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Fig. 11 Outline of 

the sample

the process for 

preparation.
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CHAPTER V

MEASUREMENTS AND ERROR ANALYSIS

This chapter deals with the measurement procedures and 

error analysis. What we are interested in here is the nuclear 

magnetic resonance frequencies of sodium ions and Zeeman 

transition frequencies of sodium atoms. All these measure­

ments of frequencies were measured with a digital frequency 

counter with an accuracy of + 1.0 Hz.

5.1 OBSERVATIONAL MEASUREMENTS

g + /g can be calculated with the aid of the Breit-Rabi X J
formula (see Appendix A) from the NMR frequency and the 

Zeeman transition frequency (F = 2, M = -1 *-*■ F = 2, M = -2).

The apparatus was turned on for at least two hours

before making the measurements. It was found that the

ultra-stable power supply, which supplied the current through

the solenoid, would operate better after two hours of 

continuous operation. An effort was also made to shim the 

magnetic fields prior to each run since the inhomogeneity 

of magnetic fields would broaden the line-width of Zeeman 

frequencies. The line-width could be greatly reduced by 

adjusting the current through the second order correction 

coil and the position of the end plates. The best optical
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pumping signals were obtained with a sodium atom vapor 

pressure of ^10  ̂ Torr. Figure 12 shows the vapor
6 8pressure of the sodium as a function of temperature.

The sodium vapor pressure is 10  ̂ Torr at 150°C. Two 

pieces of fire bricks were used as the base for the 

Helmholtz coils and the heater, which was powered by a 

variac. The variac was turned off while making a series 

of measurements and was turned back on when the signals 

became weaker. This series of measurements generally 

consisted of four determinations of the NMR frequency 

and five determinations of the Zeeman frequency. Each 

determination of the NMR frequency consisted of four 

NMR peak frequency measurements. Each determination 

of the Zeeman frequency was the average of three 

measurements of the frequency of the Zeeman signal 

peak. The variac was turned on and off throughout 

the entire run until we had made roughly twenty determin­

ations of NMR frequency and twenty one determinations 

of Zeeman frequency.

Each measurement of gj+ /gj was based on one determin­

ation of the NMR frequency and an average value of two 

determinations of the Zeeman frequency to compensate for 

field drift. There were approximately twenty g-factor 

ratio measurements for every run except for a couple of 

runs which contained more than twenty g-factor ratios.

All the measurements were done with the right circular
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Fig. 12 The vapor pressure of the Na 

as a function of temperature.
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polarization of the pumping light. The measurements of 

the Zeeman transition were taken using the one-turn 

Helmholtz coil, while the NMR frequencies were measured 

using the dix-turn coil and power amplifier.

In order to check whether the fluctuation of Sj+/gj 

values was due to the systematic errors, a new run was 

begun by either reversing the field direction, changing 

the magnitude of the magnetic field, or slightly varying 

the position of the sample bulb and end caps. In other 

words, the condition and parameters of the entire system 

for the measurements were different from run to run, 

thus, we could easily identify the fluctuation of the 

g-factor ratio due to the systematic error or random 

error. The magnetic shields were demagnetized whenever 

the direction or magnitude of the magnetic field was 

changed.

5.2 ERROR ANALYSIS

1. Random Errors 

In the calculation of gT+/g from the NMR frequenciesX J
and Zeeman frequencies, the errors in g.j./gj'*'̂  and the

hyperfine splitting of the Na are completely negligible.* *

Random errors arise from the measurements of NMR and

Zeeman transitions. If we assume the uncertainties of 
+each gj. /gj measurement are all equal and the parent 

population distribution is the Gaussian, the uncertainty 

of the gj+ /gj data points 6 can be estimated from the
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data. Let X^ represents the ith point of /gj and N 

is the number of data points, which is much greater than

1. The standard deviation is
69

N

3: X:where X = — --- is the average value of all X ^ . If

we neglect correlations between the X^ as well as second 

and higher-order terms in the expansion of the variance 

of the mean X, the random errors of each run can be 

expressed as the mean standard deviation

By the same token, if there is no other source of 

error in the system except the random error, even varying 

the parameter of the system from run to run, one can also 

calculate the standard deviation as the error assign to 

the final mean ĝ . /gj. from each of all eleven runs by 

treating average gj+ /8j each run as an individual data 

po int.

2. Sources of Random Error

(1) Magnetic field drift

For most of the runs the Zeeman transition frequency
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occurred at /''40 MHz and NMR occurred at a frequency of /v61 KHz 

when the applied static magnetic field was ̂ 5 7 Gauss. The 

small variation of the field strength would result in a larger 

change in the frequency of the Zeeman transition than the NMR 

transition. However, this error resulted from the field drift 

would be almost eliminated by taking one determination of the 

NMR frequency sandwiched between two determinations of the 

Zeeman frequencies.

(2) The rf power line broadening of both NMR and Zeeman 

signals

There was the possibility of a rf power line broadening 

contributing to the line-widths of both the Zeeman transition^ 

and the NMR resonance.^ The line-width of the Zeeman signal 

relates to the strength of the rf field at the resonance 

frequency as (cf., 2.1)

a ' itI ~t
=  —  + - 4 ~ u i 

<* •>
where AU) is the line-width of the Zeeman signals.

d is a composite of the longitudinal relaxation times 
1 NTj , ... T^ due to N different relaxation mecha­

nisms .

'7' is a composite of the transverse relaxation times 
1 NT 2  j ••• T^ due to N different relaxation mecha­

nisms .

&)(is the rf frequency.

However, fortunately the line broadening due to rf power
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can be greatly reduced by decreasing the rf power to a 

level when the line-widths were minimum and the signals 

were still be able to be detected. All the measurements 

in this experiment were made at this minimum level of the 

rf power and the rf power contribution to the line-width 

would have been very small.

(3) The Zeeman line-width broadening due to the magnetic 

field

The major contribution to the line-width of the Zeeman 

frequency would be the inhomogenei ty of the magne tic field 

over the volume of the 300 cc bulb. The width was ~400 Hz 

at the 57 Gauss of axial magnetic field, and is one of the 

principal parameters to determine the degree of the pre- 

cision measurement of g^ /gj*

(4) The NMR line-width broadening due to the inhomogeneity 

of the magnetic field

The NMR line-width contributed by the magnetic field 

can be roughly estimated from the Zeeman line-width to­

gether with either the value of g + /g or the ZeemanX J
and NMR frequencies. Their relation can be shown in the 

following
Ai) =, )) J -  a JJ

tJ M ti i /  N M R  z e t ih W ) f l - r
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where A V „ is the NMR line-width due to the magneticNMR
field.

the Zeeman line-width due to the magneticZeeman
field.

0 is the NMR frequency.NMR
0 „ is the Zeeman transition frequency.Zeeman

Under the weak magnetic field approximation and neglect­

ing the gj term in the Hamiltonian, 4 in the above equation 

comes from the fact that the alkali g factor, including 

nuclo .r spins, relates to the g factor of the free electron 

as g_ = + g /(21 + l)71 for F = I + 1/2, and I = 3/2 for Na.r — J ”
The estimation of A ^ N M R  is 0.64 Hz, compared with ~ 250 Hz 

of NMR total line-width of this experiment, which is rela­

tively small.

(5) The NMR line-width broadening due to the charge- 

exchange collisions

Another important parameter of measuring g^+ /gj is the 

NMR line-width. Since we are dealing with the precision 

measurement of g + /g , which is at least better than oneX u
g

part in 10 , the NMR line-width should be required to be 

a narrow one. However, the width is ~250 Hz in this ex­

periment, which is mostly contributed by the charge-exchange 

collision process.
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3. Systematic Errors 

Systematic errors are related to the incomplete knowledge 

of certain appropriate factors during the observations, and 

could not be calculated analytically. The principal source 

of systematic error in this experiment is the asymmetric line 

shape due to a combination of the inhomogeneities in the rf
fl ̂(Hj) and static (Hq ) fields. This is the most important

parameter for the precision measurement of g^+ /gj.
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CHAPTER VI

RESULTS, DISCUSSIONS, AND CONCLUSIONS

6.1 SUMMARY OF RESULTS

The results of our eleven final runs consisting of approx­

imately 20 g-factor ratio measurements c ch are shown in Table

3. The mean standard deviation of the average g-factor ratio 

of each run is also included in Table 3. The mean standard 

deviation is calculated under the assumption that the errors 

are random (cf., 5.2). However, the variation in the results 

from run to run is larger than these errors predict. Our

final g + /g ratio is the average value from each of the 1 J
eleven runs, and the assignment of the error to the final 

g-factor ratio would be the maximum spread in all the eleven 

g-factor ratios. The maximum spread is taken to be the 

standard deviation, and the distribution is assumed to be the 

Gaussian distribution. Thus, the final result is

£-4.01853 + 0.00015 ] x 10~4

Comparing with the g-factor ratio of the neutral Na atoms
-4 11-4.0184406 x 10 , it is obvious that there is no

+ + distinguishable difference between the g^ /g^ of the Na

ions and g^/gj. of the Na atoms.



TABLE 3

Summary of the results of this experiment

21 + 21 -4No. of g ( Na )/gT( Na) x 10 Ameasurements I J std. dev. x 10

20 -4.01860 0.00003

20 -4.01857 0 .00002

20 -4.01851 0 .00003

20 -4.01821 0.00003

20 -4.01847 0.00004

21 -4.01878 0.00005

21 -4.01875 0.00003

20 -4.01843 0.00003

20 -4.01853 0.00007

42 -4.01852 0.00005

25 -4.01841 0.00005
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6.2 SOME THEORETICAL RESULT OF SHIELDING CONSTANT 

OF THE Na+ IONS AND Na ATOMS

The nuclear g factor, g , for the ground state neutral 

Na atoms observed In rf spectroscopic experiments is less 

than the g factor, g^, of the bare nucleus, because of the 

diamagnetic shielding effect, and that the g^ and ĝ . are 

related as _
gj = (1 - C ) gj

where <$ is the diamagnetic shielding constant for the ground 

state sodium atoms.

By the same token, for g^ of the Na ions would be

gT+ = (1 - <$+ )

*4*where 6 is the diamagnetic shielding constant for the 

ground state positive Na+ ions.

The difference of the shielding constant between the atoms 

and ions can be written

(fa ~~
6 ~ 0  —   z-

fa

We can rewrite the above equation as

li- - —  c: (<f - O  
flj fa fa

since __
k
fa fa
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This implies that the difference of shielding constants 

between the atoms and ions can be deduced from the 

differnece of g-factor ratios.

It is worthwhile to tabulate all the shielding 

constants of the Na and Na even though there is an 

undistinguishable g-factor ratio between atoms and 

ions in this experiment. The shielding constant for the 

ground state Na atoms and Na+ ions are listed in 

Table 4 and Table 5 respectively. From the Table 4
-f* — 6and 5, one can deduce 6~ 6 , and is 5.05 x 10 if

<5 and 6 + are the values taken from the report of
5 2 +Malli and Fraga, 1966. In turn, the ĝ . /gj - g^/g^.
-9value would be -2 x 10 which is very small.

6.3 DISCUSSION

The principal limitation of the precision measure­

ments were the width and the assymmetric line shape of 

the NMR resonance. The assymmetric line shape was due 

to a combination of the inhomogeneities in the rf and 

static fields. The degree of homogeneity of the magnetic 

field in which the optical pumping cell situated could be 

improved by using the smaller cell. Unfortunately the 

smaller bulb we used, the smaller NMR signals we had.

The width of the NMR signal was contributed mainly from 

the charge-exchange collisions. The way to reduce the 

line-width is to decrease the density of the Na atoms 

and hence reducing the number of collisions. However,



TABLE 4

Shielding constant of ground state Na atoms

-4References Shielding constant x 10

Malli and Fraga^ +6.2887

Lamb35 +7.5529

13Dickinson +6.29

Bonham and Strand5  ̂ +6.39087
(Hartree-Fock)

» U .i O. -*51 +7.297Bonham and Strand
(Thomas-Fermi-Dirac)
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TABLE 5

Shielding constant of ground state Na+ ions

-4References Shielding constnat x 10

52Malii and Fraga  ̂ 2382

13Dickinson 6.2371
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•the intensity of the NMR signal depends upon the polariz­

ation and number of the Na atoms. In.other words, there 

is an optimum value between parameters of the NMR line- 

width and the size of the NMR signal. In the conventional 

optical pumping experiment, there would be an interference 

filter to filter out the D2 line to increase the efficiency 

of the pumping process. However, this is not the case for 

this experiment since the sodium D lines are too close to 

utilize the filter effectively. The advantage of a large 

degree of polarization of the Na atoms is two-fold: 1) to

produce a strong NMR signal so one could afford to narrow 

the NMR line-width by reducing the number of atoms in the 

sample cell; 2) to produce a big Zeeman signal so that one 

could afford to narrow the width of the Zeeman signal by 

decreasing the cell volume, there-by reducing the inhomo­

geneity of the magnetic field.

The other difficulty of this experiment arose from the 

fact that sodium blackens glass, preventing the use of a 

conventional rf light source which would supply a smaller 

and quieter noise background.

6.4 CONCLUSION
-J-Although the NMR signal of the Na ions has been 

observed, the value of g^/g^ lies within an error bar 

of the gT+ /g . The undistinguishable result of g-factorX
4*ratios between Na and Na afford us no information on
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the difference of the diamagnetic shielding constnats between

the atoms and ions unless the difficulties of this experiment

stated in the above section are overcome.

It was suggested that the use of a higher static magnetic

field strength should increase the precision of the measured 
+value of gj /gj by reducing the fractional line-width of the 

NMR signal.^
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Appendix A

Derivation of the Formula for the Calculation of

gI (23Na+ )/gJ (23Na)

From the Breit-Rabi formula, a known arid

hyperfine splitting of the neutral Na atoms, together 

with a Zeeman and NMR frequency at a static magnetic 

field along the z-axis, we could come up with a formula

following:

The energy levels in the ground states of Na in the 

F, M representation as a function of an applied static 

magnetic field are given by the Breit-Rabi formula,

JAq is the Bohr Magneton.

JUi is the electronic magnetic moment.J
is the nuclear magnetic moment.

+ signs apply for F = 1 + 1 / 2  and I = 3/2 for Na .

If we take the largest energy separation between the 

F = 2, M = -1 and F = 2, M = -2 Zeeman levels, and from the

+for the calculation of gj /gj. The derivation is the

t which is the hyperfine splitting

4 V

8jM q ~ 

gr^o
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Breit-Rabi formula, the Zeeman frequency can be written

6 _ r _  A !i ( J  i _  x -f-y*- - I - f - X )  . ( A ' 2 )
t I 2t v

By the use of the Equation (A.l), we also have

f j J U .  * w  * /.
~  ■ ( A '

The goal is to set up an equation of -gj^Hg/h, and 

solve for it in terms of AW/h, g^/gj and Zeeman frequency 

f^. For simplicity, let Y = -g^/f^H^/h, and A = g^/g^ and 

from (A.3) and (A.4) we could set up a quadratic equation 

of -gj^QHg/h by cancelling X. The equation becomes

A Y 1- =c>

Solving for Y in terms of f^, a W, and A; the solution is

Here we take sign, since Y is positive, and A is negative.

The NMR frequency of the ion f  ̂ can be expressed as

Rewrite the above equation, we get

From the Equation (A.l) and (A.2), we have

( Al )



.8 7

Then from equations (A.6) and (A.7) we get

yJ I

+There is another way to get ĝ . /g^ simply let ~ f “AY 

= fj + g j^Hp/h , and set up an equation of Y and solve for 

Y in terms of AW/h, A, and f3< From equation (A.2) we get

' _ ¥ +  x* " 1 +  x ) ■ ( / M ^

Again use equation (A.4) to eliminate X of equation (A.9), 

and take the square and rearrange it, we have

*VJ r \  —  f  f*. j .  ^

The solution of the above equation is

j?, (.f, +■ 4^-)

Y =

Combining Equations (A.7) and (A.10), finally we have

Equations (A.8) and (A.11) are the equation which would be 

used for the calculation of gj. + /g;j
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Appendix B 

Computer program for the Calculation of 

gl(23Na+ )/gj(23Na)

This program is designed to be used on the terminal for

calculating g + /g . Double precision is used since we need

to know a small change of the g-factor ratio, about the order

of one part in 103 , between sodium atoms and ions. This

program reads data either from typing or a set of data

files stored in the computer. A Zeeman frequency; (F = 2,
•f*M = -1«-»F = 2, M = -2); and a NMR frequency of Na are taken

for the calculation of each g^/gj.

As we have shown in Appendix A, there are two ways to

calculate gT /gT- Thus the average g-factor ratios and their X *J
standard deviations, based on both calculations, would be 

given explicitly.

The physical quantity of each notation used in this 

program are shown as follows:

FI is the Zeeman frequency between energy levels F = 2,

M = -1, and F = 2, M = -2 of the ground state Na atoms.
-J*F2 is the NMR frequency of the ground state Na ions.

4-Rl and R2 stand for g^ /gj. based on equations (A.8) and

(A.11) in Appendix A respectively.

Y is - M o Ho/h *
F3 = FI + gIitQ H0/h.

H is hyperfine splitting in frequency unit (Hz).

A is gT/g of the ground state neutral Na atoms and itX J
is a negative number.



Notice that we designate A = 4.0184406 x 10 as a 

positive number in this program for the convenience of 

calculations. Thus the formulas of /gj would have to

set -A = A in order to get the exact expression as these 

equations of Appendix A.

This program is shown as follows:
LfcAM.l'".1

1 / 0  R h A l . x K  f I ( j t '.J'( v > V'1 1 ('? ?
1 1 v’ • P r.,A l.»«H f l ) H j  C > H > F 3
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