h igh o f  9 .3 .
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Al though f o r  most s t ud e n t s  h igh h e u r i s t i c  s o r t i n g  scores 

cor respond to  r e l a t i v e l y  h igh p o s t t e s t  problem s o l v i n g  

sco r es ,  c e r t a i n  s t ud en ts  were e x ce p t i o n s  to t h i s  p a t t e r n .

For example,  f o u r  s t ud en ts  i n  the e x p er i me n t a l  group scored 

r e l a t i v e l y  h igh on the problem s o l v i n g  p o s t t e s t  w h i l e  a t  

the same t i me r e c e i v i n g  a low h e u r i s t i c  s o r t i n g  sc or e .  The 

cases i n  q u e s t i o n  are the f o l l o w i n g  f o u r  sets  o f  scores r e ­

ce i ved  by t r e a t m e n t  group s t u d e n t s :

Problem S o l v i n g  Score H e u r i s t i c  S o r t i n g  Score

92 - 2 . 2
92 - 3 . 4
75 - 3 . 5
67 - 7 . 1

The two s t ud e n t s  s c o r i n g  92 on the problem s o l v i n g  p o s t t e s t

r e p r e s e n t  the two h i g h e s t  s c o r i n g  s t u d e n t s  i n  the s t ud y .

T h e i r  r e l a t i v e l y  low h e u r i s t i c  s o r t i n g  scores seem to

suggest  t h a t  i t  i s  p o s s i b l e  t o  pe r f o r m w e l l  i n  c e r t a i n

problem s o l v i n g  s i t u a t i o n s  w i t h o u t  be ing  o v e r l y  a t t e n t i v e

to h e u r i s t i c  cues.  The same comment ho lds  f o r  t he  s tud en ts

who r e c e i v e d  problem s o l v i n g  p o s t t e s t  scores o f  75 and 67.

Both o f  these scores are above the mean, y e t  the  cor respond! 'ng

h e u r i s t i c  s o r t i n g  scores are among the  l owe s t  o f  a l l  s tud en ts

in  the s t u d y .  In f a c t ,  t h e h e u r i s t i c  s o r t i n g  score o f  - 7 . 1

was the l ow es t  o b t a i n e d .

Two o t h e r  o u t l i e r s  shou ld  be ment ioned.  The f i r s t  

i s  the e x pe r i me n t a l  group s t u d e n t  who r e c e i v e d  a score  o f  

46 on the problem s o l v i n g  p o s t t e s t  and y e t  a l s o  r e c e i v e d
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the h i g h e s t  h e u r i s t i c  s o r t i n g  score  o f  a i l  s tu d e n t s  i n v o l v e d  

i n  the s t u d y ,  a 9 .3 ,  The second i s  a c o n t r o l  group s t u d e n t  

who scored 33 on the  problem s o l v i n g  p o s t t e s t  and r e c e i v e d  

a h e u r i s t i c  s o r t i n g  score o f  9 . 0 ,  t he  second h i g h e s t  h e u r i s t i c  

s o r t i n g  score  found.  These s t ud e n t s  p r es e n t  ev idence t h a t  

the a b i l i t y  to rec ogn ize  h e u r i s t i c  cues i s  not  s u f f i c i e n t  to 

i n s u r e  e f f e c t i v e  problem s o l v i n g .

The r e g r e s s i o n  a n a l y s i s  i n d i c a t e d  t h a t  a tendency  to 

r e co gn ize  h e u r i s t i c  cues i s  u s e f u l  i n  terms o f  i m p r ov i n g  

problem s o l v i n g  per fo rmance.  On the  o t h e r  hand, t h e r e  was 

a l so  ev idence t h a t  a t  l e a s t  f o r  the types o f  problem s o l v i n g  

tasks used i n  t h i s  s t u d y ,  i t  i s  not  necessary  t o  a t t e n d  

c a r e f u l l y  to such cues i n  o r d e r  to  s o l ve  such problems 

c o r r e c t l y .

This s tudy  a d d i t i o n a l l y  c on s i de re d  the q u e s t i o n  as 

to whether  the tendency to  a t te n d  to  h e u r i s t i c  cues a l s o  

was r e l a t e d  to  a b i l i t y  p r o f i l e  t yp e .  The r e s u l t s  o f  a two-  

f a c t o r  p r o f i l e  group by t r e a t m e n t  a n a l y s i s  o f  v a r i a n c e  p r e ­

sented i n  Chapter  IV i n d i c a t e d  t h a t  both t r e a t m e n t  group 

and a b i l i t y  p r o f i l e  group were s i g n i f i c a n t  f a c t o r s  i n  de­

t e r m i n i n g  the a t t e n t i o n  paid to h e u r i s t i c  cues (p <.001 and 

p < . 0 1 ,  r e s p e c t i v e l y ) .  F u r t h e r  a n a l y s i s  r ev ea l ed  t h a t  

p r o f i l e  group 2 s t ud en ts  ( those  s c o r i n g  low on f a c t o r  2,  

s e m a n t i c - d i v e r g e n t  t h i n k i n g )  recogn i zed  h e u r i s t i c  cues t o  

a s i g n i f i c a n t l y  l e s s e r  degree than s t ud en ts  i n  p r o f i l e  groups 

1 and 3. This  r e s u l t  i s  i n t e r e s t i n g  s i nc e  p r o f i l e  group 2
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was a l s o  the a b i l i t y  group t h a t  showed the  l e a s t  amount o f  

b e n e f i t  f rom h e u r i s t i c  i n s t r u c t i o n  ( i . e . ,  c o n t r o l  and e x p e r i ­

mental  groups per formed the same across a l l  t h r e e  s u b t e s t s  

o f  the problem s o l v i n g  p o s t t e s t ) .

As noted above the a n a l y s i s  o f  v a r i a n c e  uncovered 

a s i g n i f i c a n t  t r e a t m e n t  e f f e c t .  The complete l i n k  c l u s t e r i n g  

t e ch n i qu e  employed i n  t h i s  s tudy  p ro v id e d  i n s i g h t  i n t o  the 

dominant  c l u s t e r i n g  schemes employed by e x per i me nt a l  and 

c o n t r o l  s t u d e n t s .  The s i g n f i c i a n t  t r e a t m e n t  e f f e c t  i n d i ­

cated t h a t  e x p er i m en t a l  group s t u d en ts  r e c o gn i z e  h e u r i s t i c  

cues more than c o n t r o l  group s t u d e n t s ,  even though t h e i r  

dominant  s o r t i n g  schemes are somewhat a l i k e .  Reca l l  t h a t  

the major  d i f f e r e n c e  between the s o r t i n g  schemes o f  the two 

groups was the  c l u s t e r i n g  o f  i tems 1 and 3 by the e x p e r i ­

mental  group.  These i tems are both s o l ve d  by p a t t e r n  gene­

r a t i o n  ( o r  f i n i t e  d i f f e r e n c e s ) .  Reca l l  a l s o  t h a t  i tems o f  

t h i s  t ype  compr i sed s u b t e s t  3, the s u b t e s t  on which the 

e xp er i ment a l  group per formed the b e s t .  Thus r e c o g n i t i o n  

o f  an h e u r i s t i c  cue by e x per i me nt a l  group s t ud en ts  i s  coupled 

w i t h  s u p e r i o r  per formance on i tems r e q u i r i n g  t h a t  h e u r i s t i c .

Secondary F i nd ings

The secondary f i n d i n g s  o f  t h i s  s tudy  i n v o l v e  c om par i ­

sons between e x per i me nt a l  and c o n t r o l  s u b j e c t s  w i t h  r e s p e c t  

to p o s t t e s t  problem s o l v i n g  per formance and a lg e b r a  and 

t r i g o n o m e t r y  per fo rmance .  Once i t  was e s t a b l i s h e d  t h a t  no
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p r e t e s t i n g  e f f e c t  e x i s t e d ,  an a n a l y s i s  o f  c o v a r i a n c e  r e ­

vealed t h a t  a f t e r  t a k i n g  i n t o  account  p r e t e s t  s c o r e s ,  s t ud e n t s  

e n r o l l e d  i n  the course i n  h e u r i s t i c  problem s o l v i n g  s i g n i f i ­

c a n t l y  o u t pe r f o rme d  c o n t r o l  s tu d e n t s  on the  problem s o l v i n g  

p o s t t e s t  (p < , 0 1 ) .  In a second a n a l y s i s  the  problem s o l v i n g  

p o s t t e s t  was s u b d i v i d e d  i n t o  t h r e e  s u b t e s t s  c o r r es p o n d i n g  to  

the t h r e e  h e u r i s t i c  s t r a t e g i e s  covered i n  t he  problem s o l v ­

ing course ( a l g e b r a i c  symbo l i sm,  c o n t r a d i c t i o n ,  and p a t t e r n  

g e n e r a t i o n ) .  Th i s  t r e a t m e n t  by s u b t e s t  a n a l y s i s  uncovered 

a s i g n i f i c a n t  s u b t e s t  e f f e c t  (p < . 0 1 )  as w e l l  as a s i g n i f i ­

cant  t r e a t m e n t  by s u b t e s t  i n t e r a c t i o n  (p < . 0 1 ) .  I t  was 

found t h a t  s t u d e n t s  i n  the c o n t r o l  group per fo rmed the same 

across a l l  t h r e e  s u b t e s t s  whereas the s t u d en ts  i n  the ex ­

p er im en ta l  group per formed b e t t e r  on s u b t e s t s  1 and 3 than 

they d i d  on s u b t e s t  2. I t  i s  i n t e r e s t i n g  t o  note t h a t  the 

c o n t r o l  g roup,  who r e c e i v e d  ten weeks o f  i n s t r u c t i o n  i n  

a l gebra  and t r i g o n o m e t r y ,  per formed the  same on s u b t e s t  1 as 

on s u b t e s t s  2 and 3, even though s u b t e s t  1 c o n t a i n e d  o n l y  

those problems r e q u i r i n g  the  h e u r i s t i c  o f  s e t t i n g  up and 

s o l v i n g  an a l g e b r a i c  e q u a t i o n .  Th i s  r e s u l t  seems to  i n d i ­

cate t h a t  t ime spent  l e a r n i n g  the mechanics o f  a l ge br a  and 

t r i g o n o m e t r y  does not  n e c e s s a r i l y  t r a n s f e r  t o  s i m i l a r  

problem s o l v i n g  s i t u a t i o n s .  In f a c t ,  the c o n t r o l  group d id  

s i g n i f i c a n t l y  b e t t e r  than the e x p er i me n t a l  group on the 

a l gebra  and t r i g o n o m e t r y  p o s t t e s t  (p < . 0 0 1 ) .  Yet  i n  s p i t e  

o f  t h i s  s u p e r i o r  per formance on b as i c  s k i l l s ,  the  c o n t r o l
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group was a p p a r e n t l y  no t  a b le  to  t r a n s f e r  t h i s  i n f o r m a t i o n  

to a problem s o l v i n g  s i t u a t i o n  r e q u i r i n g  these same s k i l l s .  

F u r t h e r ,  w i t h  r e s p e c t  t o  the  e x pe r i me n t a l  g roup,  we f i n d  

s tud en ts  p e r f o r m i n g  s i g n i f i c a n t l y  b e t t e r  on s u b t e s t s  1 and 

3 than on s u b t e s t  2. The h i g h e s t  mean score  ( 8 0 . 1 )  was on 

s u b t e s t  3. The i tems on s u b t e s t  3 a l l  r e q u i r e d  the 

s e a r ch i ng  f o r  a p a t t e r n  h e u r i s t i c .  When t h i s  p a r t i c u l a r  

h e u r i s t i c  was d i scussed  i n  c l as s  (and i n  the t e x t  a v a i l a b l e  

to the e x p er i m en t a l  g r o u p ) ,  two methods f o r  s o l v i n g  the 

g iven problems were p re s en te d .  The f i r s t  method f o l l o w e d  

the procedures  o f  Polya ( 1 9 57 ) ,  namely,  l o o k i n g  f o r  some 

i ngen i ous  way o f  r e w r i t i n g  the g iven sequence o r  s e r i e s  so 

as to  make the p a t t e r n  obv ious  and then us ing  these i ng en io us  

dev ices over  again when new problems were encoun te r ed .  

Students  found t h i s  method e x t r e me ly  c h a l l e n g i n g ,  perhaps 

because o f  the s p e c i a l  i n s i g h t s  necessary  to  s o l v e  some o f  

the more d i f f i c u l t  p rob lems.  The second method p resen ted  

to the  e x pe r i m e n t a l  group was the method o f  f i n i t e  d i f f e r ­

ences.  Th is  i s  a r a t h e r  m e c h a n i s t i c  p rocedure  whereby a t a b l e  

o f  va lues  i s  c o n s t r u c t e d  and d i f f e r e n c e s  taken u n t i l  t hese 

d i f f e r e n c e s  r e s u l t  i n  a s t r i n g  o f  c o n s t a n t s .  The number o f  

d i f f e r e n c e s  t h a t  must be taken de termines  the degree o f  the 

po l ynomia l  r e l a t i o n s h i p  t h a t  d es c r ib es  the p a t t e r n  and 

the problem reduces to s o l v i n g  a system o f  l i n e a r  e q u a t i o n s .  

Students  much p r e f e r r e d  t he  method o f  f i n i t e  d i f f e r e n c e s  and 

once a r ev iew  o f  the  a l g e b r a  necessary  to  s o l ve  a system o f
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l inear  e qua t ions  was g i v e n ,  they  began to  use f i n i t e  d i f ­

ferences w i t h  c o n f i d e n c e .  As a r e s u l t ,  t he s u p e r i o r  p e r fo r m 

ance on s u b t e s t  3 p ro ba b ly  r e f l e c t s  a mastery  o f  the method 

of f i n i t e  d i f f e r e n c e s  and o f  s o l v i n g  systems o f  l i n e a r  

equat ions r a t h e r  than mastery  o f  the h e u r i s t i c s  o f  Po l ya .

The second h i g h e s t  mean s u b t e s t  score ( 7 0 . 2 )  f o r  the 

exper imental  group was on s u b t e s t  1. Since f o u r  weeks were 

devoted to problems o f  the t ype  encountered  on s u b t e s t  1, 

i t  was p o s s i b l e  to  c ove r  a wide v a r i e t y  o f  such problems in  

class. Even though no problem on the problem s o l v i n g  p o s t ­

test  was e i t h e r  covered i n  c l a s s ,  g i ven  on an ass ignment ,  

or appeared as a t e s t  i tem on an e xa mi na t i o n  taken d u r i n g  

the q u a r t e r ,  i t  i s  f a i r  to  say t h a t  i tems " s i m i l a r "  to  

those on the p o s t t e s t  were encountered  by the e x per i me nt a l  

group a t  sometime d u r i n g  the  course o f  i n s t r u c t i o n .  By 

" s i m i l a r "  i t  i s  meant t h a t  problems us ing  the  Pythagorean 

Theorem, o r  d e a l i n g  w i t h  r a d i o a c t i v e  decay,  compound i n t e r ­

est, or  us ing the  laws o f  s i nes  and cos ines  were encountered  

Hence s u p e r i o r  per formance on s u b t e s t  1 cou ld  be i n t e r p r e t e d  

as an a b i l i t y  to r ec o gn i ze  and c o r r e c t l y  a pp l y  w e l l  s t u d i e d  

algor i thms f o r  s o l v i n g  such problems.  Since a wide v a r i e t y  

of a lgo r i t hms  are u se fu l  to  s o l ve  the  i tems on s u b t e s t  1, 

whereas o n l y  one a l g o r i t h m  ( f i n i t e  d i f f e r e n c e s )  i s  needed 

Tor s ub te s t  3, t h i s  c ou ld  e x p l a i n  the  h i g h e r  mean score  on 

subtest 3.

F i n a l l y ,  s tu d e n t s  i n  t he  problem s o l v i n g  group
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per formed l e a s t  w e l l  on s u b t e s t  2 w i t h  a mean score o f  o n l y  

54.4 .  These i tems a l l  r e q u i r e d  the method o f  c o n t r a d i c t i o n  

f o r  t h e i r  s o l u t i o n  and even though p o s t t e s t  i tems resembled 

i tems p r esented  both i n  c l a s s  and on ass ign me nt s ,  t hese 

i tems d i f f e r e d  f rom i tems on s u b t e s t s  1 and 3 i n  t h a t  they  

d id no t  r e a d i l y  l end themselves to any a l g o r i t h m i c  s o l u t i o n .  

Of t he  t h r e e  s u b t e s t s ,  s u b t e s t  2 r e q u i r e d  the most t r a n s f e r .  

No a l g o r i t h m i c  procedures  f o r  s o l v i n g  t hese  problems were 

p resented i n  c l a s s  o r  in t he  t e x t ,  r a t h e r  h e u r i s t i c  sugges­

t i o n s  were g i ven  as to  how to  o r g a n i z e  a l i s t  o r  t a b l e  o f  

p o s s i b l e  a l t e r n a t i v e s  and then s y s t e m a t i c a l l y  begin to  e l i m ­

i n a t e  those a l t e r n a t i v e s  t h a t  l ed  to  a c o n t r a d i c t i o n .  

S u p e r i o r  per formance on s u b t e s t  2 co u l d  be i n t e r p r e t e d  as 

the a b i l i t y  to  a p p l y  the  c o n t r a d i c t i o n  h e u r i s t i c .

The f i n d i n g s  p resen ted  here seem t o  s u pp or t  those 

o f  Smi th (1973)  r e g a r d i n g  the  e f f e c t s  o f  t a s k  s p e c i f i c  

versus genera l  h e u r i s t i c  i n s t r u c t i o n  i n  t h a t  e x per i me nt a l  

group s tu d e n t s  per formed bes t  on t e s t  i tems f o r  which they  

had been g iven a s p e c i f i c  a l g o r i t h m  ( s u b t e s t  3) and l e a s t  

we l l  on t e s t  i tems r e q u i r i n g  the  use o f  t he  c o n t r a d i c t i o n  

h e u r i s t i c  ( s u b t e s t  2 ) .  These f i n d i n g s  appear  t o  c a s t  

doubt  as t o  whether  genera l  h e u r i s t i c s  have the  broad 

t r a n s f e r  p o t e n t i a l  some ma themat ic i ans  c l a i m  t he y  have.
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Another  o f  t he  secondary goals o f  t h i s  s tudy  was to 

test the h yp ot hes i s  t h a t  e xp er i en ce  a t  s o l v i n g  problems 

requi r i ng c e r t a i n  a l g e b r a i c  s k i l l s  would produce the same or  

perhaps even s u p e r i o r  per formance i n  these s k i l l s  as would 

concent rated i n s t r u c t i o n  i n  a lg e b r a  and t r i g o n o m e t r y ,  Compar­

ison o f  the scores on the  a lg e b r a  and t r i g o n o m e t r y  p o s t t e s t  

revealed t h a t  c o n t r o l  s tu d e n t s  s i g n i f i c a n t l y  o u t pe r f o r me d 

exper imental  s tu d e n t s  (p < .001) on bas ic  s k i l l s .  So where­

as c on t r o l  s t ud en ts  had d i f f i c u l t y  t r a n s f e r r i n g  a l g e b r a i c  

s k i l l s  to a problem s i t u a t i o n ,  exp er i me nt a l  s tud en ts  were 

less adept  a t  s o l v i n g  s t r a i g h t  f o r ward  a l g e b r a i c  and t r i g o ­

nometric r e l a t i o n s h i p s  o u t s i d e  o f  a problem s o l v i n g  s i t u a t i o n .  

These r e s u l t s  can be i n t e r p r e t e d  i n  terms o f  the  r ev iew o f  

the research compar ing d e d u c t i v e  and i n d u c t i v e  i n s t r u c t i o n  

provided by Mayer ( 1974) .  Those p ro c ed u re s ,  such as the 

solving o f  s ta nd ar d  a lg e b r a  and t r i g o n o m e t r y  e q u a t i o n s ,  t h a t  

have s imple s o l u t i o n  r u l e s  appear  to  be bes t  t a u g h t  by de­

duct ive methods ( r u l e  f o l l o w e d  by example) .  Con t r o l  group 

students were t a u g h t  the  p r e c i s e  a l g o r i t h m  needed to  s o l v e  

each o f  the problems on the a lg e b r a  and t r i g o n o m e t r y  p o s t ­

test and spent  more t ime p r a c t i c i n g  how to  s o l v e  such 

problems than the e x p er i me n t a l  group.  T h e r e f o r e ,  i f  the 

goal o f  i n s t r u c t i o n  i s  l i m i t e d  to hav ing  s t u de n ts  l ea r n  spec­

i f i c  a l g e b r a i c  p ro c ed u re s ,  then i n s t r u c t i o n  in the methods 

and a l go r i t hm s  necessary  to per fo r m these procedures  r e s u l t s  

in s u p e r i o r  l e a r n i n g  over  i n s t r u c t i o n  i n  how to  app l y  a
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general  c l as s  o f  such p ro ced ur es .  The c o r r e s po n d i n g  c o n c l u ­

sion to  be drawn f rom the a n a l y s i s  o f  the problem s o l v i n g  

p o s t t e s t  data i s  t h a t  when the goal  o f  i n s t r u c t i o n  i s  the 

teach ing o f  s p e c i f i c  problem types p r o v i d i n g  i n s t r u c t i o n  i n  

the a l g o r i t h m s  necessary  to  s o l ve  such problems r e s u l t s  i n  

s u p e r i o r  l e a r n i n g  compared to i n s t r u c t i o n  i n  a l g e b r a i c  p r o ­

cedures .



CHAPTER VI

FUTURE RESEARCH AND PRACTICE 

Summary

The purposes o f  t h i s  s tudy  were (1 )  to  t e s t  f o r  

changes in problem s o l v i n g  per formance f o l l o w i n g  an i n s t r u c ­

t i o n a l  sequence i n  h e u r i s t i c  problem s o l v i n g .  (2)  t o  l oo k  

f o r  changes i n  s o r t i n g  scheme usage f o l l o w i n g  t h i s  h e u r i s t i c  

i n s t r u c t i o n ,  (3)  to  i n v e s t i g a t e  what r e l a t i o n s h i p ,  i f  any,  

e x i s t s  between problem s o r t i n g  scheme usage and problem 

s o l v i n g  per fo rmance ,  (4)  to compare t he  per formance on 

bas i c  a lg e b r a  and t r i g o n o m e t r y  s k i l l s  o f  c o n t r o l  s t u d e n t s  

who f o l l o w e d  an i n s t r u c t i o n a l  sequence i n  a l ge br a  and t r i g o ­

nomet ry  and e x p er i m en t a l  s t ud e n t s  who f o l l o w e d  an i n s t r u c ­

t i o n a l  sequence i n  h e u r i s t i c  problem s o l v i n g ,  (5)  t o  l o o k  

f o r  r e l a t i o n s h i p s  between s t u d e n t  a b i l i t y  p r o f i l e s  and 

problem s o l v i n g  per fo r mance ,  and (6)  t o  check f o r  connec­

t i o n s  between s t u d e n t  a b i l i t y  p r o f i l e s  and problem s o r t i n g  

schemes.

E i g h t y  f o u r  f reshmen s tu d e n t s  e n r o l l e d  in a c o l l e g e  

o f  pharmacy i n  New England served as s u b j e c t s  f o r  t h i s  s t u d y .  

These s t ud e n t s  were d i v i d e d  randomly i n t o  e xp er i ment a l  

(n = 37) and c o n t r o l  (n = 47) groups and each p a r t i c i p a t e d  

i n  a ten week course  o f  i n s t r u c t i o n .  The c o n t r o l  group 

took  a course i n  c o l l e g e  a lg e b r a  w h i l e  the  exp er i me nt a l  

group r e c e i v e d  i n s t r u c t i o n  i n  h e u r i s t i c  problem s o l v i n g .



96

P r i o r  t o  i n s t r u c t i o n  a l l  s t u d e n t s  took  f i v e  t e s t s  o f  mathe­

m a t i c a l  a b i l i t y :  Hidden F i g u r e s ,  Scrambled Words,  Nonsense 

S y l l o g i s m ,  D e c i p he r i ng  Languages and T o o t h p i c k s .  A Solomon 

f o u r  group des ign was u t i l i z e d  whereby a p p r o x i m a t e l y  h a l f  

o f  t he  e x pe r i me n t a l  and c o n t r o l  groups took  a s p e c i a l l y  

des igned problem s o l v i n g  p r e t e s t  and accompanying problem 

s i m i l a r i t y  q u e s t i o n n a i r e .  At  t he  c o n c l u s i o n  o f  t he  s tudy  

a l l  s u b j e c t s  responded to  p o s t t e s t s  i n  a l g e b r a  and t r i g o ­

nomet ry ,  problem so 1v i n g , and problem s i m i l a r i t y  q u e s t i o n ­

n a i r e .

Data ana lyses  re ve a l e d  t h a t  whereas c o n t r o l  s t ud e n t s  

o u tp er fo rme d e x pe r i me n t a l  s tu d e n t s  on the  a l g e b r a  and t r i g o ­

nometry p o s t t e s t s ,  e x pe r i me n t a l  s t u d e n t s  per fo rmed s i g n i f i ­

c a n t l y  b e t t e r  on the problem s o l v i n g  p o s t t e s t .  R esu l t s  

i n d i c a t e d  t h a t  h e u r i s t i c  i n s t r u c t i o n  i n  problem s o l v i n g  d id  

no t  g r e a t l y  a l t e r  the dominant  problem s o r t i n g  scheme o f  

e x pe r i m e n t a l  s t ud e n t s  a l t h ou g h  s t u d e n t s  r e c e i v i n g  h e u r i s t i c  

i n s t r u c t i o n  d id  show ev idence  o f  be ing more a t t e n t i v e  to  

h e u r i s t i c  cues than c o n t r o l  s t u d e n t s .  A d d i t i o n a l l y  i t  was 

shown t h a t  r e c o g n i t i o n  o f  h e u r i s t i c  cues was c o r r e l a t e d  

s i g n i f i c a n t l y  w i t h  s u p e r i o r  per formance i n  problem s o l v i n g .  

However,  se ve ra l  i n d i v i d u a l  s t ud en ts  p r o v i d e d  ev idence t h a t  

i t  was p o s s i b l e  t o  ach ieve  high scores on the problem 

s o l v i n g  t e s t  w i t h o u t  s o r t i n g  problems h e u r i s t i c a l l y . Four 

a b i l i t y  p r o f i l e  groups were s p e c i f i e d  us ing  Word's h i e r a r c h ­

i c a l  c l u s t e r i n g  a n a l y s i s  and the  degree to  which a s t ud e n t
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s o r t e d  h e u r i s t i c a l l y  was found to be r e l a t e d  to the s t u d e n t ' s  

a b i l i t y  p r o f i l e .  Students  s c o r i n g  low on a s e m a n t i c - d i ­

v e r g en t  t h i n k i n g  f a c t o r  were shown to  have l ower  h e u r i s t i c  

s o r t i n g  scores than s t ud e n t s  s c o r i n g  s i g n i f i c a n t l y  h i g h e r  

i n  t h i s  f a c t o r .  A major  f i n d i n g  o f  t h i s  s tudy  was an a p t i ­

tude t r e a t m e n t  i n t e r a c t i o n  s u g ge s t i ng  t h a t  h e u r i s t i c  

i n s t r u c t i o n  i s  more b e n e f i c i a l  f o r  c e r t a i n  a b i l i t y  p r o f i l e  

t y p e s .  The problem s o l v i n g  p o s t t e s t  was s u b d i v i d e d  i n t o  

3 s u b t e s t s  c o r r e s p o n d i n g  t o  the 3 h e u r i s t i c  s t r a t e g i e s  

t a u g h t  i n  the e x p er i me n t a l  course ( a l g e b r a i c  symbol i sm,  

c o n t r a d i c t i o n ,  p a t t e r n  g e n e r a t i o n ) .  Analyses r evea l ed  t h a t  

s i g n i f i c a n t  d i f f e r e n c e s  i n  per formance ac ross  the 3 s u b t e s t s  

e x i s t e d  f o r  o n l y  one o f  the a b i l i t y  p r o f i l e  types d e s c r i b e d  

i n  t he  s t u d y .

Recommendat ions For Fu tu re  Research

Recommendat ions f o r  f u t u r e  research  i n c l u d e  f u r t h e r  

e x p l o r a t i o n  o f  the r e l a t i o n s h i p  between a b i l i t y  p r o f i l e s  and 

h e u r i s t i c  i n s t r u c t i o n  as w e l l  as the  r e l a t e d  q u e s t i o n  o f  

o t h e r  p e r s o n a l i t y  c o r r e l a t e s  o f  problem s o l v i n g  per formance 

such as c o g n i t i v e  s t y l e ,  a n x i e t y  and a t t i t u d e  towards 

problem s o l v i n g .  S o r t i n g  scheme research  was a l so  a ma jor  

concern o f  t h i s  i n v e s t i g a t i o n  and s u gge s t i o ns  f o r  a d d i t i o n a l  

s t u d i e s  a long these l i n e s  are a l s o  g i ve n .  F i n a l l y ,  a l t hough  

many o f  the  i n s t r u c t i o n a l  v a r i a b l e s  were he ld  f i x e d  i n  t h i s  

s t u d y ,  more c l o s e l y  c o n t r o l l e d  i n v e s t i g a t i o n s  cou ld  be de­
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s igned t h a t  would p e r m i t  a more thorough a n a l y s i s  o f  which 

aspects  o f  i n s t r u c t i o n  promote s u p e r i o r  problem s o l v i n g  

p e r f o r m a n c e .

A t t e n t i o n  shou ld  be pa id  to the a p t i t u d e  t r e a t ­

ment i n t e r a c t i o n  uncovered i n  t h i s  s t u d y .  Fu ture  i n v e s t i g a ­

t i o n s  c o u l d ,  by i s o l a t i n g  more o r t ho go n a l  a b i l i t y  f a c t o r s ,  

l ook  a t  more d e t a i l e d  a b i l i t y  p r o f i l e  t ypes and t h e i r  r e ­

l a t i o n s h i p s  to  i nc re a se d  problem s o l v i n g  per formance f o l ­

l ow i ng  a course i n  h e u r i s t i c  problem s o l v i n g .  In a d d i t i o n  

to expanding the b a t t e r y  o f  a p t i t u d e  t e s t s  a d m i n i s t e r e d ,  

v a r y i n g  the h e u r i s t i c s  t a u g h t  i n  the problem s o l v i n g  course 

should  be c o n s i d e r e d ,  t o o .  In t h i s  s tudy  s t ud e n t s  i n  the 

problem s o l v i n g  course showed the  g r e a t e s t  i n c r ea se s  i n  

per formance on those problems t h a t  cou ld  be s o lve d  a l g o ­

r i t h m i c a l l y .  Fu tu re  s t u d i e s  then cou ld  i n v e s t i g a t e  the 

r e l a t i o n s h i p  between p r o f i l e  t ypes and a l g o r i t h m i c  versus 

n o n a l g o r i t h m i c  problem s o l v i n g  t o  de te r mine  i f  t h e r e  i s  an 

" a l g o r i t h m i c  mode o f  t h o u g h t . "  That  i s ,  do c e r t a i n  a b i l i t y  

p r o f i l e  t ype  s u b j e c t s  tend to  t h i n k  and approach problems 

bes t  a l g o r i t h m i c a l l y  whereas o th e rs  approach problems i n  a 

n o n a l g o r i t h m i c  manner,  The p a t t e r n  g e n e r a t i o n  h e u r i s t i c  was 

t a u g h t  both a l g o r i t h m i c a l l y  and n o n a l g o r i t h m i c a l l y  i n  t h i s  

s t ud y .  A f u t u r e  s tudy  co u l d  develop and compare two 

i n s t r u c t i o n a l  p ro c ed u re s ,  a Polya procedure  which t r e a t s  

problems t h a t  c a l l  f o r  the u ncover ing  o f  a p a t t e r n  i n  an 

i n s i g h t f u l ,  nona1g o r i t h m i c  manner,  and a f i n i t e  d i f f e r e n c e s
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procedure  t h a t  covers  these same problems a l g o r i t h m i c a l l y .  

Along the  l i n e s  o f  a l g o r i t h m i c  versus n o n a l g o r i t h m i c  problem 

s o l v i n g ,  i s  the s u gg es t io n  t h a t  s t u d i e s  be conducted on 

s t u d en ts  a t  an e a r l i e r  age t o  t e s t  f o r  " a l g o r i t h m i c  f a m i l i ­

a r i t y . "  The ATI uncovered here suggests  t h a t  t h e r e  may be 

an " a l g o r i t h m i c  s t a t e  o f  m i nd . "  Students  i n  t h i s  s tudy  were 

a l l  c o l l e g e  age and i t  would be i n t e r e s t i n g  to  know whether  

younger  s t ud e n t s  ( o r  which p r o f i l e  t ype  younger  s t u d e n t s )  

do bes t  on a l g o r i t h m i c a l l y  so l ved  problems.  I t  would be 

d e s i r a b l e  to  conduct  such a s tudy  on s t ud e n t s  w i t h  l i t t l e  

o r  no p r i o r  e x p er i e nc e  w i t h  a l g o r i t h m i c  problem s o l v i n g  

s i nc e  the purpose o f  such a s tudy  would be to  de te rmine  

whether  o r  n o t  a l g o r i t h m s  a re  somehow " n a t u r a l "  ways o f  

appr oach ing  problems o r  i f  i n s t e a d  they  r e s u l t  f rom the 

c u r r i c u l u m .  Since i t  i s  u n l i k e l y  t h a t  a group o f  s t ud en ts  

who had no tbeen  exposed to  a l g o r i t h m i c  p rocedures  cou ld  be 

found ,  t h i s  s tudy  would have to  i n c l u d e  some s o r t  o f  p r e t e s t  

o f  a l g o r i t h m i c  f a m i l i a r i t y .  I f  no s t r o n g  ev idence e x i s t e d  

to  s u p p o r t  the h y p o t h es i s  t h a t  most s tu d e n t s  have a n a t u r a l  

tendency to s o l v e  problems a l g o r i t h m i c a l l y  then i t  mi gh t  

be wise f o r  e duc at or s  to  p r o v i d e  t r a i n i n g  i n  n o n a l g o r i t h m i c  

h e u r i s t i c s  a t  an e a r l y  age i n  an a t t e m p t  to promote t r a n s f e r .

In a d d i t i o n  to  i n v e s t i g a t i n g  the  impact  o f  a b i l i t y  

f a c t o r s  on per formance f o l l o w i n g  h e u r i s t i c  i n s t r u c t i o n ,  

o t h e r  i n d i v i d u a l  d i f f e r e n c e  f a c t o r s  such as a t t i t u d e  towards 

problem s o l v i n g ,  math a n x i e t y  and c o g n i t i v e  s t y l e  shou ld  be
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s t u d i e d .  Research q ue s t i o ns  i n c l u d e  the  f o l l o w i n g .  Which 

" a t t i t u d e  t ype"  s t ud en ts  b e n e f i t  most f rom h e u r i s t i c  

i n s t r u c t i o n ?  Does h e u r i s t i c  i n s t r u c t i o n  improve a s t u d e n t ' s  

a t t i t u d e  towards problem s o l v i n g ?  Does h e u r i s t i c  i n s t r u c ­

t i o n  work best  f o r  low o r  h igh math anx ious  s t u d e n t s ?  Does 

h e u r i s t i c  i n s t r u c t i o n  reduce o r  i n c r e as e  math a n x i e t y ?

Which c o g n i t i v e  s t y l e s  respond bes t  to h e u r i s t i c  i n s t r u c t i o n ?  

Which c o g n i t i v e  s t y l e s  are most a l g o r i t h m i c  i n  t h e i r  approach 

to problem s o l v i n g  and which are most f l e x i b l e ?  Hence 

measures o f  a t t i t u d e  towards problem s o l v i n g ,  math a n x i e t y ,  

and c o g n i t i v e  s t y l e  would p r o v i d e  f u r t h e r  i n s i g h t  i n t o  the 

impact  o f  h e u r i s t i c  i n s t r u c t i o n  and i t s  u s e fu l ne s s  f o r  

c e r t a i n  s t u d e n t s .

Wi th r e s p e c t  to the s o r t i n g  scheme a spec t  o f  t h i s  

i n v e s t i g a t i o n ,  two r a t h e r  n e g a t i v e  r e s u l t s  were uncovered.

A low c o r r e l a t i o n  between h e u r i s t i c  s o r t i n g  scores and 

problem s o l v i n g  per formance and few d i f f e r e n c e s  i n  the 

h i e r a r c h i c a l  c l u s t e r i n g s  o f  the ex per i me nt a l  and c o n t r o l  

groups gave ev idence t h a t  the p e rc e i v ed  n o t i o n s  o f  problem 

s i m i l a r i t y  are q u i t e  r i g i d  and t h a t  i t  i s  p o s s i b l e  to 

per fo rm w e l l  i n  problem s o l v i n g  tasks  w i t h o u t  c a r e f u l  

a t t e n t i o n  to h e u r i s t i c  cues.  These r e s u l t s  are somewhat 

i n  d i sagreement  w i t h  those r e p o r t e d  by S i l v e r  (1977)  who 

found t h a t  s tud en ts  tended to  s o r t  more on the  bas i s  o f  

s t r u c t u r e  and l ess  on the bas is  o f  c o n t e x t ,  p s e u d o s t r u c t u r e ,  

and q u e s t i o n  posed a f t e r  they had seen the  problem s o l u t i o n .
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R e c a l l ,  however ,  t h a t  the s u b j e c t s  i n  S i l v e r ’ s s tudy  were 

e i g h t h  grade s t u d e n t s ,  These r e s u l t s  may i n d i c a t e  t h a t  

n o t i o n s  o f  problem s i m i l a r i t y  are more f l e x i b l e  i n  younger  

s t u d en ts  and t h a t  the c u r r i c u l u m  has much to  do w i t h  shap ing  

and f i x a t i n g  s i m i l a r i t y  n o t i o n s ,  F u r t h e r  s t u d i e s  us ing 

s u b j e c t s  o f  v a r y i n g  age l e v e l s  would help c l a r i f y  the r o l e  

o f  the c u r r i c u l u m  in  shaping a s t u d e n t ' s  p e r c e p t i o n  o f  

problem s i m i l a r i t y .  This  s tudy  a l s o  uncovered a s i g n i f i c a n t  

r e l a t i o n s h i p  between h e u r i s t i c  s o r t i n g  score  and a b i l i t y  

p r o f i l e  t y p e .  Suggest ions  f o r  f u t u r e  r esearch  a l ong  these 

l i n e s  i n c l u d e  e x p l o r i n g  the r e l a t i o n s h i p  between c o g n i t i v e  

s t y l e  and h e u r i s t i c  s o r t i n g  as w e l l  as the  r e l a t i o n s h i p  

between more d e t a i l e d  a b i l i t y  p r o f i l e  t ypes and h e u r i s t i c  

s o r t i n g .

F i n a l l y  research  on the impact  o f  h e u r i s t i c  i n s t r u c ­

t i o n  mi gh t  i n c l u d e  a c l o s e r  exami na t i on  o f  the i n s t r u c t i o n a l  

v a r i a b l e s  i n  an a t t e m p t  t o  d i s c o v e r  e x a c t l y  what f e a t u r e s  

o f  the course i n  h e u r i s t i c  problem s o l v i n g  caused s u p e r i o r  

per fo rmance.  Some o f  the i n s t r u c t i o n a l  v a r i a b l e s  t h a t  cou ld  

be i n v e s t i g a t e d  are the t e x t ,  the q u a n t i t y  o f  ass igned 

problems,  the number o f  t e s t s ,  the amount o f  e x p l i c i t  d i r e c ­

t i o n s ,  the number o f  q u es t i on s  asked,  the amount o f  c r i t i c i s m ,  

or  the use o f  s t u d e n t  i deas ,  S p e c i f i c a l l y ,  i t  would be 

w o r t h w h i l e  t o  i n v e s t i g a t e  what  a b i l i t y  t ypes or  c o g n i t i v e  

s t y l e s  l e a r n  bes t  f rom d e du c t i v e  as opposed to  i n d u c t i v e  

i n s t r u c t i o n .  Also o f  i n t e r e s t  would be a d e t e r m i n a t i o n  o f
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which t ype o f  i n s t r u c t i o n a l  m a t e r i a l s  are bes t  t a u g h t  by 

d e d u c t i v e  versus i n d u c t i v e  i n s t r u c t i o n .

I m p l i c a t i o n s  f o r  E d uc at i o na l  P r a c t i c e

The f i n d i n g s  o f  t h i s  s tudy  which o f f e r  the most i n  

terms o f  s u gge s t i o ns  f o r  e d u c a t i o n a l  p r a c t i c e  are those 

r e l a t i n g  to  the a p t i t u d e  t r e a t m e n t  i n t e r a c t i o n  and the 

s t a b i l i t y  o f  p e r c e i v e d  problem s i m i l a r i t i e s .  The a p t i t u d e  

t r e a t m e n t  i n t e r a c t i o n  focuses a t t e n t i o n  on the c u r r e n t  ap­

proach t o  t e a c h i n g  problem s o l v i n g  which i s  a lmos t  t o t a l l y  

a l g o r i t h m i c  and as such n e g l e c t s  those a b i l i t y  t ype  s t ud e n t s  

who co u l d  b e n e f i t  f rom h e u r i s t i c  o r  n o n a l g o r i t h m i c  i n s t r u c ­

t i o n .  The problem o f  s t i c k i n g  to  one method o f  t e a c h i n g  

problem s o l v i n g  i s  t h a t  i t  i n h i b i t s  the development  o f  

o t h e r  s k i l l s  necessary  f o r  s u p e r i o r  problem s o l v i n g .  Also 

the r e l a t i v e  s t a b i l i t y  o f  problem s i m i l a r i t y  schemes sug­

gests  t h a t  the c u r r i c u l u m  has c r y s t a l l i z e d  n o t i o n s  o f  

problem s i m i l a r i t y .  These r e s u l t s  taken t o g e t h e r  seem to  

suggest  a much more v a r i e d  approach to  t e a c h i n g  problem 

s o l v i n g .  In the  e a r l y  years  (grades K-6) e s p e c i a l l y  t h i s  

would i n v o l v e  expos ing  s t ud e n t s  t o  a m u l t i t u d e  o f  problem 

s i t u a t i o n s  c a l l i n g  f o r  the use o f  many d i f f e r e n t  h e u r i s t i c s .  

Another  s u gg es t io n  would be to  i n c o r p o r a t e  i n t o  the  c u r ­

r i c u l u m  the  n o t i o n  o f  "prob lem p o s i n g . "  W a l t e r  and Brown 

(1977)  d e s c r i b e  a "what  i f  no t? "  s t r a t e g y  t h a t  encourages 

s t ud e n t s  t o  choose an a t t r i b u t e  o f  a theorem o r  phenomenon,
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vary  the a t t r i b u t e ,  pose a problem about  the v a r i e d  a t t r i b ­

ute and then t r y  to  s o l v e  the problem.  They see t h i s  "what  

i f  no t? "  s t r a t e g y  as a means o f  i n t e r r e l a t i n g  problem s o l v ­

i ng  and problem pos ing  and m a i n t a i n  t h a t  " g e n e r a t i n g  

q u e s t i o n s  i s  as i m p o r t a n t  as answer ing them."

In a d d i t i o n  t o  no t  be ing  t a u g h t  how to  pose q u e s t i o n s ,

Gees l in  (1977)  expresses concern over  t he  i n a b i l i t y  o f

s tu d e n t s  to  t a l k  o r  w r i t e  about  mathemat i ca l  c on cep t s .  In

a s tudy  i n v o l v i n g  s tu d e n t s  o f  a l l  ages and l e v e l s  o f  a b i l i t y

who were asked to  w r i t e  about  ma themat ics ,  and e x p l a i n  the

r e l a t i o n s h i p  between two c o n c ep t s ,  Gees l in  observed t h a t

When asked to  e x p l a i n  how two concepts are
r e l a t e d  o r  to  w r i t e  a sentence c o n t a i n i n g
both words ,  s t ud e n t s  a lmos t  never  w r i t e  
the d e f i n i t i o n  o r  any m a t h e m a t i c a l l y  c o r r e c t  
s t a t e m e n t .  Based on pas t  e xp er i en ce  and 
o b s e r v a t i o n  o f  mathemat ics  c l a s s e s ,  i t  seems 
reasonab le  t h a t  t h i s  poor  per formance i s  
p a r t l y  due to  the smal l  amount o f  e xp er i en ce  
t h a t  s t u d e n t s  have i n  w r i t i n g  about  mathemat ics ;  
p r i m a r i l y ,  they  are asked to " g e t  t he  r i g h t  
answer"  o r  " p r ove  the t h e o r e m " . . .  as s t ud en ts  
become more p r e c i s e  i n  t h e i r  mathemat i ca l  
i d e a s ,  per formance on more t r a d i t i o n a l  tasks  
shou l d  i m p o r v e . . . .  Can we e xpec t  s t ud e n t s  
to  a pp l y  mathemat ics i f  t hey  cannot  deal  w i t h  
b a s i c  mathemat ica l  concepts?

In summary, the  problem s o l v i n g  c u r r i c u l u m  should  be 

m o d i f i e d  to  i n c l u d e  i n s t r u c t i o n  i n  a v a r i e t y  o f  a l g o r i t h m i c  

and nona1g o r i t h m i c  h e u r i s t i c s ,  shou ld  focus no t  o n l y  on 

problem s o l v i n g  bu t  a l s o  on problem pos ing  and shou ld  

i n c l u d e  o p p o r t u n i t i e s  f o r  s t u d e n t s  to d i scuss  and w r i t e  

about  mathemat ica l  concep t s .
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Th is  s tu dy  was p e c u l i a r  i n  the r e s p e c t  t h a t  the 

i n v e s t i g a t o r  was a l s o  the  i n s t r u c t o r  f o r  both the e x p e r i ­

mental  and c o n t r o l  courses .  A few persona l  o b s e r v a t i o n s  

a l so  m i g h t  be r e l e v a n t  f o r  e duc a t o r s  i n t e r e s t e d  i n  problem 

s o l v i n g  i n s t r u c t i o n .  Reca l l  t h a t  t he  s tudy  design c a l l e d  

f o r  a c ross  over  whereby both groups r e c e i v e d  each o f  the 

two i n s t r u c t i o n a l  sequences,  e i t h e r  i n  the f a l l  o r  w i n t e r  

q u a r t e r .  As a r e s u l t ,  the i n v e s t i g a t o r  had an o p p o r t u n i t y  

to observe  both groups o f  s t u d e n t s  as they  progressed 

t h r o u gh  the  course i n  h e u r i s t i c  problem s o l v i n g .  In each 

case s t u d e n t s  seemed to  be most i n t e r e s t e d  and p a r t i c i p a t e  

most i n  c l a s s  when the  t o p i c  was problems s o l ved  by c o n t r a ­

d i c t i o n .  This  i s  i n t e r e s t i n g  s i n c e  per formance on problems 

o f  t h i s  t ype  was p o o r e r  than on problems us ing  o t h e r  heu­

r i s t i c s .  So i t  seems t h a t  even though s tu d e n t s  had more 

d i f f i c u l t y  s o l v i n g  these nona1g o r i t h m i c  p rob l ems,  t h e i r  

e n thus i as m was sparked perhaps because o f  t h e i r  n o n t r a d i t i o n a l  

n a t u r e .  An a l t e r n a t i v e  e x p l a n a t i o n  would be t h a t  most o f  

t hese problems are very  e a s i l y  posed ( a l p h a m e t r i c s , magic 

s q ua r e s ,  l o g i c  p rob lems)  and as such appear  q u i t e  u n t h r e a t e n -  

i n g .  Even though the s o l u t i o n  to  a p a r t i c u l a r  problem might  

be d i f f i c u l t ,  s i n c e  the s tu d e n t s  had no t  had e xp er i en ce  

w i t h  such problems b e f o re  they  were unaware o f  the c o m p l e x i ­

t y  o f  t he  problem and t a c k l e d  i t  w i t h o u t  f e a r .  A l so  the 

problems t h a t  s tu d e n t s  seemed to s o l ve  w i t h  the most c o n f i ­

dence ( a l t h o u g h  the enthus iasm f o r  t hese  problems was l ess
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than f o r  c o n t r a d i c t i o n  problems)  were those us ing  the 

method o f  f i n i t e  d i f f e r e n c e s .  Th i s  was a new a l g o r i t h m  

f o r  a l l  s tu d e n t s  and perhaps because they  were f a m i l i a r  

w i t h  an a l g o r i t h m i c  approach to problem s o l v i n g  they  f e l t  

c o m f o r t a b l e  a p p l y i n g  t h i s  n o t - t o o - c o m p l i c a t e d  method.

F i n a l l y ,  s tu d e n t s  seemed l e a s t  e n t h u s i a s t i c  and c o n f i d e n t  

w i t h  t r a d i t i o n a l  a l ge br a  w o r d p r o b l e m s , I t  c ou ld  be t h a t  

such problems evoked memories o f  p r e v i o us  f a i l u r e  o r  t h a t  

t hey  l acked  i n t e r e s t  because they  p resen ted  no new c h a l ­

l enges .  I t  would appear  t h a t  s t ud e n t s  a t  the c o l l e g e  l e v e l  

show most i n t e r e s t  and are most c o m f o r t a b l e  w i t h  problems 

t h a t  are somewhat u n f a m i l i a r  to  them o r  t h a t  r e q u i r e  the 

use o f  new a l g o r i t h m s .

One o f  the most s u c c e s s f u l  f e a t u r e s  o f  the problem 

s o l v i n g  course were the f o u r  r e q u i r e d  problem ass ignments .  

Students  were i n s t r u c t e d  to  g i ve  complete d e t a i l e d  s o l u t i o n s  

to  a l l  ass igned  problems and t h e i r  grade r e f l e c t e d  no t  o n l y  

the c o r r e c t n e s s  o f  t h e i r  f i n a l  asnwer bu t  a l s o  the  c l a r i t y  

o f  t he  s o l u t i o n .  Th i s  i n v e s t i g a t o r ' s  o b s e r v a t i o n s  and 

recommendat ions f o l l o w  those o f  Gees l in  i n  t h a t  f o r c i n g  

s tu d e n t s  to w r i t e  ou t  complete s o l u t i o n s  f o s t e r s  awareness 

o f  t h e i r  own mental  p rocesses .  I t  appeared not  to be so 

much the q u a n t i t y  o f  ass igned  problems t h a t  made f o r  s u p e r i o r  

problem s o l v i n g  but  r a t h e r  the i n s i s t a n c e  t h a t  s t ud en ts  

t h i n k  about  what they are do ing t h a t  made a d i f f e r e n c e .

In f a c t  the most use fu l  a spec t  o f  P o l y a ' s  h e u r i s t i c  adv i ce
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i n  terms o f  i n s t r u c t i o n a l  methods was the  s u g ge s t i on  t h a t  

t e ac he rs  he lp  t h e i r  s t ud e n t s  to  r e f l e c t  on and e v a l u a t e  

t h e i r  approaches to problem s o l v i n g ,  This  i n v e s t i g a t o r  

came away f rom the p r es e n t  s tudy  f e e l i n g  t h a t  her  s t ud en ts  

had l e a r n t  more than how to  s o l ve  a s p e c i a l  c l as s  o r  c l asses  

o f  problems but  t h a t  problem s o l v i n g  had become l ess  magical  

and more i n t u i t i v e  and w e l l  reasoned.
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Name:_____________

I , D,______________

1.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

3.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR

4.

SIMILAR SIMILAR

EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

5.
EXTREMELY MODERATLEY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

6 .
EXTREMELY MODERATLEY EXTREMELY
DISSIMILAR

7.

SIMILAR SIMILAR

EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

8.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR

9.

SIMILAR SIMILAR

EXTEMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

10.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

11.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

12.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR
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13.

EXTREMLEY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

15.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

16.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

17.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

18.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

19.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

20.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

21.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

22.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

23.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

24.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

25.
EXTREMELY
DISSIMILAR

MODERATELY
SIMILAR

EXTREMELY
SIMILAR
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26.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

27.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

28.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

29.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

30.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

31.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

32.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

33.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

34.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

35.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR

36.
EXTREMELY MODERATELY EXTREMELY
DISSIMILAR SIMILAR SIMILAR
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F i na l  Examinat ion  

Pa r t  1

1) Observe t h a t  1 (one)  l i n e  d i v i d e s  a t r i a n g l e  i n t o  a t  
most 2 r e g i o n s ;  2 ( two)  l i n e s  d i v i d e  a t r i a n g l e  i n t o  
a t  most 4 r e g i o n s ;  3 ( t h r e e )  l i n e s  d i v i d e  a t r i a n g l e  
i n t o  a t  most 7 r e g i o n s ;  4 ( f o u r )  l i n e s  d i v i d e  a t r i a n g l e  
i n t o  a t  most 11 r e g i o n s .  What i s  the maximum number o f  
r eg i ons  i n t o  which 10 ( t e n )  l i n e s  d i v i d e  a t r i a n g l e ?

b) 51 c)  56 e) 72a) 44 d) 67

2) Ten pounds o f  a s a l t  w a t e r  s o l u t i o n  i s  20% s a l t .  How 
much wa t e r  must be evapora ted  to  s t r e n g t h e n  i t  to a 
2 5 % s o l u t i o n ?

a) .5 l b .  b) 1 l b .  c) 1.5 l b .  d) 2 l b .  e) 2 .5  l b .

3) Find the sum: 1 + 5  + 9 + .......................+ 197 = ?

a) 785 b) 4802 c) 4950 d) 6841 e) 77421

4) In t r i a n g l e  PQR, the s i des  are 10, 17 and 21 and PS i s  
p e r p e n d i c u l a r  to  QR. The l e n g t h  o f  PS i s :

0
21

a) 6 f 3  b) 6, 4 c ) 6 V_2 d) / 63  e ) 8

5) To number the  pages o f  a b u l ky  volume,  the p r i n t e r  used 
1890 d i g i t s .  How many pages has the  volume?

a) 598 b) 623 c)  666 d) 689 e) 702
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6) In t r i a n g l e  PQR,ZP -  70° ,  QS b i s e c t s  Z Q and RS b i s e c t s
Then

a) 110° b) 115° c) 120° e) 130°

7) Not uncommon are a t h l e t i c  events  i n  which each team 
p lays  the o t h e r  e x a c t l y  once.  How many games would be 
necessary  i f  t h e r e  were 20 teams?

a) 150 b) 160 c) 170 d) 180 e) 190

8) An a r t h m e t i c  p r o g r e s s i o n  i s  a sequence o f  numbers i n  
which each number i s  g o t t en  f rom the  p r e v i o us  number by 
add i ng  a c o n s t a n t .  For example:

1, 3, 5, 7, 9 and 
1, 3 / 2 ,  2,  5/2

are a r i t h m e t i c  p r o g r e s s i o n s  s i nc e  the  f i r s t  i s  g o t t en  
by adding 2 to each term and the second i s  g o t t en  by 
add ing  1/2 to  each te rm.

A p a r t i c u l a r  a r i t h m e t i c  p r o g r e s s i o n  has 5 terms.  The 
sum o f  a l l  f i v e  terms i s  100; the sum o f  the t h r e e  
l a r g e s t  terms i s  seven t imes the sum o f  the two s m a l l e s t  
te r ms .  What i s  one term o f  t h i s  sequence?

a) 4 /5  b) 5 /4  c) 3/4 d) 4 /3  e) 5 /3

9) A 3 by 3 magic square i s  an ar rangement  o f  t he  d i g i t s  
1 to  9 i n  the form o f  a square so t h a t  the sum o f  the 
numbers i n  each row,  column and d iagona l  i s  e x a c t l y  the 
same. The f o l l o w i n g  i s  an example o f  such a square :

8 1 6
3 5 7
4 9 2
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Complete the f o l l o w i n g  square so as to make i t  a magic 
s q u a r e ,

9 , .

. . 8

Then the e n t r y  i n  the f i r s t  row and f i r s t  column ( i . e .  
the c i r c l e d  e n t r y )  i s?

a) 1 b) 2 c) 3 d) 4 e) 5

10. A r e g u l a r  octagon i s  i n s c r i b e d  i n  a c i r c l e  o f  r a d iu s  8. 
What i s  t he  p e r i m e t e r  o f  t he  octagon?

(a)  49
(b)  51
( c )  53
(d)  55
(e)  57

11. Replace the  * ' s  i n  the f o l l o w i n g  m u l t i p l i c a t i o n  problem 
so as to make a v a l i d  m u l t i p l i c a t i o n .

* * 5
4 *

3 *  *

*  2 *  *

\  *  *  *  *

The l a s t  l i n e  should  read:

a) 13840 b) 13965 c)  12845 d) 12970 e) 12915

12. A l a d d e r  100 f t ,  l ong i s  l e a n i n g  a g a i n s t  a b u i l d i n g  so 
t h a t  i t  reaches a window ledge 80 f t .  h i g h .  How many f e e t  
must the l a d d e r  be moved away f rom the b u i l d i n g  so t h a t  
the top o f  the l a d d e r  w i l l  reach a l edge o f  8 f t .  l ower  
down?

a) 6 .2 f t .  b) 7.4 f t .  c)  8 .6 f t .  d) 9 .4  f t .  e) 10.5 f t .
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13. A g a s o l i n e  d i s t r i b u t o r  has two pumps. The main pump 

can f i l l  t he tank o f  a d e l i v e r y  t r u c k  i n  30 m i n u t e s ,  
whereas the second,  a s m a l l e r  a u x i l i a r y  u n i t ,  r e q u i r e s  
45 minutes to f i l l  t he  same t r u c k ,  How long would i t  
take i f  both pumps were used s i m u l t a n e o u s l y ?

a) 16 min.  b) 17 min,  c) 18 min,  d) 19 min.  
e) 20 min.

14. In the f o l l o w i n g  l e t t e r  a r i t h m e t i c  problem each l e t t e r  
stands f o r  a d i f f e r e n t  d i g i t  f rom 0 t o  9. Replace the 
l e t t e r s  so as to make a p roper  a d d i t i o n :

d c d b 
+ d a b c

a b c b 

The l e t t e r  "a"  s tands f o r :

a) 4 b) 5 c) 6 d) 7 e) 8

15. The problem i s  to f i n d  the  number o f  l i n e  segments con­
n e c t i n g  a g iven number o f  p o i n t s .  Cons i der  t he  f o l l o w i n g  
cases :

1 p o i n t  
no l i n e

3 p o i n t s  
3 l i n e s

4 p o i n t s  
6 l i n e s

2 p o i n t s  
1 l i n e

How many l i n e s  c ou ld  be drawn c o n n e c t i n g  12 p o i n t s ?  

a) 66 b) 68 c) 70 d) 72 e) 74

16. "We've a l l  remarked on i t  many t imes b e f o r e , "  observed 
Mr. Bankes,  " b u t  i t  s t i l l  gets me. Where e l se  i n  the 
w or l d  would you f i n d  a l a w y e r ,  a u t h o r ,  d e n t i s t  and banker  
a t  one t a b l e ,  and b e a r i n g  the names o f  Law, Penn, Banks 
and Tooth?"

" I t ' s  wor th  p u t t i n g  i.n R i p l e y , "  r e p l i e d  the d e n t i s t ,  whose 
surname cor responded to Mr. Penn's p r o f e s s i o n ,  " e s p e c i a l ­
l y  as our  names do not  agree w i t h  our  r e s p e c t i v e  occupa­
t i o n s . "
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Which o f  the f o l l o w i n g  s ta temen ts  i s  t r u e ?

a) Mr. Law i s  a banker
b) Mr. Law i s  a d e n t i s t
c)  Mr. Bankes i s  a l awyer
d) Mr. Bankes i s  an a u t h o r
e) Mr. Penn i s  a d e n t i s t

17. How long ( t o  t he  n e a r e s t  y e a r )  w i l l  i t  t ake  f o r  a sum o f  
money to double i f  i n v e s t e d  a t  5% compounded q u a r t e r l y ?

a) 12 y r s .  b) 14 y r s .  c)  16 y r s . d) 18 y r s .  
e ) 20 y r s .

18. Three s t a r t e r s  l i n e d  up f o r  the  r ace .  Mike,  who was 
known to p i c k  w inner s  i n  the p a s t ,  s t a t e d  w i t h  c o n f i ­
dence,  " F a y ' s  F o l l y  must w i n . "  Steve w a s n ' t  so s ur e .  
"Anyway she w o n ' t  f i n i s h  second . "  Stan had been s t u d y i n g  
h i s  card and t r y i n g  to  dec ide between Kimono and S a t a n . .  
"Satan w i l l  be e i t h e r  f i r s t  o r  second , "  he d e c l a r e d .
Only one o f  the 3 f r i e n d s  had been a t r u e  p r o p h e t ;  What 
were the f i n a l  p l a c i n g s ?

a) Fay's F o l l y  i s  f i r s t ;  Satan i s  second;  Kimono i s  t h i r d
b) Fay's F o l l y  i s  f i r s t ;  Satan i s  t h i r d ;  Kimono i s  second
c) Fay's F o l l y  i s  second;  Satan i s  f i r s t ;  Kimono i s  t h i r d
d) Fay's F o l l y  i s  second;  Satan i s  t h i r d ;  Kimono i s  f i r s t
e) Fay's F o l l y  i s  t h i r d ;  Satan i s  second;  Kimono i s  f i r s t

19. What i s  the 49th term in  the f o l l o w i n g  sequence?

3, 7, 13, 21, 3 1 ............................

a) 2451 b) 2453 c) 2455 d) 2457 e) 2459

20. R a d i o a c t i v e  St ron i um 90 has a h a l f  l i f e  o f  3,385 y e a r s .  
How long ( t o  the  n e a r e s t  y e a r )  w i l l  i t  t ake  f o r  St ron i um 
90 to  decompose so t h a t  o n l y  1 p e r c en t  o f  the o r i g i n a l  
mass remains?

a) 22 y r s .  b) 24- y r s ,  c) 26 y r s ,  d) 28 y r s ,  
e ) 30 y r s .
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[<v-

21. I f  n r e p r e s e n t s  t he  number o f  p o i n t s  on one s i de  o f  a 
pentagonal  l a t t i c e  and L = the number o f  n o n - o v e r l a p ­
p ing  l i n e  segments j o i n i n g  p o i n t s  i n  the n e t wo r k ,  then 
f i n d  the  number o f  n o n - o v e r l a p p i n g  l i n e  segments i n  a 
l a t t i c e  w i t h  10 p o i n t s  on one s i d e .  Use the f o l l o w i n g  
diagrams to  get  s t a r t e d .

a) 162 b) 164 c) 166 d) 168 ,e)  170

22. Two p o i n t s  A and B on one bank o f  a r i v e r  are 95 f t .  
a p a r t .  A p o i n t  C across the r i v e r  i s  l o c a t e d  so t h a t  
ang l e  CAB i s  75° and angle CBA i s  80° .  How f a r  i s  C 
f rom A?

a) 191 f t .  b) 203 f t .  c) 214 f t .  d) 221 f t .  
e) 237 f t .  .

23. A c a n o e i s t  paddles a t  a c o n s t a n t  r a t e .  He f i n d s  i t  takes 
him 2 hours l o n g e r  to  make a 12 m i l e  t r i p  upst ream than 
i t  does downstream. I f  t he c u r r e n t  i s  3 mph, how f a s t  
i s t h e c a n o e i s t p a d d l i n g ?

a) 3 mph b) 4 mph c) 5 mph d) 6 mph 
e) 7 mph

24. Determine the h e i g h t  o f  the E i f f e l  Tower g iven the 
i n f o r m a t i o n  i n  the d iagram below.

n = 1 
L = 0

n = 2 
L = 5

n = 3 
L = 13

n = 4 
L = 24

Find h; c) 1022 f t .

a) 921 f t .
b) 997 f t .

d) 1051 f t .
e) 1129 f t .
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F i na l  Examinat ion 
P a r t  2

1. (2v/T + 2 ) ( / T - 2  S ~ T ) = ?

a) 2 - 3 / “ §" b) 6 + 5 / " T  • c ) 2

d) - / “ 6” e) 3 - 2 VT

2. S i m p l i f y :
, » 3/2 n 3 j \ 2a ) x  b) x ' c ) x  d ) x

3. S i m p l i f y :  3 /  2 - 4
/ T

) f~2 b) - / F  c) IT T  d) -1 
2  2 / - T

4. Combine and s i m p l i f y :  5 /  75 + 7 /  108 - 6 /

a)  12 /T U T  b) 6 /~62"  c) 25 / T

e ) 67 /  3 - 4 2 /  5

5. I f  7” x = 10, then 72x i s  equal  to

a) 1/100 b) 1/20 c) 30 d) 100

. 1  - 1
6. ( x- x  x) = ?

a) x + 1 b) x2- l  c) x d) _x_
x2- l  X+1

e) x 
x-1

) x

e) -1

~ T W  

d) 25

e) 50
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7. I f  4X = /  23y t h e n ,

a ) x = 3 x  b) x = 3y c ) y = 3 x
4 4

d) x = 1 y e) y = 1  x
3 3

8. The r o o t s  o f  the  e q ua t io  / 1 2 + x = x are

a) - 3 and 4 b) 4 o n l y  c) -3  o n l y
d) 3 and -4 e) 3 o n l y

2
9. For what  va lues o f  K w i l l  t he e qu a t i o n  x + 4x - 2K = 0

not  have any r e a l  s o l u t i o n s ?

a) K < - 2 b) K < 0 c)  K < - 2  d) -5 < K< -2
e) -2 < K < 4

10. Solve f o r  x: x - x = £
x - 1 x + 1 3

a) x = 2 and - h  b) x = -2 and % c) x = 2 and -2
d) x = -h  and Jg e) x = 1 and

11. 2x - 2 = ?
x 2 + x - 2 x -1

a) 2x - 2 b) 4x - 4 c)  _ __ -J_

d) 4 e) - 4 x 2

x 2 + 2x - 3 x 2 + x - 2 x 2 + x - 2

x 2 + x - 2 x 2 + 2x

12 + 1 x

a) 1/y

x + yy 

b) 1/x c)  x / y  d) y / x  e) x / y
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13. The graph o f  2y - 3x = 4 i s :

(b)

( d)

14. I f  l og  7 = p and l og  5 = q,  then l og  175 = ?

a) p + 2q b) p 2q c)  2p + q d) 2p q

e) p + q

15. l o g ,  1 = ?
J 81

a) 27 b) -4 c) 1/27 d) 4 e) -3

16. So lve f o r  x: 3 l o g ^  x + l o g ^  1 - I ° 9 j 3  13 = 2

a) -7  and 7 b.) 7 c) 3 d) 3 and -3 e) 1

17. Solve f o r  x:  23x = 90

a) l o g  90 b) 3 l og  90 c) 3 1og 2 d) l og  2
3 l og  2 l og  2 l og  90 3 l o g  90

e) l og  90 
l og  6
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18. In t r i a n g l e  ABC,ZA = 37°.  Find ZB

a

c

a) 21° b) 31° c) 44° d) 53° e) 57°

19. In a 3 - 4 -5  r i g h t  t r i a n g l e ,  an ang l e  b i s e c t o r  i s  drawn 
to  t he  l o n g e r  l e g .  Find i t s  l e n g t h .

a) 9 /2  b) 3/2 / T  c) 15/4 d) 3 / T
e) cannot be determined from informat ion given.

20. Two angles  o f  a t r i a n g l e  are 30° and 135°.  The r a t i o  
o f  t he  l o n g e s t  s i de  t o  the s i d e  o p p o s i t e  the 30 ang l e  
i  s :

a) 2:1 b) / T :  1 c) / T :  1 d) /T: 2 e) / T :  2

21. The s i des  o f  a t r i a n g l e  are 3,5 and 7. The va lue  o f  the
c o s i n e  o f  the  s m a l l e s t  angle  o f  the t r i a n g l e  i s :

a)  5 /7  b) 13/14 c) 11/13 d) 8 /15 e) 12/13

22. I f  cos x = m and x is an acute angle,  then tan x = ?

a) V i  + m2 b ) m c) V l  + m̂

Find x
•4

m V l  - m* m

d) m e) Vl -
m
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23. Solve f o r  y :  x + y + 2Z = 3
2x - y + 4Z = 0

x + 3Z = 2

a) 0 b) 1 c)  2 d) 3

24. The va lue  o f  K f o r  which the  system Kx +
2x -

has no s o l u t i o n  i s :

a) 2 b) 5 c) 6 /5  d) - 6 / 5

e) 4

3y = 7 
5y = 3

e) - 3 / 5



Appendix  B

The f o l l o w i n g  pages r e p r e s e n t  t he  raw data used 

i n  the s t u d y .  Below i s  a d e s c r i p t i o n  o f  t he  i tems i n  each 

column.

Column Number:

1. T reatment : group:  0 = C o n t r o l ,  1 = Exper imenta l

2. Score on Scrambled Words Test

3. Score on Hidden F i gures  Test

4. Score on D ec i ph er i ng  Languages Test

5. Score on Nonsense S y l l o g i s m  Test

6. Score on T oo th p ic k s  Test

7. Problem s o l v i n g  p r e t e s t  score ( i f  t he  s u b j e c t  took  the
p r e t e s t )

8. Score on the problem s o l v i n g  p o s t t e s t  ( i tems  1-24)

9. Score on the problem s o l v i n g  p o s t t e s t  ( i tems  1-9 o n l y )

10. Score on the a lg e b r a  p o s t t e s t

11. Score on s u b t e s t  1 o f  the problem s o l v i n g  p o s t t e s t

12. Score on s u b t e s t  2 o f  the  problem s o l v i n g  p o s t t e s t

13. Score on s u b t e s t  3 o f  the problem s o l v i n g  p o s t t e s t

14. H e u r i s t i  c s o r t i n g  score  on the  p o s t t e s t
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1. 2. 3. 4. 5. 6. 7. 8.

0 50 12.8 21.6 3 1 33 46

0 41 3.2 8.0 -6 4 0 75

0 49 7.4 12.4 4 13 33

0 46 5.6 7.2 8 4 11 63

0 50 3.4 9.4 5 15 50

0 35 5.8 13.8 4 5 33

0 45 2.4 9.0 4 7 42

0 45 6.8 6.6 8 6 22 46

0 45 20.0 6.6 8 14 54

0 48 10.8 8.6 6 7 67

0 48 10.2 10.8 4 2 58

0 44 6.4 7.2 -3 5 44 46

0 45 14.8 8.0 11 2 46

0 50 11.8 23.0 0 17 44 63

0 50 16.4 14.4 2 9 44 58

0 48 16.8 22.8 18 4 63

0 47 16.6 7.0 3 ‘11 58

0 50 3.4 6.6 7 3 17

0 46 7.0 5.4 6 8 33 21

0 47 0.8 9.6 -2 12 33 58

0 46 21.2 19.2 2 9 50

0 50 24.0 20.4 13 12 42

0 50 8.0 6.8 -2 6 46

9. 10. 11

44 33 5
78 58 9
33 46 4
56 54 10
44 67 7
33 50 3
44 58 3
44 71 5
56 71 —t/
67 75 9
67 58 5
67 67 4
56 29 5
44 88 8
56 71 8
56 75 6
67 54 6
11 54 3
22 58 1
44 75 7
56 58 4
22 58 4
56 46 4

12. CO • 14.

4 2 -4 .7
4 5 -3 .5
1 3 0.5
3 2 -2.2
3 2 -2.0
1 3 9.0
2 4 -1 .3
2 3 -3 .7
4 2 0.6
2 5 -4 .5
4 5 4.4
4 3 -1 .1
4 2 -0 .8
3 3 -3.2
4 2 1.9
5 4 -5.2
5 3 -1 .4
1 0 -3 .0
2 2

o1

3 4 2.2
3 4 0.7
5 1 -5.3
4 3

I

1

PO



y
1, 2. 3. 4. 5. 6. 7. 8.

0 40 1.6 6.0 6 5 33 42

0 35 0.8 7.6 9 10 58

0 46 8.6 7.6 4 4 11 29

0 48 20.0 16.4 9 17 78 79

0 42 5.8 13.4 10 3 56 46

0 48 5.8 18.0 8 1 38

0 44 11.0 20.6 12 5 29

0 44 7.0 2.8 -2 8 0 17

0 29 14,4 8.0 -6 7 50

0 45 7.4 9.8 -6 8 33 46

0 44 8.6 16.8 6 6 67

0 49 20.8 5.6 4 12 29

0 44 6.6 10.4 2 10 56 17

0 47 7.6 7.2 4 8 22 25

0 44 13.0 12.2 1 0 29

0 47 26.0 21.8 0 9 50

0 47 10.8 9.4 0 » 4 33

0 40 14.8 8.4 22 9 33 63

0 37 13.0 4.2 4 12 22 58
0 50 13.0 16.8 22 12 56 83

0 50 13.2 22.8 3 11 50

0 39 22.0 16.8 8 13 38

0 40 2.0 7.2 -4 2 44 42

9. 10. 11. 12. 13. 14.

44 58 5 2 3 -0 .1
56 50 7 2 5 -1 .8

2 2 79 5 0 1 -5.2
78 79 9 5 5 -1 .4

56 63 3 4 4

CO*
r—1 1

33 63 3 3 3 -2.3
22 92 ' 3 2 2 -0.2
11 58 2 1 1 -2.4
56 25 7 1 4 -2 .8
44 58 3 3 5 0.8
67 67 9 5 2 -5.1
33 67 4 1 2 -1.0
22 33 1 3 0 -1.0
22 67 4 1 1 -2.4
22 54 3 2 1 3.0
56 79 8 2 1 -0.6
44 29 6 6 3 -3.9
44 50 6 4 4 3.7
44 50 10 6 3 -0.8
78 75 6 2 3 7.3
56 54 2 5 2 -6 .0
37 56 5 1 4 -3 .1
33 71 7 3 4 1 ro • 1-u

r o
oo



1—
*

I -

2. 3, 4, 5. 6. 7, 8.

50 18.0 17.2 14 8 33 58

49 24.2 24.0 • 22 20 83

22 I o 00 7.2 5 15 79

50 11.0 21.6 16 4 11 75

49 17.0 13.4 16 7 44 71

49 20.0 14.8 -5 16 11 71

39 19.4 15.6 11 15 75

47 5.4 7.8 -6 7 22 75

49 0.8 16.2 9 1 22 63

40 3.6 7.2 -1 7 71

47 15.6 7.2 5 8 58
47 18.8 9.8 0 9 71
48 11.2 19.8 18 5 92
47 10.8 10.8 -3 5 44 ‘75
45 1 11 8 4 46
50 12.8 7.6 -4 4 56 71
47 0.8 7.6 6 1 2 33 50
39 11.8 13.6 -1 3 22 71
21 2.0 17.6 '5 15 79
24 11.0 15.0 13 7 92
38 18.0 12.8 -2 7 75
50 25.0 24.0 -9 15 67

50 13.8 6.6 3 3 79

9. 10, 11. 12. 13. 14.

56 79 2 5 1 -3.9
100 83 8 6 6 4.8
100 83 10 3 6 -0.1
89 58 9 4 5 -4.2
78 58 7 5 5 1,3
67 79 7 4 6 3.1
67 67 9 4 5 -1.1
78 33 9 3 6 -1 .4
56 50 6 3 5 -1.9
78 42 7 4 3 4.8
33 63 8 3 6 0.0
67 50 10 6 6 4.2
89 67 6 6 6 3.4
78 13 6 4 1 0.9
56 46 8 3 6 9.3
78 63 7 3 2 -0 .6
56 33 8 4 5 -1 .3
67 50 11 4 4 -0.6
78 33 11 5 6 5.4
89 54 9 3 6 -2.2
78 67 / 3 6 4.0
67 54 11 2 6 0.7
89 79 10 3 3 -0.9

r>o
vo



2. 3. 4. 5. 6. 7. 8

41 7,4 17.0 25 10 11 67

50 26.6 13.0 6 11 33 75

36 8.8 13.4 7 5 33 67

42 .6.0 5.8 -3 9 22 63

48 12.6 24.0 5 11 33 58

50 5.8 6.4 -5 4 67

50 15.8 24.0 5 9 75

40 3.2 6.4 7 11 56 46

50 15.8 22.8 14 15 63

46 11.8 24.0 -8 9 44 75

37 8.2 3.6 10 9 58

47 9.0 7.0 6 9 22 83

50 18.6 14.6 11 14 56 46

44 6.8 .12.2 4 10 11 71

25 1.0 8.0 0 7 21

9. 10 : 11, i2 . 13. 14.

44 75 9 4 5 -2 .2

67 25 8 3 5 5.5

56 46 8 2 5 -3 .0

67 25 6 4 4 0.0

42 33 8 3 5 -2 .8
78 29 8 5 5 . -7 .1

100 . 50 4 6 1 2.3

33 17 6 . 5 4 -4 .8
56 33 7 5 6 2.6
78 50 6 4 4 1.4

67 42 3 0 2 -3 .0
89 25 9 5 6 . 3.2
44 63 2 3 6 1.9

56 38 8 4 5 1.8
33 46 9 3 5 2.8

CO
o
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