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NOMENCLATURE

the damped natural frequency of compressional viscoelastic
wave system,

the damped natural frequency of thermoviscoelastic medium,
the temporal attenuation of compressional wave system,
the temporal attenuation of thermoviscoelastic medium,
the absorption coefficient of compressional wave system,
the absorption coefficient of thermoviscoelastic medium,
the natural frequency of compressional wave system,

the natural fregquency of thermoviscoelastic medium,
envelope function,

noise function,

compressional wave system damping factor,
thermoviscoelastic medium damping factor,

is the relative comparison between the exponential decay
coefficient of the noise correlation function and the decay
coefficient associated with the compressional wave system of
the viscoelastic medium,

is the relative comparison between the natural damped frequency
of the compressional wave system and the frequency of the noise
correlation function,

number of response cycles of the compressional wave system of
a viscoelastic medium,

ETE}ET is the quality factor of the compressional wave system,
is the shear modulus of the viscoelastic medium (Lamé parameter),

is the shear viscosity of the viscoelastic medium,



G(t-t')

G'(t-t'")
G" (t_tl )
G(w)

G' (w)
Gll (m)

is the compressional modulus of the viscoelastic medium
(Lame parameter),

is tha compressional viscosity of the viscoelastic medium,
is the density of medium,

is the Fourier transform parameter (wave number),

is the correlation function decay constant,

is the harmonic frequency of the correlation function,

is the response of the compressional wave system of the visco-
elastic medium,

is the retarded response Green's function for the compressional
wave system of the viscoelastic medium in time domain,

is the real part (even) of G(t-t'),
is the imaginary (odd) part of G(t-t'),

is the Green's function for the compressional wave system of
the viscoelastic medium in frequency domain,

is the even (real) part of G(w),

is the odd (imaginary) part of G(w),

Subscripts

i
L
T
t

ad

Refers to initial valued problem,
Refers to longitudinal wave,

Refers to transverse wave,

Refers to temperature dependent term,

Refers to adiabatic term (also superscript),

Superscripts

ad

Refers to adiabatic term,

Refers to viscoelastic shear wave system.

Xi



ABSTRACT

ACOUSTIC IDENTIFICATION OF MARINE
SEDIMENTS BY STOCHASTIC METHODS

by

HALIL TUGAL

An attempt is made to understand the behavior of the quality
factor Q of a viscoelastic compressional wave system modeled as a lightly
damped harmonic oscillater excited by random acoustic inputs in an
ocean environment so that the ocean subbottom soil sediments can be
identified and thus classified.

After the introduction of fundamental differential equations
of an elastic and viscoelastic medium with and without temperature
effects the vector field equations are simplified by separating the
field into longitudinal and transverse parts. The unit impulse response
in the Tiquid is expressed as a Green's function due to point-source
field excitation. Then the initial valued Green's function is deter-
mined using Kubo's formula.

The mean-square response of a lightly damped viscoelastic
medium to a special type of non-stationary random excitation is deter-
mined. The excitation function is taken in the form of a product of
a well-defined deterministic envelope function and a part which describes
the statistical characteristic of the excitation. The latter is
assumed white as well as correlated noise functions and both the unit

step and rectangular sfep envelope functions are considered. By taking

xii



into account this particular type of non-stationary input and the wave
characteristics of the Tightly damped viscoelastic medium, the mean-
square response for various types of excitation and damping parameters
is evaluated. Then the multi-layer problem is solved and the mean-
square response of double layered viscoelastic medium to the correlated
noise modulated by a rectangular step envelope function is analytically
determined. Also, the initial value problem is solved and the mean-
square response of the medium to non-stationary random inputs are also
“analytically determined.

To further understand the behavior of the quality factor in a
viscoelastic medium, "Higher Order Autocorrelation" technique is
introduced as a signal processing procedure. The first, second, third,
and fourth order autocorrelations of the normalized rms of a visco-
elastic medium to non-stationary random inputs are determined using
Fast Fourier transform technique on the computer. It is shown that
the system with high quality factor has a flat Gaussian envelope and
the system with Tower quality factor has a sharper Gaussian envelope
function. This is a very useful technique to estimate the quality
factor of a system by comparing them when digitized remote data are
available.

The temperature effects are included in the medium and the com-
pressional viscous Lamé parameter is expressed in terms of a temperature
independent and a temperature dependent expressions and other thermo-
dynamical and mechanical variables. Using this result the quality factor
and thus damping of the medium and also bandwidth is expressed as a

function of temperature.
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% The experimental data analysis shows that from the core data
é zones exist and for each zone there is a corresponding acoustical
? reflector peak in remotely obtained digitized data.
? The extension of the single degree-of-freedom damped harmonic

| é oscillator model of a single layer of viscoelastic medium in (?;t) and
i (Ksw) domains to a multi degree-of-freedom damped harmonic oscillator
g model which prescribes the characteristics of the viscoelastic reflect-
; ors is validated when the extended model showed the presence of a peak
ﬁ due to second Tlayer.
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CHAPTER I
I. INTRODUCTION

Acoustic sensing methods have been used to identify and
classify the sediments on the ocean floor. Researchers have developed
analytical models and improved them to better understand acoustical
reflectivity measurements from the ocean floor. The objective of this
thesis will be to provide and develop an analytical model of the ocean
subbottom which presents a deeper knowledge as well as a better under-
standing of acoustic reflections from the ocean floor in the form of
digitized data. Furthermore, an appropriate acoustic signal process-
ing technique is presented to aid in the understanding and interpre-

tation of the acoustic data.

I-1 REVIEW OF PREVIOUS RESEARCH

Initially, extensive use of reflection profiling to study sub-
surface geology began in 1930's as a part of the search for petroleum
(Dobrin, 1960). It should be noted that the low frequency seismic
sources used in the exploration for oil have a wavelength of about
300 feet in the earth. Ewing and Ewing (1970) identified, in their
CPS records in the Atlantic, a zone of reflectors bounded above and
below by acoustically transparent layers which they call Horizon.

The drilling of the DSDP has been unable to unequivocably establish
the significance of Horizon A (Ewing and Hollister, 1972).
Ryan, et al. (1965) studied sediment cores in the Tyrrhenian

plain. Correlations between layers of coarse grain, low porosity



sediments embedded with finer grains and the seismic reflection
records which were generated by both ship-mounted and near bottom
12 kHz sources were established.

Siva and Hollister (1973) examined a core taken in the
shallow waters off the Gulf of Maine and made a tentative correlation
between a zone of higher water content and a reflection observed in
their 3.5 kHz records.

Hamilton (1965, 1969, 1971, 1972) has employed a relatively
simple ray theory model for the identification of ocean subbottom
soil sediments. This model was used to analyze the reflected acoustic
pulses from the ocean subbottom. Here, the return signal is described
by the Rayleigh reflection coefficient which has the acoustic impedence
as the most important sediment parameter after accounting for the spher-
ical spreading and dissipation of the wave.

Using the above model, Breslau (1964) developed an empirical
relation between the subbottom reflection coefficient and sediment
porosity. He was then able to classify ocean sediment types directly
from observations of the reflected pulse since each sediment type can
be closely related to its porosity.

Another important parameter of the subbottom soil is its
rigidity which has been identified by the presence of shear waves.
Taking this parameter into account the geometrical ray model of
Breslau (1964) was modified to a field theoretical one. The ocean
subbottom was then modeled as a Voigt viscoelastic solid. For a given
acoustic inputs Magnuson (1972) analytically calculated the response
for one subbottom soil layer. The computer results were obtained for

grazing angles and a table for different material of subbottom



sediments were determined. This then increased the ability to classify
ocean sediment types from observations since each sediment type can be
closely related to the magnitude of the return signal at each grazing
angle.

Furthermore, since the ocean subbottom consists of more than
one sediment layer, the model was extended to include multilayer effects
by A. Yildiz (1972), Magnuson (1972) and Stewart (1975). In this model,
the boundary conditions, namely, the continuity of stress field as well
as the displacements at the interfaces are directly taken into consider-

ation and the analysis was done in (¥;w), space-frequency domain.
I-2 RESULTS PRESENTED IN THESIS

Without Tosing the general features of the above model, it is
shown that the theoretical model can be modified to a damped harmonic
oscillator model by taking the spatial Fourier transformation of the
(Voigt) viscoelastic differential equation.

Then the soil parameters, which are characterized by the visco-
elastic parameters u', u", A', and A", are expressed in terms of the
damped harmecnic oscillator parameters such as the natural and damped
oscillation frequency, and damping factor.

The analytical solution of the differential equation in wave-
number and time domain, (f;t), which describes the non-equilibrium
behavior of the viscoelastic medium is presented. The absolute value
of the solution in wave-number and frequency domain is used to determine
the quality factor of the medium. The quality factor is related to the
damping which gives a measure of rigidity and dissipation of energy in

the viscoelastic body.
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The quality factor becomes a very important parameter in the
classification of ocean subbottom soil sediments since each sediment
type can closely be related to its damping parameter. This will then
increase the ability to classify ocean sediments since by comparing
the quality factors of the input and reflected acoustic pulses an idea
of the damping in the medium will be obtained. Thus, the subbottom soil
can be classified according to their quality factors.

Furthermore, starting with the fundamental principles of elastic-
ity and thermodynamics, the viscous Lamé parameters A" and u" are
derived in terms of specific heat parameters and other relevant thermo-
dynamical and mechanical variables. This gives more detailed information
on the quality factor parameter and also on the width of resonance of
acoustic pulses in wave-number and frequency domain.

Also, since the ocean subbottom consists of more thaﬁ one sediment
layer (see Figure II-3) the damped harmonic oscillator model is expanded to
multidegree freedom one. The multidegree model is important in inter-
preting and understanding the peaks in the acoustic reflectivity measure-
ments.

If these subbottom layers are assumed to be plane and thus forming
zones, then they become simple set of reflectors to the acoustic input
signals. This is indicated whenever a core measurement analysis indicates
a presence of a zone there is a corresponding reflector peak in the return
acoustic signal.

The input acoustic signals in the ocean are random. Hence, the
acoustic response(s) of the ocean subbottom soil are theoretically cal-

culated from the analytical model as the mean-square response of a
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viscoelastic medium to nonstationary random excitation (or random
acoustic input).

Finally, the first, second, third and fourth order autocor-
relations of mean-square response of a viscoelastic medium to non-
stationary random inputs are determined. It is shown that the higher
order autocorrelations of the response have an approximately é Gaussian |,
envelope function. The system with low damping values of higher quality
factor has a flat Gaussian envelope and the system with higher damping
values of lower quality factor has a sharper Gaussian envelope function.
This is a useful criteria to estimate the quality factor of a system by
comparing them when digitized remote data are available.

A1l of the above will increase the present technology of ident-
ifying and classifying the ocean subbottom soil sediments by acoustic

sensing.



IT. THEORETICAL MODEL

A theoretical model which represents the physical situation
of the field of measurement in the Tlanguage of differential equations
and their solutions both analytical and/or computer is the paramount
need of the subbottom soil indentification for the following reasons:

1) To coordinate and exhange data and laboratory soil mechanics
results with data and signal processing areas, and to adjust, readjust
the model parameters of the system thus giving a more realistic system
representation;

2) To assess and evaluate the results of both signal processors
and soil mechanic investigators. The model of the sea and subbottom as
multidegree system is the only reference station where such assessments
can be made;

3) To convey the necessary information to field measurement
experimentalists in order that they may carry on the field experiments
in the optimum way for the appropriate identification of subbottom soil.
Examples of some vital information are:

a) The operation frequencies and acoustic power (and the wave-
Tength regime) of the acoustic input have to be suggested to the field
experimentalists,

b) The necessity of oblique incidence and the range of oblique
reflection have to be suggested to the field experimentalists.

Furthermore, a theoretical model is also very important for the

soil mechanics investigators:

a



1) A very intensive and close information exchange between
the soil mechanics group and the model builders become obvious because
of the need to know the following properties:

Density of the subbottom material,

Porosity of the subbottom material,

Liquid content of the subbottom material,

Granular size of the subbottom material, and

Heterogeneity of the subbottom material.
Besides processing this vital information which the model builders will
use to simulate computer results with given acoustic input, the comparison
and correlation of simulated results based on the model with the model
independent of data and signal analysis, i.e., higher order autocor-
relation techniques, are very important.

2) Also, the dynamical parameters such as longitudinal and

transverse viscoelastic wave propogation velocities need to be measured:

¢, = /—*—;’—2“ (11.1)
c, = /g (11.2)

where X and ¢ are the two essential Lamé parameters of an isotropic
viscoelastic medium. Furthermore, these parameters are complex functions
(or numbers) in such a viscoelastic medium because of dissipative nature
of the subbottom.

3) However, there exists with great certainty the need to know

the following properties of the subbottom layers:




The anisotropy of the subbottom,

The existence of the Cosserat type properties of the subbottom, and

The degree of heterogeneity (or mixing) of the subbottom material.

4) The measurement of the viscoelastic parameters turn out to be
probably the most sensitive measurement for the identification problem.
Indeed, the Lamé parameters A = A' + A" %f s u=nqu"+p" %f
have operator forms in the time domain whereas they have A = A' + juw)",
u=npn'+ iwp" complex forms in the frequency domain. These are further
discussed in Tater sections.

There is also a very important effect which is the non-linear
effects of the subbottom. However, this can be detected from frequency
doubling and/or frequency tripling of the output acoustic signals. The
cause of the nonlinearity is usually an interaction of the viscoelastic
waves which are converted from acoustic waves from the liquid (ocean) -

subbottom interface (boundary) couplings in the layer structure - (see

Figure II-1).

Acoustic Signal
(ocean)

First Subbottom Layer

Figure II-1




On the other hand, the origin of the non-linearities can be
attributed to the geomorphological reasons of the layers such as clust-
ering of certain types of material such as clay in a random manner in

the layer. (see Figure II-2)

[/ ]

Figure II-2

Un]éss the frequency doubling and/or frequency tripling effects
are observed in the output effects it can be concluded that the non-
linearities are weak and the linear model will not need modifications
to include non-Tlinear behavior. In this investigation the non-linear
behavior is not taken into consideration.

After these preliminary remarks, the description of the theoret-
ical model of the ocean subbottom system is presented. The original
model (Magnuson, 1972) was designed for the shallow water (up to 600
feet) conditions and the acoustic probing could be achieved by surface
vehicle(s) (ship(s)). It is mainly a one 1liquid 1aye# plus Tayered

subbottom structure (see Fiugre II-3).
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Figure II-3

The acoustic response from such a system with given acoustic
inputs were first analytically calculated for one layer subbottom by
A. Magnuson (1975) as mentioned earlier.

This model was the field theoretical version of the original
Hersey-Breslau (geometric ray theory) model. The Hersey-Breslau model
did not contain shear effects of the subbottom and was taken after the
Rayleigh ray theory.

The analytical model used in this investigation is a damped
harmonic oscillator model. The model is introduced from the funda-
mental field equations simply first going to the Fourier-domain in

spatial coordinates. Briefly this will be shown.




|

n

The isotropic wave equation in one subbottom Tayer reads
2 2> >
P U - WVl - (w+2a) v(veu) =0 (I1.3)

where A = A' + A"3, and u = qu' + u"at in the Tinear viscoelastic

t
theory. The above equation then becomes

2

pat u - u'Vz

U= (p' +2") v (ved) - p"atvzﬁ - (u" o+ A")atv(v-ﬁ) =0
(11.4)

where U = 3(?;t) and taking the spatial Fourier transform of the above

differential equation leads to

patzﬁ + u"kzatﬁ + (u" + A")atR’ (k-u) +

Pk () B @R = 0 (11.5)

where U = u(K;t) which has essentially an analogous structure to

the

2

. G‘+wn23 = 0 (11.6)

>
+
3,°u Zcmna

t

damped harmonic oscillator model. Now, the system (theoretical model)

can be represented geometrically as in Figure II-4.
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Figure II-4

Here, the boundary conditions, namely, the continuity of the
stress field as well as the displacement vectors at the interfaces now
have been substituted by harmonic oscillator initial conditions: x(t) -
displacement and x(t) - velocity conditions. A. Yildiz (1972),

A. Magnuson (1972) and Stewart (1975) have considered these boundary
conditions and determined the response of such a system in space-
frequency domain.

In this investigation, the geometrical effects that is the
boundary effects are taken into consideration in a different manner.

In (K3t) and (K3w) domain the boundary effects are observed by noting
changes in such parameters as the quality factor.

Continuing with the description of the theoretical model, it is

important to note the advantages of this rather simple and effective

model.
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f 1) For one degree of freedom system one has a resonant
frequency (see Figure II-5). This represents the most dominant
frequency of the layer which also carries the characteristic infor-

mation of the layer, namely

w, = wn(u,A) (11.7)

| ; A4

[
| ;E Figure II-5
| The width of the peak is related to the imaginary parts of the Lamé

parameters, namely u" and A".

| E 2) The two degree of freedom will be represented by two

ﬁ resonant frequencies - see Figure II-6. Once again, the first

@ resonant frequency is the characteristic frequency

: : > W

w w

: ny Ny

g Figure 11-6
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of the first layer whereas the second resonant frequency is the
characteristic frequency of the second Tayer. This can go on further
for three, four degrees of freedom and determine their characteristic
frequencies.

The motivation for choosing this model has come from the
application of higher order correlation technique which the Theoretical
and Applied Mechanics group has developed at the University of New
Hampshire. Indeed, the raw acoustic data has been developed in the
computer and the resonance peaks have been observed. The interpretation
of the signal porcessing results leads one to adopt the damped harmonic
oscillator model. As shall be discussed in the signal processing section,
the virtue of the higher order autocorrelation technique is to make use
of only the output signals with no reference or need of the input signals
to the system whatsoever. This radical change from the usual signal
processing is demanded because of considerable uncertainties in the
input signals in the field experiments.

Again, one of the main contributions on the damped harmonic
oscillator model is the determination of the width of the resonance
peak in terms of thermodynamical and mechanical variables. Thus, the
usual empirical description of the width now has given its place to an
analytical expression. Therefore, the damping parameters of the sub-
bottom soil can be determining independently by the model. The signal
processing also yields an empirical width estimation. The comparison
of these two values is the most sensitive probe for the general

identification of the ocean subbottom soil.
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ITI. LINEAR VISCOELASTIC THEORY

In this section, the general theory of viscoelasticity is
presented. First, the linear elasticity theory is briefly outlined
with emphasis on physics. The viscoelasticity is introduced from the
fundamental elastic relations by introducing viscosity or energy
dissipation mechanism into an elastic body. The differential equations
which describes the elastic and viscoelastic compressional and shear
wave mediums are obtained in (¥,t), (¥,w), (K,t), and (K,w) domains
and their respective solutions are presented as a response to an unit
impulse excitation, that is in terms of Green's functions. The dis-
sipative and reactive parts and causality effect of Green's function
are also presented. Finally, the initial value Green's function is

evaluated using Kubo's formula.

IIT.1 LINEAR ELASTIC THEORY

The small deformation theory of elasticity has been established
for many years and has been used for the solution of variety of problems
(Love, 1927). The main concern here will be the mechanical aspects of
the elastic medium which supports small deformations. The thermo-
dynamical conditions can and will be subsequently built into the theory.
For the purpose of these studies the equations of motion (or dynamical
equations) and equations of state (or stress-strain relations) are the
two primary groups of formalism which describes the mechanical behavior
of an elastic body. Compatibility relations are nothing but geometric
continuity equations which can also be brought into the picture whenever

such a need arises.
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Omitting the usual preludes, the dynamical equation of motion

for an elastic body can be written as:

0 o *+ FyM0 = O (1,3 = 1,2,3) (II1.1-1)
where %33 is the stress tensor, 9; = %;;— is the derivative operator,
fjinj /> wic necinas 1uree oelm or D'Alembertian and equals to —patzui
with p is the density of the elastic body, uy is the displacement

ext

vector, at = %f is the time derivative and Fj is the external force

term. Thus, the equation of motion can be written as

2 - .

For small deformations a general relation between stress and
strain must be developed and understood. To do this, a relation
between the local strain at every point in an elastic body must be
determined to the internal forces - the stresses in the body. For each
small element of the body it is assumed that the Hooke's law holds
true and the stresses are proﬁortiona] to the strains. The stress tensor
o.. is defined as the i th component of the force across a unit area

13
perpendicular to the j-axis. Hooke's law states that each component of

°ij is related to each of the components of strain e Since oij and

€ka, each have nine components, there are eighty-one possible coefficients
which describe the elastic properties of the body. These coefficients

can be written as C, and can be defined by the equation

ijke
where Cijkz is called the "tensor of elasticity."

!r



SIS e e s e e ot A T R e e e .

17

Before any further restrictions on the discussion of the
stress-strain relations via tensor of elasticity to those bodies which
are homogeneous and isotropic, a brief outline considering only in-
fetisimal theory of elastic bodies which are not necessarily isotropic
shall be discussed. Without loss of generality, it is assumed that the

stress o, . and strain €x have the following symmetric properties:

1]
% T %i
(I11.1-4)
®ke ~ Gk
These dictate symmetry conditions on the Cijkz tensor:
Cijke = Cjike > Cigke T Cijek 2 Cigke T Cyike (111.1-5)

Because of the symmetric properties described in Equation (III.1-5) the

tensor of elasticity becomes

Cijkz Cjikz (symmetry in i and j indices) (III.1-6a)
Cijkl = Cijzk (symmetry in k and % indices) (IT1I.1-6b)
Cijkz = Cjizk (symmetry in i and j, k and 2

indices, simultaneously) (IT1.1-6¢)

and an additional property due to cartesian system of coordinates* is

written as

*Actually the cartesian coordinate system ignores the difference between

covariant and contravariant indices, i.e., Cli = C%;.
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A propos, a few well known definitions can be made:

Elastically homogeneous: If the elastic coefficients Ci

Jke
are constants, then the elastic body is homogeneous.
Isotropic: If the elastic coefficients do not depend on the

spatial orientation, then the elastic body is an isotropic body.

Otherwise, the body is said to be aelotropic or anisotropic.

ITI.1.a ELASTIC COEFFICIENTS

In general, Cijkz forms a matrix of 9x9 with eighty-one
coefficients. However, because of the symmetry of the stress (°ij = oji)

and the strain (Ekz = Ezk) tensors the tensor of elasticity C will

ijke
be reduced to a 6x6 matrix or thirty-six coefficients. Again the symmetry
of the indices (ij and/or k&) forces these thirty-six coefficients to be
composed of twenty-one different coefficients. This is simply due to the
symmetry of the off-diagonal terms in the coefficient matrix. Here the
twenty-one elastic coefficients Cijkz will describe an aelotropic body.

From this general situation higher order symmetries of special
cases shall be briefly reviewed. [Green and Zerna, 1954]

Symmetry with respect to a plane, say Xq=X5 plane in cartesian
coordinates, reduces the elastic coefficients from twenty-one to thirteen
coefficients.

Symmetry with respect to two orthogonal planes, say Xy = 0 and

Xg = 0, reduces the elastic coefficients from thirteen to nine coefficients.

This type of symmetry is called orthotropy.
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Symmetry with respect to rotation is obtained from an
orthotropic body, say with rotation of axes in the form Xy cos 6 +
Xo sin 6 , -Xq sin o + Xo COS 6 and third axis remaining the same,
reduces the elastic coefficients from nine to five coefficients.

Symmetry with respect to all possible changes to other rect-
angular cartesian systems of axes reduces the elastic coefficients from
five to two coefficients. This type of a body is called an isotropic
body. These two coefficients are given by C]]]1 and C”22 and the

stress~strain relation can be written as

Y f ( 3
o11| (C1111 C1122 Cqp22 O 0 0 2h
099 Cliir Oz O 0 0 €22
933 Chn 0 0 0 c
33
5 e =Cirnn) O 0 e
23 7(C11117C1122 23
939 e, -Cyinn) O e
7(C11117C1122 32
. e =)l e
931 | 2 C1117C122 ) (e31)
(111.1-7)

Now these coefficients can be written in an alternate notation

) O
A=Cpppp o v = g (Cypqy - Cyppp) (II1.1-8)
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where u and A are Lame parameters.
Finally, from Equation (III.1-7) and from the symmetric
properties shown in Equation (III.7-6) the elastic coefficients

can be expressed in compact form as

Cigka = M8i50p * n(5y855 + 85585) (I11.1-9)

Now, the differential equation and its solution for an isotropic

and homogeneous elastic body can be presented.

Using Equations (III.1-9) and (III.1-3) the stress relation

becomes

Ojj = Myzege *owlegy *oeyy)
or

04 3 = AG'ijEM, + 2ue1.j (I11.1-10)
since € T 5

The differential equation becomes

2 _
-p?; uj + Aajel + 2ud5eqs = Fs (III1.1-11)

% J J

where the strain tensor is defined as

- = 1 -

Hence, Equation (III.1-11) becomes

2 2
. - + O.Us - . = F. -
P 3 uj (a u)aJa1u1 ) uj FJ (I11.1-13)



in tensor notation; in vector notation it becomes

2+
patu - (

for no external force.

homogeneous and isotropic elastic bodies.

A+ u) v (9eU) ~uv

= 9
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(I11.1-14)

This gives the differential equation for an

equation which combines three types of polarizations:

Noting that this is a vector

longitudinal -L,

vertical shear -VS and horizontal shear -HS (modes), the equation can

be separated into longitudinal or shear (transverse) parts with the

following definitions:

>
+ —

vV X U 0
+ —

vV . uT = 0

Thus, the equation results in the well-known wave equation form

[ 2 1 2)
v 'E"z-at
{ T J
(2 1 2)
Tz
{ L )

where CT = Yu/p and

longitudinal velocities, respectively.

c

L

Y(x + 2u)/p are the transverse and
(Landau, Lifshitz, 1970)

(I11.1-15)

(II1.1-16a)

(III.1-16b)
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The above set of equations can be appropriately solved by
the Green's function method. In Green's function formalism the

equations become

>

[vz o1 atz] 6y, (F-F3t-t") = 8(RF")o(t-t!) (111.1-17)

2
T,L

where CT L and GT | are the appropriate velocity and Green's function
H] 3

for the desired polarization, respectively. Using the Fourier trans-

formations
> 3 —ike (F-F')  Jult-t') i
GT’L(?-r';t-t') = J%%-JJJ Q_5_3 GT,L(?’w)e e (I11.1-18a)
(2n)
o> > d3k --k>. (‘+ —)l)
s(¥-r") = fjf g e T (I1I1.1-18b)
(2)
s(t-t') = J o o Toltth) (I11.1-18¢)

Equation (III.1-17) becomes in (K;w) domain

2
[—k2 + Y 2} GT,L(E;w) = 1 (111.1-19a)

Cr.L

in (K3t) domain

2 \
[-k — 5 atzJ GT’L(E;t-t ) = s(t-t')
T,L '

or
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L2 kz] 6 (Bstt') = -s(t-t") (111.1-19b)

which is in the undamped harmonic oscillator form;

in (F;u) domain

2

[Vz + L—ZJ GT L(F_?' ;lﬂ) = 6(;‘)._;‘)-') (III.]"]QC)

c 3
T,L

which is in the Helmholtz equation form. The solutions to these set of
equations are well-known and are given by:

in (Fyw) domain

Prlyw) = & (I111.1-20a)

where kT,L = “/CT,L H
in (K3t) domain

ikCy | (t-t")
e sl

6. , (Kyt-t') = ; (II1.1-20b)
T,L KCr |

in (K;w) domain

Baw) = — 1 ; (II1.1-20c)

and finally, in (¥3t) domain
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(I11.1-20d)

b |v-v" |

Thus, the solution to the differential equation of an isotropic

and homogeneous elastic body in Green's function formalism was presented.

IIT.2. LINEAR VISCOELASTICITY THEORY

In discussion of motion in elastic bodies, it was assumed
that the deformation, that is the exhibition of solid bodies to change
in shape and volume due to external applied forces, is reversible. In
reality, if the motion occurs with infitesimal speed only then the
process is thermodynamically reversible. However, an actual motion
has finite velocities, hence the body is not in equilibrium at every
instant and therefore processes will take place in it which tend to
return it to the equilibrium position. These processes has the result
that the motion is irreversible and the mechanical energy, which is
the sum of the kinetic energy of the macroscopic motion in the elastic
body and its elastic potential energy arising from the deformation, is
dissipated as heat.

There are two types of dissipation of energy which may occur.
First, if the temperature at different points in the body is different,
then irreversible processes of thermal conduction can take place in
it. Second, if any internal motion occurs in the body, then there are
irreversible processes arising from the finite velocity of the applied

motion. This type of energy dissipation is referred to as viscosity.
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Elastic bodies possessing these mechanical properties are called
(damped) viscoelastic solids.

In many cases the velocity of macroscopic motions in the
body is so small that the energy dissipation is not considerable.
Hence, a state of "almost irreversible" processes exist. If a mechan-
ical system whose motion involves the dissipation of energy, then this
motion can be described by the ordinary equations of motion (see
Equation (III.1-14)) with the external forces acting on the system
increased by the dissipative forces or frictional forces, which are
Tinear functions of the velocities of the applied motion. Hence,
for viscoelastic bodies the first time derivitive of the strain will
give rise to frictional forces which is linear function of velocity.

In general, therefore, the modified Hooke's Taw can be written as

_2 2
%5 = L Cigke ST ke (I11.2-1a)
or
1)
= (0) (1) af
%5 = Cigke Ske ¥ Cigke JOT7 Ske * (II11.2-1b)

For a body of this type, which is known as a Voigt solid, the stress
is the sum of two terms, one proportional to the strain and the other
proportional to the rate of strain. Hence, stress can be expressed in

the following form:

033 = o_ij + cfi'j (I111.2-2)
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where
N (1))
% = Cjks Ske
] - 1 ]
the stress is proportional to the strain, and
gl. = (. €
1j ijke ati]i ke
o, = avs,. Lo +2um ¢ (111.2-2b)
ij ij ot Can T M BT Gij :

the stress is proportional to the rate of strain. In other words,

this expression takes into consideration the dissipation of energy in
the elastic body. It should be noted that the equation of motion

for a viscoelastic medium can be obtained from relations similar to
those obtained for an elastic body, but the Lame parameters are modified

to become operators in the following manner:

= ' na__ -
A= M A (I11.2-3a)

(111.2-3b)

where u', u" are the shear modulus and shear viscosity, and A', A" are
the compressional modulus and compressional viscosity of the viscoelastic

medium.
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Hence, the differential equation for a viscoelastic medium can

be written as

] n 2 — -

or

Ald.e  + Zu'a_ie.i- + A"Bta.e + 2u"3

jae j j%es £%i%4j

-patzuj = 0 (111.2-4b)

or using Equation (III.2-3) and (III.1-14)

2

% = 0

p3, AU AT, kot o+ u"at)v(v-ﬁ) = (u' + u"ay)v

(111.2-4c)

Once again, the Green’s‘function appropriate for viscoelastic
compressional and shear waves shall be developed.
i) Green's Function for Viscoelastic
Compressional Waves
The Green's function for compressional waves can be obtained
according to the procedures outlined in Section (III.1). Thus, the

Green's function for ﬁL is obtained in (¥;t) domain as

5,2 - [*—%—2*—] 2 - [i"-;’-—zl'—']vzat]e(?-?';t-t-) = (T )8(t-t") .

(II1.2-5)
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Using time and space Fourier transformation Equation ( III.2-5)
becomes:
in (K3w) domain
[-o? + [}l_%_zl'_]kz ¥ 1[-*—"—-3—2—‘QJk2w]G(k;w) =1 (111.2-6a)
in (K3t) domain
[0,2 + [|ALF 20295 4 [AL* 2u'li2960 40y = s(t-t')
t P t P
(111.2-6b)

which is in the damped harmonic oscillator form

(8,2 + 220 5, + 0 2) f(t) = 0 (1I1.2-6¢)

t nt n ‘

where 0o and ¢ are the natural frequency and damping factor of the
system. Equation (III.2-6b) states that G(k;t-t') is the Green's

function for the ordinary differential equation describing the non-

equilibrium behavior of the system. Specifically, it gives the response

to a unit impulsive external force at time t'.

In (¥;0) domain

(-wz [-L;L_ZH_ 1[3-"—:2—""}0,]%] G(F-P'3w) = s(F-F')  (III.2-6d)

The Fourier transformation of G(k;t-t') can be written in

the following manner.
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6lk;t-t') = Jw do g-fu(t-t') giy;)

i and

6(k3w) Jw d(t-t') e 10t Gre-t)

J: d(t_tl) e-'iw(t-t') G(k;t_.tl)

where the last transformation reflects the causal nature of G(kst-t').
The solution to the above equations are given below. In
(K;w) domain

6(kiv) = —p 1 . (111.2-7a)
0" + ¢~ 4 iw2b

where

1/2
] K (I11.2-7b)

! 1
c = w = {l__i_@y__
0

is the natural frequency of the viscoelastic body,

(1] L] 2
b = A0+ 2u")k™ (111.2-7¢)

2p

! is the temporal attenuation of the viscoelastic body,

(A" + 2u")k (111.2-7d)
20V/2(xt + 2u0) /2

b _
c C

is the damping factor of the viscoelastic body; in (E;t) domain

BT S e T R e G e S e D R T T e N e S e R T T R T G R b b 2 e S Y R i o s
g PRI S L T TR e L e e R
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6(kst-t') = n(t-t') e-P[t-t'] ﬂ[gﬂ—t—ﬂ (I11.2-8a)

where

2,2
Y s S (NS i) (0 + 2w
R o LR o

(111.2-8b)

is the damped natural frequency of the viscoelastic body;
in (F3w) domain
~by [F-F1 | b, |F-F |

6(F-F'30) = —— e e (I111.2-%)
: 4u|r-r'|

where

o D(w)? - 14172
by = <2 I11.2-9b
1 C, [2 D(w)4 ] ( )

is the absorption coefficient for viscoelastic compressional waves,

2
D{w)™ + 1
b, = & [() vz (111.2-9¢)

L. 2 D(w)4

C n
Do) = [ 1+ u (E-t-.-)“] 1/4 , (111.2-9d)

¢ o= /A2 (111.2-9¢)

L p

is the compressional wave velocity,
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¢, = /2L—€}3ﬂﬁi (111.2-9f)

For real w, the Green's function is usually divided into two
parts: a dissipative and a reactive part. In this case, these are
given respectively by the real and imaginary parts of G(wi, and are
denoted as G"(w) and G'(w) as illustrated in Figures III-2 and III-3.
Defining G(w) = G'(w) + i G"(w), then

2 2

6'(kjw) = c -~ u I11.2-10
(ki) [c? - w?1? + [w2b]? ( X

is the dissipative part and

-2bw
G"(ksw) = IT1.2-11
R w?1? + [2ub] ( )

as the reactive part. Taking the Fourier transformation of the above
equations, the real even and imaginary odd functions of time are

obtained as

6'(kst-t') = e-Plt-t'| sin Eglt't"] (11I.2-10b)

G'(kst-t') = e-Plt-t'| sin gglt‘t')] (I11.2-11b)

which are illustrated in Figures III-4 and III-5.
Since the response is causal, the real and imaginary parts of

G(ksw) are related by Hilbert transform according to the relations
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G' (k3w) = de—ﬁ'— G:D'_‘m“’ (I11.2-12a)
6" (ksu) = p [d0l Elkin) (I11.2-12b)
m W ~w

where "P" 1mp1ie$ principal value integral, that is, an integral
symmetrical with respect to the singularity.

Keeping in mind that the Green's functions obtained above
already contain the initial conditions, that is the system is initial-
ly at rest in its equilibrium position, an initial value Green's
function shall now be presented where the initial displacement is not
equal to zero.

In order to achieve this the viscoelastic compressional wave

system is written for VL via Equation (III.2-4c).

2 >
pat L ) t VL 0

[x"+2u"] A [y +zu-] 23 g
(I11.2-13)

Noting that here VL represents a deviation of the velocity from the

uniform time independent equilibrium value, the relaxation of a de-

viation VL(?;t) can be computed in terms of the initial value of the

displacement and its derivitive.

In order to accomplish this a Fourier transformation
s

o . ->
VL(k;w) = J dt e~ Tut ( a3 KT
0

-

VL(r;t) (111.2-14)

is used to obtain
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(=w? + ¢ + iw2b) ¥, (ksw) = (<iw+2b) ¥, (k3t=0) + 3, ¥, (k3t=0)
(111.2-15)

’ -
Using the relationship between atVL(k;t=0) and v-o(k;t=0) the previous

equation becomes (see Appendix-2)
VL(k;w) -1

= ' (111.2-16)
2uL(k;t=0) ~o? + ¢ - ju2b

1va(k;t=0) +C

The initial valued Green's function can be obtained by using Kubo's

formula
REksw) = 6. (k3w) - G.(k30) (111.2-17)
F(k;t=0 (AR A '
to be
@ - ju2b
6;(ksw) = —5— (I111.2-18a)
- + c” ~ iweb
G;(k30) = 1

In (K;t) domain

Gi(k;t-t') n(t-t') [c2 G(kst-t') + 2b N G(k;t-t')] (I111.2-19%)

, 2 .2
n(t-t') ePLt-t'] { [9—§§iﬂlq sin [a(t-t')]

+ 2b cos [a(t-t')] } (111.2-19b)
and in (?ﬁm) domain
by [P-F'|  ib,|F-P |
6 (F-F30) = ——— (b, +ib)oe ! e ° (111.2-20a)
4n|r-r l

(I1I.2-18b)
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are the appropriate initial valued Green's functions. Here, the
subscript i indicates initial value is being considered.
ii) Green's Function Appropriate for Viscoelastic Shear
Wave System
The Green's function for viscoelastic shear wave system can
be obtained by taking the curl of Equation (III.2-4c). Hence, for

3& the differential equation in (¥;t) domain is obtained as

(atz SR atlﬁf =0 (111.2-21)
This equation is in the form as the one for the compressional waves.
The mathematical form of the differential equations and their solutions
of the shear waves are identical for the compressional waves except now
the compressional modulus A' and viscosity A" are neglected. Hence,
the solutions for the viscoelastic shear wave system is given by:

in (K3w) domain

G(ksw) 1 (111.2-21)
o2 + &2 4 iu2b

where

1/2

(111.2-21a)

(¢ 2N!
1l
——
lx:
| S
=~

(III.2-21b)

o
1]
o
rol-:
—l >
=~

n

(111.2-21¢)

O o
2
-:-
=
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are the natural frequency, the temporal attenuation and the damping
factor for the viscoelastic shear wave system, respectively;

in (K;3t) domain

B(kst-t') = n(t-t')e-Plt-t'] sin [a(t-t)] (111.2-22)
a

where

is the damped natural frequency of the viscoelastic shear wave system;

in (F3w) domain

. 1 e-b] [F=F| b, [F-7 |

6(F-F'50) = ——e— (111.2-23)
dn|r-r' |

where

D(w)? - 1
1172

DL . (111.2-23a)
by = ¢ 2 D(w)?

is the absorption coefficient for transverse waves,

= 2
- D(w)® + 1
b, = L [ ()~ : 7 172 (111.2-23b)
T 2 D(w)

4
. C n
Do) = [ 1+ wl -(T—)]V4 (111.2-23c)

(c;")
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c.!' = /& (I11.2-23d)

c." = /E:o (111.2-23e)

The initial valued Green's function for viscoelastic shear wave
system can be determined analogous to that of compressional waves. The

results can be immediately written as

~

. 2 _
B;(ksw) = Smludb (111.2-24)
~of + ¢ - qu2h

. y ) ~2 "2 .
Gi(k;t-t') n(t-t') e'b[t't] { [E—':——gb—] sin [a(t-t')]
a

+ 2b cos [a(t-t')] } : (111.2-25)

. i -by [F-F"| b, [#-F"|
. : b e
1 T

[ Ri
—~
I
sy
"]
€
~—
1)

SRy
+1b2) e

(I11.2-26)
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IV. LINEAR VISCOELASTIC THEORY WITH TEMPERATURE EFFECTS

In this section, the linear viscoelastic system with temper-
ature effects are presented. The differential equations for the system
are developed and their solutions are again presented in terms of
Green's functions. The compressional viscous parameter expression is
obtained in terms of thermodynamical and mechanical variables. This
result is finally related to the resonance peak width in a damped
harmonic oscillator model.

IV.1 DEFORMATIONS IN VISCOELASTIC MEDIUM WITH
TEMPERATURE EFFECTS

In this section, the deformations which are accompanied by
a change in the temperature of the viscoelastic body will be considered.
This change in the body can be the result of the deformation process
itself or from external causes.

Let the undeformed state of the body in the absence of external
forces be at some given temperature T,. If the body is at a temperature
T different from T,, then, even if there are no external forces, due
to thermal expansion, it will be deformed. Since only the sum of the
diagonal terms of the strain tensor is the relative volume change of
the body, the thermal expansion due to temperature difference will

only affect the coefficient of u, in the stress tensor given in

2
Equation (III.1-10). Hence, of the Lamé parameters only the compres-
sional modulus A will be altered. On the other hand, the Lamé shear

parameter p will not be affected by temperature.
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In order to present the affects of temperature change on a

body it will be useful to rewrite the strain tensor in an appropriate

fashion. Since any deformation can be represented as a sum of a pure

shear and a hydrostatic compression, the strain can be written as

_ 1 ]
eik = (5 = 3 S5k Sa0) * 3 S5k Sag (1v.1-1)
and hence, the stress tensor is
- 1
Uik = K €00 Gik + Zu(e_ik -3 G'ik 82,2) (Iv.1-2)

for an elastic homogeneous isotropic body. Here, K is modulus of

compression and is related to the Lame coefficients by

K = A+%u i (1V.1-3)

The above expressions can be easily extended to viscoelastic body by

using Equations (III.2-3a) and (III.2-3b). The stress tensor then

becomes
Tk = K ey Syt 2ut(egy - g 8y gy)
+ K" Sip 3¢ 40 ¥ 2u" at(“:ik - % 85k au) (Iv.1-4)
where
K' = A+ 5

u" (Iv.1-5)
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Now, among various types of thermodynamic deformations,
isothermal and adiabatic deformations are very important. In iso-
thermal deformations, the temperature of the body does not change.
Therefore, expression T = T, is valid and Equations (IV.1-4) and
(IV.1-5) hold true for isothermal deformations. The coefficients
K's K"y u', and u" can then be called isothermal moduli.

If an adiabatic deformation occurs, then there is no exchange
of heat between the various parts of the body. In this case the
entropy S remains constant and the change of temperature T-T, due
to deformation is proportional to €55 An expression for the stress
tensor is obtained in the usual manner as

ad

1

= K i

ad fag
for an isotropic homogeneous elastic body.

From now on an elastic body possessing energy dissipation
mechanism and adiabatic thermal properties shall be referred to as a

thermo-viscoelastic body (or medium).

The relation between the adiabatic modulus Kad and the ordinary
isothermal modulus K can be found for an elastic and homogeneous body
by using the Maxwell relation with the appropriate Jacobian transforma-
tions. Since deformations due to temperature change results in volume
change of the body, the derivitives 3V/3T and 3V/3P which give the
relative volume changes in heating and compression respectively, become

important. Therefore, the thermodynamic definitions
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ﬂ] = - (1V.1-7)
S ad

which is the adiabatic compressibility coefficient,

g—H = a (IV.1-8)
p

is the coefficient of thermal expansion,

2S) .
T[a_T]P - ¢, (IV.1-9a)

is the specific heat per unit volume at constant pressure, and

3V o
W]T -1 (1V.1-9b)

is the isothermal compressibility coefficient, are used to find a
relationship between Kad and K. Using the Jacobian transformations

on Kad as

1___2\[]__3
Kad oP S )

‘S’Fs,g (1V.1-10a)

and since the changes in temperature are desired, the above expression

can be written as

1 4 2v,S) 3(T.P)
s REIUAS
?(S,P) a(T,P

3(T,P)



which results in

1 To
C

- [_8_5.] + 1
Kad p aP T K

from the thermodynamic definitions.

a5 .
aP

T

3]
oT p
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(IV.1-10b)

(Iv.1-10c)

But from Maxwell's relation

(IvV.1-10d)

the final form of the relation between Kad and K can now be written

down as

—
=]

(1Iv.1-11a)

=|—
(e}
-

7<r~
|

ad

Mad (IV.1-11b)

IV.2 ELASTIC WAVES IN THERMOVISCOELASTIC MEDIUM

In this section the differential equation appropriate for a
thermoviscoelastic medium shall be determined.
In general, when motion occurs in a deformed body, then its

temperature will vary in both time and space. This obviously will

.

y

3
#
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complicate the exact equations of motion in the general case of
arbitary motions.
i However, the situation can be simplified if the assumption is
made in the transfer of heat from one part of the body to another,
by thermal conduction, occurs very slowly. Also, if the heat exchange
in the body during the period of the oscillatory motions is negligible,
then any part of the body can be regarded as insulated, that is, the
motion is adiabatic. Therefore, the stress tensor is the equation
of motion will be simply given in its adiabatic form. The equation
of motion is then

ool uy - o8 02 = f (1V.2-1a)
and using Equation (IV.1-4) and the definition of the strain tensor

it becomes

1

2 .l [) ] 1] - .
uj = [K g vgut (K + g u")agdegouy = fig

o Btz u; = (' u"a)o

(IV.2-1b)

and in vector form it becomes

1 1

2 u - [K' g+ gu + (K + §-p")at]v(v-ﬁ) =7

P 3 U~ (u+ u"at)v2
(Iv.2-1c)

Noting that K"ad + %-u” = A"ad + u" the final form of the equation

of motion for a thermoviscoelastic medium with an external forcing term
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can be written as

03 2 0 = (' + u"a VAT - [K'y + 3wt + (A" + u")o Ju(ve) = 7.
(1V.2-2)

The compressional and transverse wave equations for a thermovisco-
elastic medium can be obtained in the same manner outlined in Section-I.

Thus, the compressional wave equation becomes

[pi)t2 - (}\"ad + Zu“)atvz - (Klad + g' u')Vz:IEL = 0 (1v.2-3)

and the transverse wave equation becomes

(pat2 - u"atvz - u'vz)ﬁf =0 (1V.2-4)

which is same as Equation (III.2-21), that is the isothermal case.
Since the solution of this equation was already presented it shall
not be further discussed.
i) Green's Function for Thermoviscoelastic Compressional Waves
The Green's function for Equation (IV.2-3) can be obtained by
applying the appropriate Fourier transformations. In (?;w) domain the

expression

2 (>‘"ad + 211") Klad + 4u1/3
[o]

[,° + (—2———) o + KoT6,q(kstt!) = o(t-t')
(I1v.2-5)

is obtained; and in (Kjw) the expression is
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i 1

i , G (ksw) = (IV.2-6)
'§ ad -wz + C2 + i2wB

§§ where

H K'_, + 4u'/3) 1/2

: ¢ = - {—1517;—————4 k (1V.2-7)

is the natural frequency,

A" + 2,“"
B = {__EQEE__—-] K2 (1V.2-8)

is the temporal attenuation of the system, and

_ ad
“ad T T2 T 172 (1V.2-9)

oo
I

is the damping factor of the thermoviscoelastic compressional wave
system, respectively.

It should be noted that the above two equations once again are
in the form of damped harmonic oscillator model in (kst) and (Kjw)
domains.

The solutions to the above equations are the following:

in (K3t) domain

6,4 (kit-t') n(t-t')e-BlE-t'] sin [ﬁ(t’t')] (1V.2-10)

where

A= e = g BHVE (IV.2-11)
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is the damped natural frequency of the system; in (F;w) domain

=B, |¥-F'| B, |P-r'|
6, q(F-F'30) = ; Il oy 1 e (IV.2-12)
m|r-r
where
D{w) -1
B = iy [ 1172 (1v.2-13)
L ad 2 D(w) 4

is the absorption coefficient for thermoviscoelastic compressional

waves,;
I Diw;?zja:; vz (IV.2-14)
Dlw)yg = L1 + o %):dﬂ/’* ; (IV.2-15)
(€' )ag = /EEL;-M (1v.2-16)

is the adiabatic wave speed for an elastic body; and

>\"ad + zu

"% =/ — 55— C(1v.2-17)

A relationship between the viscous compressional Lamé para-
meter A"ad and temperature for an isotropic viscoelastic body can be

determined by using the definition of temporal attenuation

E[® 0ch] 2
B = é-é-[a[ﬁ@c—h—l = 'l2<_p()‘"ad+2u") (IV.2-18)
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where ¢,% is the mechanical energy of the body and time rate of change
of that energy, respectively. Here, E[ ] is the expected value or
the mean value of the function in [ ].

Expressing the thermal conduction part of the energy dis-
sipation as

5, = -%f (vT)2dv (1v.2-19)

and on account of viscosity, the energy viscosity term as

3 = " . 1 . 2
o, = -2u J (ej = 3 S gV -
(Iv.2-20)
1] 2 n e 2
the total energy dissipation term can be written as
) = &, + b (1v.2.21)

mech t v

Using the definition of temporal attenuation in Equation (IV.2-18) -
see Appendix I - the following relation is obtained

Wy 2
4(CT )ad

k2 2 2 2
5 1 (1v.2-22)
3(CL')ad

= K rye wpkTa p 2 |y .
B o= Dot 5 (O )y [1

P
where « is thermal conductivity. Rewriting this in a compact form

2

B = ‘g—p[ AT AL+ 20" (1V.2-23)

t
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where
2 |2
2 2 a(c.')
ALt = KTo e (C l) 2 ]..————T ad . (IV.2-24)
t C 2 L ’ad 3(C, ') 2
P L ‘ad
a relationship between A"ad and T can now be written as
At = A"+ . (1v.2-25)

ad t

Thus, an explicit expression for the Lamé compressional parameter
has been obtained in terms of specific heat parameter Cp and other
relevant thermodynamical and mechanical variables.

Using the above result an analytical expression for the
resonance peak width can be shown. In forced vibration the quality
factor Q of the system is related to damping which is a measure of
the sharpness of resonance. The relation between the quality factor

and the damping factor is given by

1
Q = o — (1V.2-26)
2844

and to the resonance width as
ad
w

Q = Zw (1v.2-27)

where Aw is the bandwidth. See Figure IV-1.
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Figure IV-1

Using Equations (IV.2-26), (IV.2-27), (IV.2-7) and (IV.2-9) the

resonance width expression becomes

_ 2
hw = ad “ad
“n
(1v.2-27)

Aw =




e e e AR AR P e e+
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whereVA"ad and K'ad are given by Equations (IV.2-25) and (IV.1-11a),

respectively.
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V. RANDOM EXCITATION OF VISCOELASTIC MEDIUM

A typical set of acoustic input to the ocean and output
(reflection) from the ocean subbottom are exhibited by Figure V-1.
This set of acoustic signatures were remotely obtained by the Raytheon
Company, 1972. It is observed from these signatures that the sub-
bottom soil behaves as a vibrating mechanical system since its parts
fluctuate in time. In studying such time series records it is natural
to look for some kind of regularity in order to characterize the
vibration in a simple manner. When there is no obvious pattern in a
vibration record it is sometimes called a random vibration. The char-
acteristic of such random function is that its instantaneous value
cannot be predicted in a deterministic manner. Randomness involves
the notion that in addition to the given record one should consider the
totality of possible records that might equally well have been produced
under the same conditions. If the identical experiment is performed
many times and the records obtained are always alike, the process is
said to be deterministic. However, if all the conditions (under the
control of experimenter) are maintained to be same, the records contin-
ually differ from each other, the process is said to be random. In this
case, a single record is not as meaningful as a statistical description
of totality of possible records. [Crandall, Mark, 1963].

The field of probability and statistics must be utilized to
acquire sediment parameters and is a convenience which cannot be over-
looked. The statistical analysis of the return echoes gives results

which predict the soil characteristics in a consistent manner.
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The vibration record as seen in Figure V-1 is characterized
by its amplitude and frequency. In random vibrations, the initial
conditions and the phase have Tittle meaning, and are therefore
ignored. The main concern is with the average energy, which can be
associated with the mean-square value of the response of the system.
Here, the response of the system is the amplitude of the reflected
acoustic signal from the ocean floor. This vibration record can be
sufficiently described by an average amplitude and by a decomposition
in frequency. The average'amplitude can be determined by the calculation
of root-mean square value. The frequency decomposition is indicated by
the mean square spectral density. Another statistical parameter, the
quality factor Q, can be obtained to provide a more complete picture
of the record. It is the latter parameter Q which is the most important
to obtain from the analysis. From Q the attenuation constant for the

ocean subbottom soil can easily be determined.
V-1 NONSTATIONARY RANDOM PROCESSES

This is a very important section in analyzing the acoustic
response signatures from the ocean floor. The data obtained from the
experiment indicates that the process is non-stationary since the
statistical properties of the data change with time. The time varying
properties of the data can be determined only by performing instanteous
averages over the ensemble of sample responses forming the process. In
actual analysis, it is sometimes not necessary to obtain a huge number

of sample records to allow an accurate measurement of soil properties
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by ensemble averaging. The non-stationary random data produced by
this actual physical phenomena can be classified into a special
category of non-stationarity. This particular experiment results
in a random data which is a result of a non-stationary random process
input {s(t)} where each sample input function is given by s(t) = e(t)a(t).
Here, e(t) is well-defined, deterministic envelope function and o(t) is
a Gaussian broadband noise function from a stationary random process
{a(t)}. This excitation is a nonstationary processes created by the
multiplication of sample functfons from a stationary process and the
deterministic function e(t). Since the nonstationary random data from
the experiment is a result of this particular input, ensemble averaging
is not always needed to describe the data. The various desired pro-
perties can then be estimated from a single sample signature, as is
valid for ergodic stationary data.

An adequate methodology does not seem to exist for the analysis
of all types of stationary data. This is mainly due to the fact that
a non-stationary conclusion is generally a negative statement stating
the Tack of stationarity properties, rather than a positive statement
defining the precise nature of nonstationarity. Hence, it follows that
special techniques must be developed for non-stationary data which
only apply to Tlimited classes of data. Some examples of different types
of non-stationary data are: (1) time-varying mean value, (2) time-
varying mean square value, and (3) time-varying frequency value. (Carrier,

Tugal, and Yildiz, 1974).
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V.2 INPUT-OUTPUT RELATIONS FOR NONSTATIONARY DATA

Assume a sample input function s(t) belonging to a non-
stationary random process {s(t)} excites a constant parameter Tinear
system with Green's function G(t) and frequency response function G(w).
For an arbitary input sample s(t), the sample response (output) function

r(t) belonging to {r(t)} is given by

r(t) = re(t’)s(t-t')dt‘ (V.2-1)
or
r(t) = re(m)s(w)e"‘”t%j;- (V.2-2)

- 00

where S{w) is a Fourier transform of s(t).
The autocorrelation function of the system to nonstationary

input excitation is given by

Upon substitution of Equation (V.2-2) into Equation (V.2-3)

=i (wyty-w,t,)
R.(t7,t)) = ”Pr(w],mz)e 171 7272 duoydu (V.2-4)

where

Pr(m1,w2) = G*(w]) G(wz) Ps(w],wz) (v.2-5)




with the spectrum of the input excitation given by

1
P (w0 = ——7s E[S*(wq)S(w
o) = =L ELSHS(ey)]

Now the mean-square response is
2 -
E[r“(t)] = R.(t.t)

and from Equation (V.2-4)

1(m]-w2)t

(Lr2(5)] =[] 650y Glup) Pylugau) e duydu,

Since the generalized spectrum of the input excitation can be written as

i(witq~wst,) dt, dt
_ 1Eyupty) dty dty
Pslogsup) = “ Ry(tystp) e PRy

where

Re(tyaty) = e(ty) e(t,) R (x)
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(v.2-6)

(v.2-7)

(v.2-8)

(v.2-9)

(v.2-10)

and Ra(T) has the Fourier transform Pa(“)’ the final form of Equation

(V.2-9) becomes

dw
Ps(w],wz) = J (Zn)z P (w) Se(w-w]) Se(mz-w)

o

with the envelope transformation functions given by

--i (w-w] )t-l

dt
Sqlumuy) = J L e(t)) e

(v.2-11)
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J dtz ‘i(wz-w)tz

Sg{wp=w) 7 e(t,) e ' (v.2-12)

Noting the functions in (V.2-12) to be conjugate pairs when W = wy s
the substitution of Equation (V.2-11) into Equation (V.2-8) gives the

mean-square response of the system

Erl(t)] = r P (o) [A(ts0)|? du (v.2-13)
where
o duw jw,t
M) = j 2 G(a,) S (upu) € 2 (V.2-14)

-0

The desired general information for inputs of amplitude modulated
stationary noise is given by Equation (V.2-13).

Finally, the initial or non-initial Green's functions of visco-
elastic compressional (or shear) wave systems in (K;w) domain can be
used in Equations (V.2-13) and (V.2-14) to obtain the mean-square
response of viscoelastic and even thermoviscoelastic mediums to this

particular type of non-stationary random input.

V.3 MEAN SQUARE RESPONSE OF VISCOELASTIC
COMPRESSIONAL WAVE SYSTEM TO NONSTATIONARY RANDOM EXCITATION
(NON-INITIAL VALUED)

In this section, the mean square response of viscoelastic com-
pressional wave medium to a nonstationary random process input sample
given by s(t) = e(t) a(t) is determined. The Green's function is

non-initial valued
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6(w) = —p—i— (v.3-1)
-0~ + ¢” + i2uwb

where the parameter k is suppressed. It should be noted that the cal-
culations and the results obtained here can easily be applied to
viscoelastic shear wave medium as well as to thermoviscoelastic mediums
with the appropriate modifications of the damped harmonic oscillator
parameters.

The mean-square response E[rz(t)] of the system when e(t) is a
unit and a rectangular step function and a(t) has the correlation

functions
R (t) = 2wK,68(1) (v.3-2)
for white noise, and

R (t) = KO e'BITI coOs 9t (v.3-3)

o

for the correlated noise are determined. The t is the time difference
t2 - t-lo
V.3.a UNIT STEP ENVELOPE FUNCTION
If a unit step envelope function e(t) = n(t) = 1, t > 0 and

zero elsewhere then the frequency shifted unit step envelope transforma-

tion function becomes
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~Tw,t . .
S, (uy-0) = J e 2 n(t)elut gt , (V.3-3)
S (wo-w) = w6(w,-w) + L

Substitution of Equation (V.3-3) into Equation (V.2-14) and the evaluation

of the resultant integral gives

IA(t,w) ]2 = |G(w)]|2 M(t,w) (V.3-4)
where

M(t,w) = 1+ 1q(t) + 1,(t) [-b—z—'—-:-;—*w-z-] -

- 2rg(t) cos wt - 2ry(t) %—-sin wt (V.3-5)

with

n(t) = e[+ Dsin 2at],

rz(t) = e 2t 502 4t s

r3(t) = bt [cos at + g-sin at] ,

F4(t) = e'bt sin at . (v.3-6)
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Hence, the mean-square response via Equation (V.2-13) becomes
(r2(8)] = [ 16001 M(t0) Py(0) do (v.3-7)

It should be noted that in Equation (V.3-7), in the limit as t - «,
M(t,w) - 1, so the last expression reduces to the mean- square response

formulation for stationary inputs.
V.2.a(i) WHITE NOISE INPUTS

If the input noise is assumed white, then the spectral density
function Pa(“) becomes a constant PO' So, the mean-square response

becomes

Er2(t)] = Py Jw|G(w)]2 M(t,0) du (v.3-8)

- 00

The result of the last expression is:

Elré(t)] = —2% [ - e 2bt

2
X [1 + % sin 2 at + 2 b—z— sind at} ] (V.3-9)

a

A normalized plot of Equation (V.3-9) is shown in Figure (V-2).
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V.3.a(ii) CORRELATED INPUT EXCITATION

If the input excitation is assumed correlated as stated in
Equation (V.3-3), then the spectral density becomes, Figure (V-3),
KO 6(82 + 2 2)

P(w) = — $
a m (w2 _ w23)(w2 - w24)

-~ (v.3-10)

where wg = 2+ ig and wy = -2 + B, It should be noted that for white noise

Py = 1im 8 Pa(m) = KO/" and this expression is useful for checking the
B

consistency of results, as it will be shown later.
Upon substitution of the spectral density for correlated noise

in Equation (V.3-10) into expression (V.3-7), the mean square becomes
ELr2(t)] = Ko[RyTy(t) + I;Ty(t) + RTa(t) - I3T,(t)] (V.3-11)
where

T](t) = g_b[] - P](t)]s Tz(t) = I'z(t),

2 2

2 2

T

5(t)

-gt

X Tp(t) - 2 [rylt) + g- r,(t)1 e cos at -

o -8t .
-2 3 r4(t) e sin at }
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Tpt) = {25 ry(t) - 2 Irg(t) + Erpe)]

a
x e Pt sin at + 2 g-r4(t) e Bt cos at } (v.3-12)
and
Q2 + 62 + w]Z .
Ry = Re [ 7 7] =
w] (u.\] - w3 )(U)-] - (1)2 ) a
R, = R 1
3 = née [ n 2 2 ]
(‘-U3 - w'l )(U’B - wz )
92 + 82 + w.lz 8
L =Im[— 7]
I,=1In[ ] (V.3-13)

(ug” = @°)ag” - up

With 1ittle algebra, it can be shown from the limiting process

lim B E[rz(t)] the mean-square response for a correlated noise given
B

in Equation (V.3-11) reduces to the one for a white noise expression
given in Equation (V.3-9).
The above expression, (V.3-11), indicates the compressional wave

system's response is dependent upon variables which involve a Lame
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parameter A, that is A' and A", the shear modulus p', the shear velocity
u", the viscoelastic soil medium density p, the wave number k, the
correlation function decay constant g, and the correlation frequency Q.
Further note that for a Targe number of response cycles ct the exponent-
ial decay terms in the correlated noise in Equation (V.3-11) tend to zero

and the mean-square response reduces to the stationary value

Er2(6)] | = Kol(a/2b)R; + Ryl

B0
V.3.b RECTANGULAR STEP ENVELOPE FUNCTION
For a rectangular step envelope function of duration t',
e(t) = n(t) - n(t-t')

and upon substitution into Equation (V.2-12) the rectangular step envelope

transformation function becomes

-1(m2-w)t'
Se(w2 -w) = [1-e 1 x
1
Télwy, =~ 0 z vV.3-14
x [n8(wy - w) + ?TZE{TTTKY] ( )

Substitution of the last expression into Equation (V.2-14) one obtains
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In(tw)]2 = |6(w)[2 {M(t,w)n(t) +

+(ry(t) - M(tyw) + 1y (t-t') +

2 2 2
# [ B [, (t) + 1y(t-t')] -
a

2
- 2 [rg(t) ry(t-t') + ig- ry(t) r(t-t')] x

X cos wt' + 2-% [ry(t-t') ra(t) -

- ry(t-t') 1,(t)] sin ut') n(t-t')} (V.3-15)

Hence, from Equation (V.2-14) the mean-square response becomes

Erre(t)] JmIG(w)2|Pa(w) M(t,o) for 0<t<t'

- 00

rlﬁ(w)lzPa(w) M.(tsw) for t 2t (V.3-16)

=00

ELré(t)]
where M(t,w) is given by Equation (V.3-5) and

Mr(t,m) = r](t) + r](t-t') +

2

2 2
b™ -a" + w
+ a2 [Pz(t) + rz(t't')] =



u)2
-2 [rs(t) r3(t-t') + ;ﬁ-r4(t-t')] X
w ]
X cos wt' + 2 5-[P3(t) P4(t-t ) -
- r3(t-t') P4(t)] sin wt' (V.3-17)
V.3.b(i) WHITE NOISE INPUT
If input excitation is assumed white, then

(v (t)] = P, r]G(w)lz M(t,o)dw for 0 <t <t'

-0

ELr?(t)] = Py Jm|G(w)|2 M(tw) for tazt (V.3-18)

- 00

The first integral is exactly Equation (V.3-9) and the second integral

is
E[r2(t)] = "o {1‘ (t) + r (t-t") +
2bC2 1 1
b2 . .
+ 2 ;ﬁ-[rz(t) - rz(t-t )] - 2 [r3(t) r3(t ) +

2 1
+ -:-2- rp(t) Ty(t)] rg(t-t') +

2

2512 B rg(t) r(t!) - yt) ry(et) +
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£ ry(t) 1y(t') 1 rp(t-t!) } for ts t! (V.3-19)

No plots are done for the first integral in Equation (V.3-18),
since it is exactly the same as that for a unit step envelope function.
A normalized plot of Equation (V.3-19) is shown in Figure (V-6). In the
graph, the duration of the rectangular step function t' was taken to be
10/c. It is observed from the graphs, that the response is a square of an

exponentially decaying harmonic function.
V.3.b(ii) CORRELATED NOISE INPUT

If the unput excitation is assumed correlated as in Equation
(V.3-3), then Pa(w) is given by Equation (V.3-10). Upon substitution of
Equation (V.3-10) into Equation (V.3-16) and the evaluation of the

resultant integral, the mean-square response is obtained
ELF2(£)] = Ky[RyT; (8) + I,T,(t) +

+ R3T3(t) - I3T4(t)] for 0 <t < t'

ELE2(4)] = Ko[Ry Ty (t) = I3Tpn(t) +

+ R3T33(t) - I3T44(t)] for t > t' (V.3-20)
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V.4 MEAN-SQUARE RESPONSE OF COMPRESSIONAL
VISCOELASTIC SYSTEM TO NONSTATIONARY RANDOM
EXCITATION. (INITIAL VALUED)

The initial valued Green's functicn was derived to be, in

(Kyw) domain

G.(w) = —s = 1w2b . (V.4-1)

Thus, Equation (V.2-14) becomes

At,w) o Gi(mz)se(wz - w)e (v.4-2)

-0

or

1w2t

o dw
Mt,w) = [c2 + 2 -gf] J o Glap)S,(u, - w)e 2 (V.4-3)

where G(w) is given by (V.3-1). To determine the mean-square response
of this particular system the same procedure as in the previous section

is followed. The results are given in Appendix 3.

V.5 MEAN-SQUARE RESPONSE OF MULTILAYERED VISCOELASTIC
COMPRESSIONAL WAVE SYSTEM TO NONSTATIONARY RANDOM EXCITATION

Here, the single damped harmonic oscillator model of a visco-
elastic medium in (K;t) and .(K;w) domain representations is extended
to a multidegree freedom damped harmonic oscillator model which pre-
scribes the characteristics of viscoelastic reflectors in the ocean

subbottom.
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~

The equation of motion for the j th viscoelastic layer is

~given by
2 > - bty + "o v Vel
05 3t uj [(}\ j H J) (AJ u j)at] v Uj

- (' +out, at)vz T o= 7. (V.5-1)

and the compressional viscoelastic layer equation in terms of Green's

function formalism is given by

2 (MitAy 2 Vitaty 2 PFatet!) =
5,2 - [_J?J___i] P - [—-lgr—-iJvat]Gj(-r tt!) =
= §(t-t') s(r-r') - (v.5-2)

For the j th layer the Green's function is

6;(w) = — ‘2 (V.5-2a)
- +C,j +'i2mbj

-bs(t-t') sin [a (t-t')]

a.
J

Gj(t-t') = p(t-t')e (v.5-2b)

Defining the input excitation as in the previous sections, then
the j th viscoelastic compressional wave medium layer response can be
written as

(w)elot o (y 5.3

r(t) = fs(t-) 6y (t-t)dt! = JS(w) 6. do

J J
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and the total response of n-layers is given by
r.(t) . (V.5-4)

Here the mean-square response of two layers to correlated
noise modulated by a rectangular step envelope function shall be
presented in order to present the procedures to determine the total
response from n-layers.
The autocorrelation function for n-layers when the input force
is nonstationary is expressed as
-i(w]t]-wztz) Sﬂl dw,

n n
ELr(t))r(ty)] = | L 6%n) T 6,(up) Polugep)e b 2
i L

(V.5-5)
where Ps(w],wz) is given by Equation (V.2-9). Using the same procedure

as in Section (V.2), the total mean-square response with Equation (V.5-5)

is given to be

2 i} L.
Lr2(8)] = | P, () L g() (s (v.5-6)
iw,t dw
y(tow) = j 65 () Syluy - wle 2 52 (V.5-7)

The analytical results for two viscoelastic compressional wave

mediums are obtained by letting n = 2 in Equation (V.5-6).
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er2(6)] = [ P(o) [ing(tao) 2+ [ay(ta0) 2 + a*(t0) dyltse)

+ A-l(t,w) AZ*(t,w)]dw (v.5-8)

where the first two expressions on the right hand side represents the
response of first and second mediums acting as infinite mediums and the
last two represents the cross-terms between the layers.

The total mean-square response of two layers to correlated
noise modulated by a rectangular step envelope function is given in

.Appendix 4.
V.6 SUMMARY

The mean-square response of ocean subbottom modeled as a Tlinear
single and multi-degree-of-freedom damped harmonic oscillator to a
particular nonstationary input is calculated. The general response
formulation is presented in terms of the Green's function of the visco-
elastic compressional wave medium and the spectrum of the input excitation.
A unit step modulation and a rectangular step modulation are considered
in conjunction with both correlated and uncorrelated noise of zero
mean.

This time-varying response is dependent upon the viscoelastic
medium damping and natural frequency, the shape of the modulation
function, and the parameters of the noise correlation function. For
white noise modulated by a unit step functfon the time-varying mean-

square response does not exceed the stationary mean-square response
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to white noise (see Figure (V-2)). For a correlated noise modulated
by a unit step function the mean-square response shows how the quality
factors influence the magnitude of the stationary value and affect how
quickly the stationarity is achieved. The Tower quality factors of
larger damping values result in lower stationary values and the response
becomes stationary in a shorter duration.See Figures (V-4) and (V-5). For
a white noise modulated by a rectangular step function as the quality
factor decreases, the mean-square response increases. See Figure (V-6).
For a correlated noise modulated by a rectangular step function as the
quality factor decreases the mean-square response damps out quicker. See
Figures (V-7) and (V-8). This is also true for the mean-square response
of two layered medium for a given pair of quality factors. See Figures
(V-9) and (v-10).

Furthermore, it should be noted that the cross-terms of the
mean-square response of two layered medium are the terms that give rise
to the second peak due to the second layer. Compare Figures (V-11) and

(v-12).
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VI. ESTIMATION OF THE QUALITY FACTOR
BY HIGHER-ORDER CORRELATIONS

In the previous section it was shown that for a given quality
factor of the system and holding other system parameters constant a
specific mean-square response was obtained. However, the quality
factor is the desired parameter to investigate from the acoustic
reflectivity measurements of the ocean floor in order to identify and
classify ocean subbottom soil.

Therefore, keeping in tune with the theme of the thesis, that
is to obtain an understanding of the behavior of the quality factor of
a viscoelastic compressional wave system modeled as a lightly damped
harmonic oscillator excited by random acoustic inputs in an ocean
environment so the ocean subbottom soil sediments can be identified and
thus classified, a procedure must be developed to acquire a behavior of
the quality factor of acoustic return signals from the ocean floor.
Thus, in this section the fundamental ideas behind the "Higher Order

Autocorrelations" technique shall be presented.
VI.1T HIGHER ORDER AUTOCORRELATION FUNCTIONS

The first autocorrelation of the time-varying mean-square

response, E[rz(t)] = F(t) , is

R-I(T) = E[F(t)F(t+t)] (VI.1-1)
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Taking the Fourier transformation of r(t) and r(t+t) and sub-
stituting into Equation (VI-1), remembering the Fourier transform
of the delta function and r(-w) = r(w)* Equation (V.1-1) becomes

Ry(s) = j IF(s)]2 &0t Qo (VI.1-2)

The second-order autocorrelation function Rz(r) is determined from

R](r) and is given by

Ro(t) = E[Ry(t)R;(t+r)] (VI.1-3)
Using Equation (VI-2), it becomes

Ry(e) = [ IRt et g (V1.1-4)

Following the same procedure the third-order autocorrelation function

is given by
Ry(r) = [lF(w)I8 emlvr Mo (VI.1-5)
and in general, the n th order autocorrelation function is given by

R (x) = JlF(w)(Zn et Lo (VI.1-6)
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In normalized form, Equation (VI-6) can be written as

J F(@)|2 & 19T gy
= . (VI.1-7)
0) n
n J |F(w)[2 dw

In order to estimate the quality factor of a Tlightly damped
viscoelastic compressional wave system via higher order autocorrelations
the following procedures are employed.

(1) The mean-square response of the system to a specific
non-stationary random input is analytically determined. The input is
taken to be correlated noise modulated by a rectangular step envelope
function. See Equation (V.3-20).

(2) For different values of Q and for specific values of
a/9 and B/b the normalized root-mean-square response of the system is
plotted. See Figure (VI-1).

(3) The higher order autocorrelation functions are plotted from
the results of procedures (1) and (2) by using the Fast Fourier transform
technique.

These plots, Figures (VI-2), (VI-3), (VI-4), and (VI-5), indicates
how the higher order autocorrelation functions effect the behavior of

the quality factor of the system.
VI.2 SUMMARY

The first, second, third, and fourth order autocorrelation

functions of a response of a lightly damped viscoelastic compressional
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wave system is determined. It is found that the higher order auto-
correlations of the response have an approximately Gaussian envelope
function. The system with Tow dampinglva1ues of higher quaiity factor
has a flat Gaussian envelope and the system with higher damping values

of lower quality factor has a sharper Gaussian envelope function. This
would be a very useful criteria to estimate the parameter Q of the system
by comparing them when digitized remote data are available.

The higher order autocorrelation procedures seem to provide the
necessary means to distinguish between the lightly and highly damped
systems. Indeed, the first autocorrelation function does not distinguish
clearly between 1ightly and highly damped systems. See Figure (VI-2).

The distinction between 1lightly and highly damped systems becomes
clearly identifiable when the order of autocorrelation function is

increased as shown sequentially in Figures (VI-3), (VI-4), and (VI-5).
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VII. SIGNAL PROCESSING

In this section the importance of higher order autocor-
relation technique developed in the previous section shall be further
discussed in relation to standard field theory methods. Before this
is done, it is appropriate to describe the standard field theory

methods.

VII.1 FILTER THEORIES

In this approach, the signal processing consists of finding the

third unknown when two of the total three parts of a system are given

by successive methods. See Figure (VII-1). In the present experimental

INPUT QUTPUT
—_— —————
s(t) SYSTEM r(t)

Figure (VII-1)

situation, the input s(t) is simply the acoustic signal generated by
the field experimentalists and the system is the liquid and the sub-
bottom layers.

Usually, one assumes a model and then describes a transfer

function or Green's function - G(t) for the system, thus, being able
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to write the familiar response relation

r(t) = je(t,t-) s(t')dt’ .

For such an expression statistical data can be used as inputs to obtain
again output informations. From this form the autocorrelation techniques
and statistical procedures are derivable as have been presented in the
previous section.

It must be remembered that the identification probiem is to find
the system describing the Green's function G(t,t') when the input s(t)
and the output r(t) signals are known.

The damped harmonic oscillator model is simple, easy to work
with and has the proper generalities of the field theoretical model
introduced earlier. Using a model-based approach with given input
signals in the field measurement to determine output signals, have

already been presented analytically in previous sections.

VII.2 SIGNAL PROCESSING METHOD-I
(HIGHER ORDER AUTOCORRELATION TECHNIQUES)

One of the best descriptions of higher order autocorrelation
techniques would be the situation where only the output signal r(t)
and no, or very little, information of the input and the system G(t,t')
is known. Although this is stretching the situation in the present
field experimental conditions, knowing that the input signal informa-
tion in the ocean is rather hazy and claiming no knowledge to the sub-
bottom structure with this method one can start with known to discover

the unknowns. When the field experimental situation improves and becomes
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controllable and the first generation of core analysis provides some

information of the subbottom geo]ogy, then the results of higher auto-

correlation techniques will be very rewarding.

Nevertheless, the technique itself requires several outputs

r1(t), rz(t), r3(t), ... in the same area and constructing autocorrel-

ation techniques of the individual signals from these outputs:

E[rn(t) rn(t +1)] = R : n=1,2,3,...

nn
If the first autocorrelation results are not satisfactory or
clear, then it is necessary to take higher order autocorrelations
(2) (2) - (4)
ER, () R (e + 01 = R Y ()
If again the results cannot be interpreted, then the same
operation is repeated once more
(4) (4) - (8)
E[Rn (t) Rn (t+ )] = Rnn (1)
and so on. Actual calculations and estimations are done in the fre-
quency domain by using the Fast Fourier transform (FFT) procedures.
Finally, a spectrum which clearly looks like (Figure VII-2)
where the individual peaks represent the characteristic frequency

responses of the first wys second Wg s third wg layers and so on.
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Figure - (VII-2)

Categorically, the advantages of this method are the following:

1. Only output signals are effectively used.

2. There is no need for modeling or input signals for the first
round estimations.

3. Autocorrelations or cross-correlation procedures will effect-
ively eliminate statistical fluctuations and noise background.

4, It is a method which provides the first hand information for
the subbottom structure and is the starting method which dictates stra-
tegies for the signal processing Method II (with model description
included) with the help of soil mechanices results.

5. If the results of the autocorrelation procedures do not give
clear signals (output frequencies) due to ambient and other noise back-

ground, then cross-correlation techniques are to be used,

ELry () rp(t + 0] = Rp,2) (1)
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instead of Rl](z) (v) estimations. Here, rl(t) and rz(t) are frequency

modulated output signals in the same location.

VII.3 SIGNAL PROCESSING METHOD-II
(FILTER THEORIES)

This is a well understood method provided that a knowledge of
the two parts of the entire system are known:

1) Input signals;

2) A realistic theoretical model of the system. Since the

experimental measurements r for a reliable and a realistic theo-

retical model of the system must satisfy the condition

Ir(t) - v ()] < e

exp

and assuming that the input signals are controllable
j dt[6(t-t') - Gy(t-t)Is(t')]? <

where £ is an arbitary small number which sets the scale for percentage
of accuracy desired in the model. It should be remembered that G(t-t')
is the response function which contains the parameters such as damping,
Lame parameters, density, and others in the subbottom soil. Thus,

Ga(t-t') is the desired and parameter corrected response function. For

instance, in the harmonic oscillator model
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B(t-t') = n(t-t') exp L-t(t-t )" + on" + 20" + w1k oks0 -

! ] 1 ! 2
sin {(t-r)k(AE O 2 2t g 1/Z ko laten)q1/2,

' ] ] 2
k[“ + 6A + 2(u' + &u )]1/2 [ - k (2+62)]1/2

pt+Sp ptdp

2
2_()\"'*'2"
where £ —747-}\—.—_*_—%;)'.

The small variations will provide the adjustments in the parameters.

do this it is also stated that

aGs(t—t') aGG(t-t')
Gd(t-t') = G(t-t') + T [ ax' + ——3—1———-'1 au'
ar'=0 B au'=0
BGG(t-t')
o | et
P 5p=0

is the realistic Taylor series expansion and the adjustments and re-

adjustments can be made accordingly with the help of soil mechanices

results and the information from Method-I results.

The Method-II provides the following advantageous properties:

1. It suggests improvements in the theoretical model (para-

meter corrections);

To

2. It coordinates the soil mechanices results with the Method-

I results;
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3. It provides the necessary suggestions to the field exper-

imentalists; such as location of acoustic receivers in order to get

shear deformation information of the subbottom soil sediments.
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VIII. APPLICATION TO FIELD EXPERIMENTAL RESULTS

The previously developed procedures, "Higher Order Autocor-
relation" techniques and signal processing, are applied in the analysis
of acoustic reflectivity measurements in the form of digitized data

and are compared with the core measurement analysis.
VIII.1 EXPERIMENTAL DATA ANALYSIS

Here the data obtained by core measurements and by analyzing
remotely obtained digitized data in time series shall be presented. In
order to determine any correlations between the core measurements and
digitized data three assumptions are made: (1) the ocean subbottom
soil is made up of a system of horizontal layers (see Figure VIII-1);

(2) each Tayer is a simple reflector to acoustic pulses; and (3) the
cross-core reflection coefficients predict the presence of a zone rather
than the axial reflection coefficients. Since digitized data is obtained
by utilizing the normal incident acoustical signals, the axial velocity

of the core measurements are used in the analysis.
VIII.7la CORE MEASUREMENT ANALYSIS

The core measurement analysis is done according to the informa-
tion given by Woods Hole Oceanographic Institute as shown in Table (VIII-1).
From the core measurements, the positions of the second and thrid zones,
indicated by an order-of-magnitude change in the cross-core reflection
coefficients, can easily be determined as shown in Table (VIII-2). 1In

these measurements
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Ocean
—f—_ 1st zone
dis vy
-—-—*—————-— 2nd zone
dps vy
S 3rd zone
Figure (VIII-1)
i di(m) vi(m/sec) ti(sec) vi(kHz)
1 4,1 = .2 1513 = 9 0.00027 0.37 + .01
2 4,2 + .4 1502 + 18 0.000279 0.36 + .02

Table (VIII-2)

the soil density is taken to be a constant. In Table (VIII-2), 3} is
the distance between the core zones, V} is the core axial velocity

between the zones, t. is the time it takes for an acoustic signal to

i
travel between a given set of zones and vi = (ti)'1.

The core measurement analysis predicts the acoustical signature
due to the second zone to be 0.37 + .01 kHz later than the first zone

signature in the frequency domain.
VIII.1b DIGITIZED DATA ANALYSIS

Figure (VIII-2) shows remotely obtained digitized data in time

series. Figures (VIII-3), (VIII-4) and (VIII-5) represent the normalized
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first, second, and third higher order power spectrum of the digitized
data in frequency domain. From the second order power spectrum, Figure
(VIII-4), note that the highest amplitude peaks at 11.20 + .08 kHz, the
second highest amplitude peaks at 11.55 + .05 kHz and the third amplitude
which can correspond to the third zone peaks at 11.88 + .07 kHz.
Therefore, the digitized data analysis predicts the first
reflector to be at 11.20 + .08 kHz, the second reflector to be at
11.55 + .05 kHz, and the third reflector to be at 11.88 + .07 kHz.

VIII.1lc SUMMARY

From the above results it is concluded that if the digitized
data indicates the first reflector to be at 11.20 + .08 kHz, then the
core measurement analysis predicts the second zone to be at 0.37 + .01 kHz
later than the first, i.e., a peak at 11.57 + .08 kHz. Furthermore, the
core measurement analysis predicts the third zone to be at 0.36 + .02 kHz
later than the second, i.e. a peak at 11.93 + .08 kHz. Thus, when a core
measurement analysis indicates a presence of a zone there is a correspond-

ing reflector peak in digitized data.
VIIT.2 CONCLUSIONS

The experimental data analysis shows that from core data zones
exist and for each zone there is a corresponding acoustical reflector

peak in digitized data in frequency domain.
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The extension of the single damped harmonic oscillator model of
a thermoviscoelastic medium in (K3t) and (Kju) domains, to a multi-degree
freedom damped harmonic oscillator model which prescribes the character-
istics of the viscoelastic reflectors is a valid one since the extended

model shows the presence of peaks due to second layer. See Figure (V-12).



0CT., 1975

1st. ZONE

2nd. ZONE

KNORR = 51-3 GPC - 19
TABLE VIII-1
' (AXIAL) (CROSS-CORE)
DEPTH VELOCITY VELOCITY REFL REFL
CM LONG TRANS COEF COEF
41 1509.6 1472.7 .pp3 ~-.pp9
51 1518 8 1508 2 - PR3 P12
61 1497 4 1481 4 - pp7 - pP9
71 1506 5 1485 8 P03 P01
81 1488 5 1508 2 - Pp6 pp7
98 1599 1 1468 4 $33 - P13
197 16pp 4 1629 7 P03 P49
117 1479 6 1459 8 - P39 - P52
126 1494 4 1526 7 P05 p22
137 1485 5 1459 9 - 003 - p22
147 1491 4 1472 7 pp2 P04
157 1497 4 1472 7 po2 pop
167 1497 4 1451 3 pop - pp7
177 150p 5 1472 7 P01 pp7
182 P 1468 4 -1 0P - 1
205 1509 6 1464 1 1 0P - 1
215 1503 5 1472 7 - pp2 pp3
225 1503 5 1464 1 pep - pp3
235 1503 5 1472 7 ppo pp3
245 1509 6 149p 3 P02 pp6
255 1512 6 1464 1 201 - P9
265 1506 5 1468 3 - pp2 201
275 1497 4 1459 8 - pP3 - P93
349 15pP 5 1481 4 o0 pp7
350 1512 6 1464 1 P4 - Pp6
360 1515 7 1459 9 pol - P01
379 1525 P 1459 8 U1K} - ppp
303 1512 6 1508 2 - P4 P16
3p8 1503 5 1451 3 - P03 - P19
4p8 1521 9 1499 2 pP6 f16
432 1521 9 1549 8 pood P14
442 1503 5 1455 6 - P06 - 928
452 1509 6 1472 7 P02 pp6
477 1624 8 P p37 -1 0P
487 1485 8 1477 1 - P45 1 0P
497 1491 6 1451 3 pp2 - P9
519 1591 6 ] P32 -1 PP
520 1471 4 1464 1 - P39 1 00p
53p 1471 4 1468 4 pop £
54p 1497 5 1512 8 P09 P15
550 1480 P 1517 4 - PP6 P2
569 1491 9 1438 8 o4 - p27



560 1491.6 1438.8 .pp4 -.027
570 1457 3 143p 6 - P12 - pP3
58p 1491 6 1443 1 P12 004
635 1509 4 1373 0 ppo6 - 925
644 1479 2 1451 3 - 019 928
659 1471 4 1438 8 - P93 - P4
675 1494 5 1439 7 0p8 opp
685 1512 4 1443 D pp6 ol
785 1488 7 1469 1 - pp8 pp9
715 1506 9 1477 1 po6 pp3
725 1482 9 1455 6 - pp8 - §p7
750 1494 5 1451 3 ppa - P01
769 1491 6 1499 3 - PPl 913
776 1509 4 1503 7 pp3 pp4
791 1549 4 1564 9 P16 020
8p1 1477 1 1438 8 - P24 - P42
816 1512 4 1485 8 P12 P16
826 1500 4 1536 0 - ppa P17
836 1503 4 1430 6 201 - P36
848 1497 5 1536 f - pp2 p36
858 1491 6 1598 2 - pp2 - P99
885 1494 5 1438 8 o1 - P24
895 1508 9 1476 5 pP5 P13
905 1494 7 1455 6 - PP5 - pp7
915 1488 7 1451 3 - pp2 - P01
925 1488 7 1468 9 1) P06
935 1506 4 1455 6 Pp6 - PP5
945 1491 6 1447 1 - PP5 - pP3
935 1497 5 1455 6 pp2 pp3
979 1555 7 1531 3 P19 P25
981 1500 4 1517 4 - P18 - PP5
993 1509 4 1443 P pp3 - 925
10p5 1468 5 1438 8 - P14 - 991
1934 1522 8 1430 6 P18 - Pp3
1044 1426 6 1410 4 - P12 - pp7
1954 1550 8 1434 7 p24 P09
1064 1504 5 1438 8 - 018 PPl
1074 1543 5 1430 6 pP3 - PP3

110
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IX. SUMMARY AND RECOMMENDATIONS
IX.1 SUMMARY

After an introduction to the thesis problem in Chapter I, a
theoretical mode]l of the ocean subbottom as a viscoelastic medium
is presented in Chapter II. The fundamental idea of this chapter is
that the viscoelastic medium has a damped harmonic oscillator structure
in spatial coordinates introduced by the Fourier transformation. This
gives simple resonant peaks of each subbottom Tayer modeled as a
multi-degree freedom damped harmonic oscillator system. These peaks
have been observed in acoustic reflections from the ocean floor. The
determination of the height and width of the resonance peaks becomes
paramount in the identification of subbottom soil sediments. These
quantities which are related to the quality factor must be therefore
determined analytically to understand the nature of acoustic reflection
peaks from the ocean floor.

The understanding of the quality factor and thus the damping
of a system is begun in Chapter III by presenting the viscoelastic
theory from the elastic one by introducing Voigt type of damping.

In Chapter IV, the thermodynamics are introduced into the
viscoelastic medium and it is shown that the viscous compressional
Lame parameter A" is made up of two parts - temperature independent

and temperature dependent terms:

(TR n n
>‘ad A +>\t



where

2 1y 2142
L= CLl)ad 1 - ﬂ-_ (CT )ad
2 3

—
Cp (€ Jag

The temporal attenuation then becomes appropriately

b ) }\adll + 2ull k2
2p

and hence the resonance peak given by the quality factor becomes

PR CURS M LA
2b (Aad" + 2u") Kk

L0
1]

and the width of the resonance peak, Aw, becomes

2b

}\ " + 2]1"
- [ ad - ] K

Aw

Thus, an analytical expressions are obtained for temporal attenuation
constant, the quality factor and the resonance width in terms of
thermodynamical and mechanical variables.

Furthermore, the solution to the differential equations of
elastic, viscoelastic and thermoviscoelastic medium is given in terms of
Green's functions. This type of solution becomes very useful in

obtaining the mean-square response of (continuous) viscoelastic medium
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to non-stationary random excitation which is discussed in Chapter V.

The non-stationary random processes become important in analyzing the

acoustic reflections from the ocean floor since its parts fluctuate in

time. The normalized rms response of the system in terms of system

parameters are shown graphically and the behavior of the system to

different quality factor values are observed. These results are obtain-

ed for single layer medium and later are extended to multi-Tayered medium.
In Chapters VI and VII, higher order autocorrelation technique

is introduced to further understand the behavior of the quality factor

in a viscoelastic medium. This technique is able to distinguish between

a lightly and highly damped system, and thus, increases the ability

of researchers to estimate the quality factor of the system by compar-

ing them when digitized remote data is available from the ocean floor.
Finally, in Chapter VIII the above technique is applied to

acoustic reflections from ocean floor in digitized data form. A direct

relation between the reflected peaks and zones predicted by core analysis

is obtained.
IX.2 RECOMMENDATIONS

Obviously, the activities of soil mechanics, model building,
signal processing, and field experimental activities must be coordinated
to identify and classify ocean subbottom sediments. Some of these
activities can be stated as follows:

1) The output data should be processed according to Method-I



at the computer center by the signal processing group. Main purpose
of this effort should be to measure the width of the resonance peaks.

2) The soil mechanics instrumentation presently does not have
the capability to measure accurately the value of Aw. An attenuameter
should be built to measure the width value from the core samples.
Although the output signals are frequency modulated, the signal envelope
does not necessarily give the correct damping parameter information of
the subbottom sediment.

3) Meanwhi]e, the theoretical estimations of the imaginary
parts of the Lame parameters will be extremely helpful to check the
width values obtained by Method-I. This is approximately possible
since other relevant information from soil mechanics results can be

obtained, namely

b = dw(d', wts A", ")

4) After the comparison and the exchange of results obtained
from the signal processing, Method-II should provide suggestions to the
field experimentalists.

5) Finally, some theoretical soil mechanics efforts such as the
estimation of the effective stress distribution in the subbottom, an
isotropy and heterogeneity of the subbottom should prove to be very

important.
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APPENDIX-1

The derivation of the attenuation constant, b, for a thermo-
viscoelastic medium shall be outlined. [Yildiz, 1974]

Using the definition of attenuation constant

E[& ]
2E[¢]
the terms Qmech and & must be determined.
. _ d -
Now, ®nech -T0 § = -T0 i J ps dV where s is entropy S

per unit mass and T0 is the undeformed state temperature. The rate of

increase of entropy is given by [Landau, Lifshitz, 1959]

oo,
ct

2
- ()~ av ;
Ips dv K j T2 dv + O Pk Vi T (A.1-2)
where « is thermal conductivity and

- 2 2 -
For the viscoelastic medium the Lamé parameters become, in the first
order approximation, u = p' + p" at and x = A" + A" at. Substituting
the latter expressions into Equation (A.1-3) and later in to Equation

(A.1-2) with temperature gradient given by [Landau, Lifshitz, 1970]
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2 4 iy 2

the rate of entropy increase for a thermoviscoelastic medium becomes

T, o p|2
d _ 0 N2 4 2)2 2 dv
dthS o = KJ['CP ] [(CL Jad =3 (CTI)adJ (Vug3)™ 7

1 \ . . -2— -

] 2 1 *
* T (' + Fu ) J akukakuk dv

+ ‘T (A" + % ") J (ak&k)2 dv (A.1-5)

For longitudinal sound wave one can assume

u, = ug cos (kx-wt) u, = u, = 0
Uyy = 30U, = -ku0 sin (kx-wt)
Upy = O Uy = k w uy €os (kx-wt) (A.1-6)

and also that the temperature varies slightly in the medium and differs

from T0 slightly then T can be substituted for T0 and taken to be a

constant.
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Substituting expression (A.1-6) into (A.1-5) and taking its

expected value one obtains

. Teo of 2 & 2 2V 2
— 4 ——
El®necn] = - “'];f%‘ (€ ")aq |1 - I 2 Kug™ 7w
P L ‘ad
2 2V 2
- o 20k u? 2w (A.1-7)

fle] = 1o ulu (A.1-8)
Finally, the attenuation constant for the thermoviscoelastic

medium becomes via (A.1-1)
k

2
b=—2-5-{)\+2u+

220 1y 2 22
e )ag [1 - fffl!lﬁg—} boowaee)

7 7
Cp 3(C ") ag

The tast expression in the parantheses can be re-written using the

definitions

' 2 _ E(1-¢ . . _ E
(€ aa * E;(T&;)(%Einﬂad s (Cp')yg = [2517137Jad
as

T oo (3K '+ 4u') (1 +0)

2 2



w[r

where Kad' = vkad' +Zu' and E and o are the Young's modulus

and Poisson's ratio, respectively.
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APPENDIX-2

The compressional waves obey the following expression given
in (A.2-1). By using Kubo's formula the Green's function appropriate
to the compressional propogation in an isotropfc viscoelastic medium
is derived.

The equation is

2 A" + 2u").2 ) ATR 4 _
[at - [ 5 ]v By - [—————p )v] v = 0 (A.2-1)

Apply Laplace in time and Fourier in space transform

LIF(t)] = - L[F(t)] + iwF(0) - E(O) (A.2-2a)
L[F(t)] = -iw L[F(t)] - F(0) (A.2-2b)
to obtain

[-of - 1A AE - B (Ke) +

(A.2-3)

!
o

. n + n
v, (k30) [iw - l—p—?-L K27 - 2 v(ks0) =

Using the continuity equation gf-p - Vep V 0 the relationship

between v(k;0) and %E-v(k;o) is determined.
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Equation of motion is given by

p o vy - 3505 = 0 (A.2-4)

where
%i C%jk] d Uy t C?jk] 3¢ B Uy (A.2-5a)
Cijk1 = 2 855 Sy * (85 859 + 859 851) (A.2-5b)

Substituting the last expression into (A.2-4) and using the fact that
o is a constant thus v-V = 0 by the continuity equation, at t = O the

relation

& v(ks0) = - K (M—:Jz—'-) u(k;0) - K2 (31_;;_2_1£) v(k;0)  (A.2-6)

is obtained. The substitution of this expression into (A.2-3) results

in
2 . 2 . O PR
[-0” + ¢© - i2wb]v(k;w) + iwv(k;0) + c“u(k;0) = 0

where the Lame parameters are substituted by letters defined earlier.

This can be re-written in Kubo's formula form
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fu DL < G(ksu) - G(K;0) (A.2-7)
as
v(ksw) c? - i2ub
’Zb = 2 2 - 1 (A.2'8)
v(k;0) * u(k;0) -0~ + ¢ - j2uwb

Thus, the initial valued Green's function is given by

2 .
6(kso) = —° '2‘2‘*’b (A.2-9a)
¢ - w - i2uwb

G(ks0) = 1. (A.2-9b)
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APPENDIX-3

The mean-square response of initial valued viscoelastic com-
pressional wave system is determined. The initial vailued Green's

function is given by Equation (V.4-1) and A(t,w) by Equation (V.4-3).
3.1 UNIT STEP ENVELOPE FUNCTION

The substitution of equation (V.3-3) into equation (V.2-14)

and the evaluation of the resultant integral gives for the initial value

problem
[AE20) |2 = c*la(kso) [ 1 (t00) (A.3-1)
where
2 2.2
-a“+
Mo (tw) = 1+ 1(t) + b—zz-—‘-"— r(t) - 2ry cos wt
2 2 2
- 2 L sin ut ry(t) - 4 2S5 ut [ b—z ro(t) - (1-4 b—z)-tl r,(t)]
C C (o
b b2 o
+ 4 E'P4(t) cos wt + 4 ZE r4(t)-5 sin wt
2 .2 2 2
b b b
+ 4 5 [ 2. (t) +2 25 (335 - 2)r,(t) +
2tz 22 2
+9(1 -492—) r,(t) r (t)]+492—r (t) -491‘ (t) r (t)
a c2 4 3 C2 2 a4 3

(A.3-1)
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Hence, the mean-square response via equation (V.2-13) becomes
e = [ 160G0) 12 P, @)D (£,0)] do (A.3-2)

White Noise Input: If the input noise is assumed white, then the

spectral density function Pa(m) becomes a constant PO' So, the mean-

square response for the initial value problem becomes

2
mP.C 2 2 2
E[r2(£)] = o {1-e'2bt[1+4 :—2 +2 (14 52—) sin® at - 2(%)2(3-4-‘2-2-)sin2 at]}
(A.3-3)

Correlated Noise Input Excitation: Upon substitution of the spectral

density for correlated noise into expression (A.3-2) the mean-square

response for initial-valve problem becomes

ELr2(6)] = cRyIFLy T (8) + GoLy (8) + Falg'(8) + Gyl,  (£)] (A.3-4)

where
. 2 2 2
L T(t) = & {1-e‘2bt[1+4 b—z (1-2 ?-,Z) ¥ 3[1-2(5-4 2-2-)] sin? at
C [of C
2 2 2
b b b2, . 2
-4 B ro- B (5.4 By7 sin? at] }
a2 CZ C2



2,2
_ o-2bt {4 ath” |

b2

2
ab b . 2
— (3-4 =) sin” at +
04 C2

2
+ [1-2 2 (3-4 27 sin? at}

C2

2

c

. 2 2 .2
i - b b b™ @"-8
Ly (t) = 1+4 c—2 r(t) - 4 7 1‘4‘(t)1‘3(t) + [1+4 2 2 1rq(t)

, Peeli=d”

Hagig 0

(o

2 2 2 2
b® Q-8 b

8 2 (7 = - 2)Ir,(t)
2 2 2 2
b2

4 C—z-) r4(t)r3(t)

2
+2 {1250 - 25
c

- (1+4 =

b2

2 2 2
B (1.4 By) - & (122 Pyary ()
c Cc

2 2 2
be 9°-8 ) } -8t
S (t)r e cos ot
C2 c2 3
2 2
b Q b
4 c—z‘) -7 (-2 :2‘)11'4(1'-)

2 2 2
r3(t)] + {2(1+4 52__92%3__);3(»5)
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2 2 2 2
- 2[2 2 1. 35 (14 %2—)] SN -:lz-)]r4(t)} X

x e Bt sin at + 2 {8 —2-—§-r3(t) -

3.2 RECTANGULAR STEP ENVELOPE FUNCTION

Substituting the Equation (V.3-14) into equation (V.2-14), we

obtain for the initial value problem

[n(e.0) 12 = cHlag(kso) 12 {iy (Eaudn(t) + -0y (6,0) + 1T (t,0)Inle-t") )

(A.3-6)

2

M (E0) = M (t.0) + {szwz + B2 [c?(3%-a2) + WP(aP-b?)] x
a

O_bl )

[ry(t) + rp(t-t1)] + & [W¥(a?-b%)-26%c0lr, (e)ry ()

x

+

ry(t-t')rg(t-t')] + > et + w2(3b2-a2)][r4(t)r3(t-t')



1356

2
+ T4(t)r, (t-t")] - 2 57-[c4 - 2(a?-b%)u?Ir, (t)ry (t-t")
22 ' '
- 2622 14(t) T4(t-t")] cos ot } (A.3-7)
Hence, from Equation (V.2-13) the mean-square response becomes

E[r2(t)] = Jm (Go(ksw) 2 P_(0) M. (t,0)} du for 0 <t <t
E[ré(t)] = r lGg(ksw) 12 P_(w) M (t,0)} du for t>t’

(A.3-8)

White Noise Input: If the input excitation is assumed white, then

ELr2(2)] = Py J |6y(ksw) |2 M (t,0) OF M(t,w)} do  for 0 <t <t

ELr(t)] = P, J |6g(ks0) 12 0.7 (t,0) or M (t,0)} do for t >t

(A.3-9)
The first integrals are given by Equation (A.3-3) and the second

integral for the inital value problem is given by

2 2

{8%+rﬂﬂ+rﬂbv)

HPOC

ELr2(t)] = —2
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2 2,002 2 2
b a“~+5b 3b"-a
+2 = t t-t
S LA nplt) + B ry(eee)] +
2 2
+2 [(820 1 (t) - (14 4 2)ry(e)ry(t)
(o (o

. [[41)2(32_31)2) . ﬁ]r3(t) .2 [b3(3b:§:%+a3(a“2b)]r4(t)]r4(t')]

x
|
o
~—~
ot
‘—’-
g
+
fol]
I
W
o
e |
S
———
ot
N
——
g
o |
Y
-
r‘-
]
t
)
w
———
ct
ct+
g
—
——
—h
o
S
ct
v
ct

(A.3-10)

Correlated Input Excitation: For correlated input excitation, the

mean-square response is:

E[r2(t)] = c4K0[F1L1i(t) - 6L, () + Fol, Tty + Byly T¢)] foro0<t<t

ELr2(4)] = ¥R IF 1Ly (£) = 6Ly, (£) + Falag  (£) = Galy, ' (£)] For ¢ > t!

(A.3-11)
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where the first expression is given by Equation (A.3-4) and the

second expression is given by

. 2 2.2 2, 2.2
i _a_ _t_;_ga-bi ! b_a'3b
Lyp (t) = 25 { 827z rp(t) + r(t-t') + 4 = j"‘:z““l[l"z(t)”z(t"t')]

2 .2
b (a“-3b : .
+8 iﬁ-ift;;?-—l [r3(t)T,(t) + ry(t-t')ra(t-t')]

2/5.2 2 4, 2 02y, 4 2 .2

20,2 2 2,2 .2
1 - B N (1) 4 14 BB r ()] (841

4,.,.2 2v,.8,.2,,2 2/0.2 2
+2I‘4(t')[[[b (5b —ii: )+a "(a"+2b )]P4(t)+ _aQ[-l " ib—;(-ﬁiﬂ—l]%(t)]r:i(t-t')

2

a4(b2+3a2)+5b4(5a2—b2)}r (t)+[a4§a2-4b 3+24(3b2—17a2)]r3(t)]}

b
ry(t-t )[a[ 8.2 4 7

3 2,.2 .2
L (1) = 2 {8 %‘2— N %ﬁ—il)(rz(t) £ 1y(t-t"))

2,.2 .2
+ ﬂ%—b—l (ry(£)ry(t) + ralt-t)r,(t-t"))

2ol .2 3
+ T4(t )L + Bl’a—!%t’—-'-fl—l)rz;(t) - 16 ‘:7';— ry(t)Iry(t-t')
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c4 a C4

2,212, 2 2,2 .2
_[[1_ §9—1§9-i§—lir3(t) + ZE.[] - lﬁb_lé_:iL)Jr4(t)]r4(t_t-)]
v rrl1b2-a2 2b 16b2 (a2-b2 \
* (e (1) + B [1 " __J——lc4 Jry(6)Ir,(t-t")

20,212 3(,2_ap2
_Egg_[] _ 16b (2 -b )]P4(t) N {1 ., 8b (a4-3b )]P3(t)]r3(t_t.)]}
c ac

- 2,2 2 2 2, 2.2 4
L 1(t) = 8b~(n"-8 +T (t) +T (t_tl) + Q-8 - (C +3b ) + 9b «
33 K 1 1 -2 7t 72

2 1 2v(,2 2 2
x[ry(t) + Tp(t-t)]e 22 LDNE=B) B pr ()r(t) + pp(e-t')rg(t-t')]
C Cc

' 2,2 22
+2 e Pt cos Qt'{ [[Zb;B + 2 (2 -8 )]P4(t)
c

2,2 .2
S (1 BB Dy (1) Iy (t-t)

c

3.2 .2
+ [[22+6 + 4baé2 L )}1‘3(1:)

2 ,2 2 3,2 2
4b°- (a°- 4b° (a°- :
¥ [ ég = ' aig : )]P4(t)]r4(t-t ) }

2 2
_o o~Bt' ¢ v Jr(8asb” _ 2 _ 8asb -
2 e sin qt {[[ . a]I‘4(t) X r3(t)]r3(t t')




(2L-¢°V)

o) oe

g
A (D&t Nnuwm_ - ()" ﬁm ¥ Nm-wnm mamwu ¥

oe
1 €. (8 _ %4
(a-0"aL@E (§ - o toyaamg) +

Um
v.W-#w
(3) hﬁa Amn-mmvmnmaopwmuv 30 503 9.9 +

A (A0S0 - Efﬂ - TNQ-NGWU%-NQV + L .mm? +

e R
A.p-pvqpmﬁpv¢hﬁﬁANm-chwmm-Nnv i _H wa =& cw )

AQVMQhﬂamm-mavam-Nnv ¥ _w.mm ¥ mgu v_pc UES 992 #

3 e
[(,3-1)% + (3)%1] ”Ama-mwvmnm_ ¥ _y mcm i

o]
{87 + (a-0Ea(3-P1(8) £ + ) 585 = (3),711

o) e d ®
A A_p-pv¢hﬁﬁpvmpﬁmnwcw * mw; i Apv¢hﬁﬁwa-wmvmnm ) Py ol

6€Ll
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APPENDIX-4

The mean-square response of two viscoelastic compressional wave
mediums to the correlated noise modulated by a rectangular step envelope
function is:

i i
ro(t)+r, (t-t')

) + 2 2
h§(7)

2 . o . . . .

E[r2(t)]=Koi§1{H;(t)(F}-F; (F}hi(l)-G;hi(2)+F;h3(1)-G;hz(z))
-2rl ()l (t-t') (Fis. (t') - 61T, (t) * Fas,(t') - 6 ,T,(t"))

) 2r1(t)r1(t-t')
2 (7)

[(Fin, (1) - alh,(2))s, (t') - (Fin.(2) + Gin, (1))7,(t")

+ (Fing(1) - 6lng(2))55(8") = (Fing(2) + Gihg(1))T4(¢")]
+ 2H;(t)[(F}‘hi(G) + G;hi(7))Si(t') + (F%hi(7) - G;hi(s))Ti(t-)
+ (Fing(6) + Gihy(7))S5(t") + (Fiha(7) - Gahy(6))T5(t)])

3 c C
v 2K, I IUL5() + V()] (A.4-1)

i=1

where

LE(E) = NHy(£) + ho (T)INJH (£) = 2N, (£) + Hy(£)(N + hE(1) = 3n5(2))]
+ (h3(1) - hG(2))[H (£) + NyHy(t) + 2Nghg(t)]
+ {0y (1)[2NHy o(t) = NHE(E) = Hg(t)(h3(1) + 2NyH,(t)

- 2NHg(t) - NaHz(t)) + 2h5(6)h;(4)]
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- (h2(1) - h2(2))[HE(E) + NyHg(t) + 2NgH ()T - NHE(E)} S, (t')
+ hy(2)[2(Ngh; (1) = Np)Hyg(t) + (g + 2hy(1))H5(t)
+(3h5(1) - h2(2) = N+ 2Njh (1)Hg(t) + hy(5)(2NH,(t) + NHE(t))
+{h; (6)[hy (4)[2H, (t) (N + hi(1)) + 2Hg(t)(Ngh; (1) - Ny) - NaHp(t)]
- 4h5(5)h, (3) (Hy(t) + NoHs(£))1} Ty(t') 5 (A.4-2a)
ME(t) = -y (2)[2Hg(t) (N, + Nahy (1) + (N + 2h; (1)H, (¢)
# (N NpH () = 2ho(2) + 3h.(1))H,(t)]
+ {h; (2)[4(N, + hy (1))Hyg(t) + 2(h3(1) = Np)Hg(t)
+ (2N7hy (1) - 2N + 305(1) - h5(2))Hg(t)]
+ 2h, (6)[hy (4) LNy + hy(1))Hy(t) + (hy(1Ng = Ny)Hg(E) = NaHE(t)]
- 212(5)h; (3)(Hy(t) + Nghg(£))35; (")

+ ((R3(1) - h2(2))(HE(E) + NpHglt) + 2NgHy o (£)) = hy (1)[2NHy o (t)

- NpHE(t) + (h(1) - 305(2) - N)Hg(£)] + hy(5)[2NH,(t) +

+ NzHg(t) - hi(3)[2H4(t)(N] + hi(l)) + 2(N3h1(1) H;(t))]} Ti(t') (A.4-2b)

where

-ty + Do) (1),

o (e) = 1M (et )rd {

Hy(t) = [ et )r {2 ety + r{D(e)rf?) (0) /a0,

) = rf D ee) - i e 6);
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H(e) = [r? (e-t9e{Ve) - r{B(0yef ety 1,

* [r§1)(t-t')P§2)(t) - r§1)(t)r§])(t-t')]/A];

He(t) - e e)el (e-t) « B et el (1)

He(t) = [r{B(e-e)r{(e) - riB or{N (-t /mn,

(£) = o{e) + rf ety & (10 + 2§D (-t )0m (100206

i
H 1 1 2

7

Hg(t) = [ (0)r{ 1 (t-t) + r{B (e-t {1 (1) 2/,
Ho(t) = (e er{M ey + r{1 (e-t1)r{?) (et ) m,
- PV -2) + 1P e-e)r{1 (0 1Ay
Ho(t) = [r{D (et )r{ (1) + £{(0)rd) (-20)1/m,

- [rgz)(t)r§1)(t-t') ¥ Féz)(t-t')rg])(t)J/Azg

= 2 2- = . = 2 = 2- = 2 = 2' = M
hi(1) = A7 - BY3 h.(2) = 2A.B.; h.(3) = 3A7 = By; h;(4) = A7 = 3875 h;(5) = By;

h.(6) = A, S.(t') = e_Bit'cos At' T.(t') = r(i)(t')- for i = 1. 2:
i i’ i i i 4 ’ s £

hy(1) = @2 - 82, hy(2) = 208, h,(3) = 39 - B2, hs(4) = o% - 382,

hy(5) = 8, hy(6) = 0, Sy(t') = e cosat’, Ty(t') = e sinat!, for i=3;
i_ o M BlEZ @+ uf) 1
Fr = Relgg. 72 TR 2)] Ry = Re[( 2 2 - D)
et At B Tt T “1 7 W21/ T B
I L G L 1
6y = Imlzg: 72 Lo L= Il

i AR (uf - ud) (w6 - )




1. 1
Fa= Rl 2 ) Ry
W3 = Wyp/lg T &y
1. 1
B3Il 7 7 7] I
w3 T Wyg/lwg = Wy
2 1 ] 2
fa =Rl oy 2 7 2 h 63
W3 = Wa1/iv3 = W
i i R
U; = FiRy - 136y Vi =GRy +
1.2 1.2 1
U3 - F3F3 - G3G3’ V3 - G3 +
wi = Ai + iBi, m]2 = —A +
_ 2.2 _ 2 2
N = C-IC23 N-l = 48182 - C] - Cz, N2
. -2B.t B.
r§1)(t) =e 14+ K%—sin 2 A,tl,
: -B.t i
r§1)(t) e | [cos Ait + K;'S1" Ait],
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= Re[ 13
(5 - wip) (w5 ~ u])

i} 1 ,

= 7D
wy = wyp)wy ~ wy)

) 1 ,

= In Rk
(w3 = wyy)lug = wp)

i L
IiF1 for i =1,
GgF; for i = 33
1By, wpy = =Ry ¥
_ 2 2 _
= C]BZ - CzB], N3 Bz - B

. ~2B.t
P§1)(t) =g ! sinzA.t,
b
. -B.t
(1)gey = o 1 s
Iy (t) = e sin Ait.



"Better is the end of a thing than the beginning thereof."

Ecclesiastes
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