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ABSTRACT

POST-YIELD NONLINEAR BEHAVIOR OF STRUCTURAL STEEL BEAM-COLUMN
ELEMENTS

By

Josif Bicja

University of New Hampshire, September, 2006 

One of the most effective mechanisms available for the dissipation of the 

energy input to a structure during an earthquake is through inelastic 

deformation. It is imperative to accurate ly m odel and predict these behaviors 

because of the safety that can ultimately be added  to the integrity of a structure 

under such severe loading events. The presented method of analysis has the 

unique feature in its exact inclusion of the coupling between axial force, primary 

and secondary moments and their con jugate  axial and bending strains, and, 

most importantly, the incorporation of the e ffect of curvature along the length of 

the member.

Degradation of the material, once  yielding has occurred a t certain 

locations that can experience such higher-order degradation levels is accurate ly 

modeled, and the structural behavior for in-plane lateral dynam ic loading of 2D 

shear frame beam-columns is predicted with particular reference to material 

nonlinearity and taking into consideration any geometrically nonlinear effects 

such as P-delta phenomena. The structural perform ance prediction is com plex 

due to nonlinear material properties, uncertainties in earthquake loading, and 

many other factors. However, the structural response of simple sections is

X
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predicted herein through the? proposed constitutive nonlinear strain hardening 

model that assesses the material degradation through the spread of plasticity.

Using deta iled incremental procedures, the stress-strain relationship is 

derived for beam -colum n element. The proposed m ethodology ultimately 

provides accura te  force-lateral deflection curves. The validity of the proposed 

m odel is examined by com paring it w ith results of the Finite Element Analysis 

(FEA). The results of the proposed rigorous model com pare favorably to the 

results of the FEA, and ind icate that the proposed incremental approach is very 

reasonable, due to the small d iscrepancy when com pared to the FEA.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Civil structures, such as buildings, parking garages and bridges, are 

designed to resist tw o types of forces: (1) vertical (gravitational) forces produced 

from the self dead  weight, and occupancy  loads; and (2) lateral forces caused 

by earthquakes or w ind loading. These types of forces induce a t each column, 

of each story of the building, axial forces, lateral shear forces and overfurning 

moments. The overturning moments have tw o components: (1) the primary 

moments resulting from the lateral loads; and (2) the secondary moments 

resulting from the vertical loads acting over the incremental moment arms that 

are originated by the lateral deflections. Civil structures are designed to remain 

elastic and exhibit little or no dam age  as a result of normal service conditions.

For extreme loadings, i.e., infrequent earthquakes, however, it is not econom ical 

to design structures that can remain entirely elastic. They must be designed on 

the basis of minimum weight, which invariably means designing into the plastic 

range to obtain optim al load-to-weight ratios. The term plastic, derived from the 

Greek word "plaistikos" meaning "to form" refers to a property of a material to 

undergo a non-reversible change of shape in response to stress. By design, 

structures are expected to  suffer minor dam age w ithout compromising public 

safety and welfare, when subjected to large infrequent earthquakes.

1
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Steel has traditionally been perceived to be an elastic material (Englekirk, 

1994). A purely elastic theory and analysis has been widely used by engineers 

during the past decades. In analysis of statically indeterm inate structures, 

internal forces are distributed based on the relative stiffness of the individual 

structural elements (i.e., beams and columns). Relative elem ent stiffnesses within 

a structure change continuously under dynam ic loading and can be significantly 

different from their assumed elastic values (Karabinis and Kiousis, 2001). Due to 

complexity of nonlinear analysis, no attem pts have been m ade to take into 

accoun t the nonlinear strain hardening properties of steel when such structures 

are analyzed. Present-day design codes are based on a limit-state design 

philosophy. Strength limit state concepts were first introduced into design in 1961 

by the American Institute of Steel Construction (AISC) (Englekirk, 1994). 

Deformations and stability of such design philosophies rely heavily on the elastic- 

based theory. Such limit state design has incorporated elastic-based strength 

design criterion. The day-to-day design m ethodology in structural steel has not 

a ttem pted to develop an inelastic based criterion wherein a simplified perfectly 

plastic stress distribution is assumed when ca lcu la ting the strength limit state of a 

structural system.

Steel structures will often incur nonlinear "plastic" behavior, in which steel 

beams and columns undergo permanent displacements and deformations 

during large earthquake-induced ground motions. A key requirement for 

modeling the m echanical response of a structure is knowledge of realistic 

estimates of how the ground beneath the structure will move during an 

earthquake. It is also imperative to loca te  the dam age of a structural system,

2
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when subjected to  a hypothetica l earthquake loading, in order to redesign and 

prevent structural failure.

1.2 Scope

The purpose of this research was to investigate the deta iled 

post-yield behavior of 2D shear frame steel beam-columns subjected to 

com bined earthquake and gravity loadings under extreme conditions.

A shear frame building is defined as a structure that can be idealized to have 

inextensible columns and rigid floors so that no joint rotation occurs a t the 

horizontal section a t the level of the floors when the system is subjected to 

dynam ic loadings. In this perspective, the de flected  building will have many 

characteristics of a cantilever beam  that is deflecting by shear forces, hence the 

name shear structure. That is not to  say that axial forces have been neglected 

for such type of structures. The vertical loads in conjunction with lateral 

deflections of columns produce additional moments that are so-called P-delta 

effects. Such phenom ena are discussed in a much greater detail in the 

following chapters. To satisfy the definition of a shear frame structure it is 

assumed that: (1) the tota l mass of the building is concentra ted  a t each level of 

the floors; (2) the beams on each floor are infinitely rigid as com pared to the 

columns; and (3) the lateral displacement of the structure is dependent of the P- 

delta  effects. These assumptions transform the problem from a structure with an 

infinite number of degrees of freedom  (DOF), due to the distributed mass, to a 

structure that has as many degrees as it has lum ped masses a t the floor levels 

(Paz, 1997).

3
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Structural perform ance prediction is com plica ted  by uncertainties in 

structural material properties, earthquake modeling including the stationary or 

non-stationary nature of the motion, initial conditions, which would input energy 

into the system that would need to  be dissipated during the response analysis, 

and many other factors. From a material mechanics point of view, the real 

behavior of steel framed structures is, in general, nonlinear and of a rather 

com plex nature. If the yield strength is exceeded in the cross-section of a 

member, then Hooke’s law ceases to be valid. A previously established 

nonlinear mechanism m odel developed for these cases is used to incrementally 

separate stresses generated by the primary moments, axial effects and 

secondary P-delta effects and ultimately to effectively evaluate and predict the 

structural response of steel beam-columns. The proposed advanced  m ethod of 

incremental analysis -  adop ted  throughout this research -  towards the 

assessment of structural response, models the structural behavior due to 

earthquake motions through the post-yield behavior of the ductile steel 

components of the frame. Various material nonlinearities such as secondary 

moment and spread of plasticity of steel beam -colum n elements are m odeled 

and determ ined in com putational detail.

1.3 Objectives

The primary ob jective of this research was to com pute  the inelastic 

deformations of steel beam -colum n elements through a nonlinear constitutive 

relationship under a cyclic and dynam ic loading. This is accom plished within an 

iterative scope where the analysis of the bending stresses, axial stresses, and the

4
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resulting P-delta effects are determ ined per strain increment over the range of all 

possible strains leading towards the failure of the system. Not only should the 

structural response be accurate ly eva luated in this light but also be reasonably 

predicted, so that design engineers know w hat to  expect during an earthquake 

or other large-scale extreme events that might challenge the integrity of the 

structure. The calculations should be quick, simple, and accu ra te  to facilita te 

the iterative structural design process and explore numerous combinations of 

structural systems in a reasonable am ount of time.

As such, the proposed incremental approach enables the analysis of 

these phenom ena to be m ade where all nonlinearities are evaluated along 

extremely small linear stress-strain segments. Ultimately, the results closely 

conform to those of a finite element analysis, which validates the incremental 

method of analysis and also indicates that the small differences in the monotonic 

responses are a result of the a dded  accu racy and detail given to the P-delta 

analysis using the proposed approach. These small differences carry an 

important role in predicting the accu ra te  cyclic responses of buildings under 

stationary dynam ic loading since errors becom e amplified over the course of a 

hysteresis. The approach presented herein also opens the door to enable other 

phenom ena pertaining to local failure responses to be included in an analysis, 

including w eb crippling, flange buckling, etc., which could be seamlessly 

analyzed within this incremental framework.

5
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CHAPTER 2

NONLINEAR BEHAVIORAL CHARACTERISTICS OF STEEL

2.1 Background

The m echanical behavior of steel is fundamentally described by an 

appropriate stress-strain relationship. Determination of stresses from measured 

surface strains is a routine task in experimental stress analysis. Under a linear 

elastic setting, techniques for such tasks are simple and well established. Robert 

Hooke developed a basic stress-strain relationship in the seventeenth century 

(Englekirk, 1994).

u  = s x E (2.1.1)

In equation (2.1.1), crrepresents the material stress; ^represents the material 

strain, and E is the ca lcu la ted  Young's modulus of elasticity of the material.

Elastic strain and stress are uniquely re lated regardless of the particular loading 

(i.e., m onotonic or cyclic) that produces the actua l stress. The elastic term 

implies that deformations disappear com plete ly after the removal of applied 

forces and any change in shape can only be maintained under a continuous 

action of forces (Doltsinis, 2000). Under m oderate additional forces, beyond the 

elastic limit, permanent deformations develop. Such deformations can be 

considered characteristics of plasticity. During plastic deformation, a stress state 

remains on the boundary of the elastic region, that is, in a plastic state as the 

material degrades nonlinearly. Thereby, loading from a plastic state leads to

6
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another plastic state (Shames and Cozzarelli, 1997). The early flow or 

incremental theory of plasticity relates the increments of plastic strain to  the 

stress, and was developed in an earlier work by Handelman and Prager 

(Handelman and Prager, 1948). This flow theory can be described incrementally 

accord ing to the loading path (Needleman, 1985). It should be further noted 

that plastic deform ation is independent of the time under load (Mendelson,

1999). The following chapters will discuss the effects of the strain rate 

phenomenon in more detail.

In many situations the theories of plasticity are often needed in the 

interpretation of experimental results (Sutton, Deng, et al. 1996). Constitutive 

equations or stress-strain laws, tha t represent m athem atical models, are often 

developed to describe the m acroscopic material behavior that results from the 

internal constitution of a material. To establish the constitutive relationship the 

plasticity formulation takes the most important part since the behavior of 

structural steel under earthquake-induced ground motions shows that most 

deform ation occurs in the inelastic range. Using constitutive models, it is 

imperative to accurate ly and efficiently model the behavior of steel. These 

constitutive laws play a crucial role providing reliability to the results obta ined 

from the numerical procedures.

While significant advances have been m ade during the past decades in 

the developm ent of constitutive models towards assessments of the post-yield 

behavior of structural steel members, a difficulty remains in that many new 

models involve com plex m athem atical formulations and manipulations. Models 

have been developed extensively to include destabilizing the effects of both

7
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material and geom etric nonlinearities (Plastic, 1965; Porter and Powell, 1971; 

Orbison, 1982; King, et al. 1992; Attalla, et al. 1994). Pettersson and Popov (1977) 

have examined inelastic behavior using translating multi-surface yield models 

while Marcon, et al. (1999) investigated a formulation for the incremental 

determ ination of stresses in strain measured levels. Barsan and Chiorean (1999) 

offered a finite element prospective for gradual yielding of cross-sections using 

the inelastic force strain relationships. White (1985) has discretized members both 

along their length and through their cross section to  track the gradual 

developm ent of inelastic zones. Other investigators have introduced several 

hinges prior to reaching the inelastic limit point (Ziemian, et al. 1992a, b; Vogel, 

1985). However, the hinge methods w ithout consideration given to  the spread of 

plasticity have been shown to overestimate the limit strength when structural 

behavior is dom inated by the instability of a few members (McGuire, et al. 2000; 

King, et al. 1992; White, et al. 1993).

Therefore, the post-elastic stress distribution across a m em ber’s length is 

needed to accurate ly assess material degradation caused by the gradual 

spread of yielding (Attard, 2003). This enables a system’s overall energy 

dissipation (Chen and Powell, 1982) to be determ ined and m em ber responses to 

be predicted. Although design codes, such as Uniform Building Code (UBC,

1997) use factors that accoun t for the ductility and inelastic behavior in 

structures, they do not detail the nature of the material degradation; this often 

results in overconservative seismic design (Attard, 2005). Liew (1997) has 

addressed the m ember deterioration using semirigid connections, although

8

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



gradual stiffness degradafion is nof accoun fed  for and results in inaccurate 

lateral displacements (Gao and Haidar, 1995).

Because of the com plex nature of the stress-strain curve, it has becom e 

customary to  idealize this curve in various ways (Johnson and Mellor, 1962). 

Figure 2-1 shows idealized stress-strain curves that can  be used to  describe 

material behavior. This research concentrates and uses the specific nonlinear 

strain hardening model tha t is dep ic ted  in Figure 2-1 .(d). The m odel is 

form ulated using dislocation theory (Attard, 2005) and expresses the gradual 

degradation in the plastic modulus.

In Figure 2-1 .(d) the stress-plastic strain relationship occurs once the 

material has started to  yield. At a given stress level beyond yield, there is a 

certain material degradation fac to r that is incorporated. For cyclic  loading, the 

same stress can be reached by unloading from any higher poinf of the 

hardening curve, and may therefore be associated with different values of 

plastic strain unless the preceding load history is specified. For fhis reason the 

relations between incremental variations of stress and plastic strain along a 

prescribed path is examined.

9
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Figure 2-1 Idealized Stress-Strain Curves: (a) Elastic, Perfectly Plastic; (b) Rigid, 
Perfectly Plastic; (c) Elastic, Linear Strain Hardening; (d) Elastic, Nonlinear Strain 
Hardening.

For changes in plastic strain, the applied stress must be raised to  a higher 

stress state that is ultimately atta ined in the past by the material. An incremental 

increase in stress produces an increment in plastic strain. Conversely, a 

reduction in stress will cause a decrease in strain, which follows a path parallel to 

the original path of the elastic curve. This behavior is described by either 

isotropic or kinematic hardening. Isotopic hardening assumes that the 

mechanism that produces hardening acts equally in tension and compression. 

Such behavior is shown in Figure 2-2 for bi-axially loaded systems in stress-space 

where ai and a2 are the principal stresses in the material. In this case, the post-

10

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



yield material behavior is described by both a flow rule and a hardening rule 

(Dafalias and Popov, 1975).

^ 2

Figure 2-2 Isotropic Hardening: Yield Surface Expands in all Directions -  Same 
Shape, Different Size.

Experimental evidence supports the hypothesis that the m agnitude of the 

yield stress attains the same value under tension or compression. This statement 

applies to separate tests under tensile or compressive action, not to  com bined 

loading sequences (Doltsinis, 2000). If, however, the material is first permanently 

deform ed by uniform tension and the load is removed and the material is 

re loaded in compression, the yield point obta ined in compression will be 

considerably less than the initial yield in tension. This has been explained as a 

result of residual stresses left in the material due to  the annihilation of a tom ic 

bonds once a material has yielded; this is an anisotropic e ffec t in material 

behavior. For hot-rolled structural steel shapes, residual stresses result from 

several sources; (1) uneven cooling which occurs after hot rolling; (2) punching 

of holes and cutting operations during fabrication; and (3) welding. Materials

1 1
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may also have initial anisotropy due to  manufacturing processes. A better 

explanation is based on the anisotropy of fhe dislocafion field produced by 

loading. This e ffect is ca lled the Bauschinger effect, and is present whenever 

there is a reversal of fhe stress field (Mendelson, 1999). To accoun t for the 

Bauschinger effect, Prager introduced the kinematic hardening model, in which 

the total elastic range is m aintained constant by translating the initial yield 

surface w ithout deform ing it (Prager, 1955). In such a model, dislocation in the 

microscopic scale undergoes extensive rearrangement upon reversal of stress, 

and dislocation accum ulation is only partly reversible due to  the bond 

annihilation mentioned earlier. The kinematic hardening model is shown in Figure 

2-3 once more under bi-axial loading conditions.

2

Figure 2-3 Kinematic Flardening: Yield Surface Translates - Bauschinger Effect.

For instance, if a specimen is loaded beyond the yield stress in uniaxial tension, 

then unloaded from the tensile zone and reloaded into the compression zone, it 

follows that the new yield stress point is going to be smaller in m agnitude than

12
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the initial yield point in tension. This phenom ena known as Bauschinger effect, is 

shown in Figure 2-4.

Attempts have been m ade to  improve the kinematic hardening model 

although the model itself is more m athem atically complex. For small plastic 

strains the isotropic hardening m odel is sufficiently accurate  with test results 

(Mendelson, 1999). Fiowever, in this research the ultimate plastic strain, sp,max, is 

assumed to  atta in a strain of 15ey in the outermost fiber, thus the isotropic 

hardening model could yield erroneous results. This is e laborated in to a much 

greater detail in the following chapters.

2 a ;

2(7:

Figure 2-4 Bauschinger Effect for Uniaxial Loading.

2.2 Description of Material Response Model

Accurafe  analysis of steel frame structures, when subjected to dynam ic 

loads, requires an accurate  model that describes the material response after 

yield and especially under cyclic loading conditions. This research uses a

13
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constitutive model proposed by Attard (2005), which was intended to represent 

the effects of material behavior through a gradual stiffness degradation used in 

conjunction with a material flow rule for beam  elements (i.e., no axial loading). 

The model is im plem ented and m odified herein for the com bined axial load and 

bending effects where an additional P-delta term is also included.

A ttard (2003) proposed a deta iled nonlinear strain hardened model that 

can be used to m odel the backstress evolution of the yield surfaces (see Figure

2-3 and under a bi-axial load environment) assuming a kinematically strain- 

hardened condition. The constitutive model itself can also be expressed in terms 

of the post-yield strain (a = f(s)) and used to  model the uniaxial stress-strain 

behavior in in-plane elements. Thus, the model is developed starting at the 

material yield state where the gradual degradation of the stiffness is modeled, 

and the plastification process is defined through the cross-sectional depth and 

over some finite length of the structural member. The nonlinear constitutive 

model has been used under a cyclic  loading environment where the force- 

deflection hysteresis has been verified (for conditions where the strain rate is 

negligible). As such, the model is p red ica ted  on two parameters -  one of which 

is an evolutionary hardening index param eter that predicts the ultimate failure of 

ductile materials by capturing a more realistic nonlinear post-yield response of 

structural members. The model is rate independent, and is described by a 

smooth and integratable m athem atica l function (Attard, 2005).

14
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2.2.1 Assumptions

The nonlinear constitutive model has been applied by A ttard (2003) for in­

plane lateral dynam ic loading of 2D shear frame members. It is assumed that an 

adequa te  bracing system and sufficient stiffeners are applied to com pact 

sections to provide the necessary resistance to any beam  and local buckling 

effects (LRFD, 2001). The residual stresses due to  the manufacturing processes 

and shear stresses have been neglected. Furthermore, it is assumed that plane 

sections within the beam  before bending remain plane after bending, and the 

neutral plane of a beam  is a plane whose length is unchanged by the beam's 

deformation.

The material is assumed to be virgin, isotropic and homogenous. This 

research utilizes such a m odel but under the com bined primary and the 

secondary effects due to dynam ic lateral loads acting in conjunction with the 

applied gravity axial loads.

2.2.2 Introduction to Relevant Terms

The post-elastic stress function, ox, is given by equation (2.2.2.1) as defined 

by Attard (2003) in non-incremental form and is a function of the cross-sectional 

depth y and the post-elastic stress state e.

I i \ 2-a-o -y I ! \ a-a y -y2
<T x=a y -  a a y • f2+- —  | +-------------- •( 1+- — )  ------—— (2.2.2.1)

A J  e A s A c-e2

The depth of linear elastic behavior through the cross-section is given by e. The

stress and strain at the yield state are given by ay and sy, respectively. The

15
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second of the tw o parameters, Ae, is defined as the plastic strain coeffic ient and is 

given by equation (2 .2 .2 .2 J below.

The hardening index parameter, a, fits a postelastic nonlinear material response 

curve to a linearized guide by defining an average modulus between the yield 

and ultimate states. Using this hardening index, a, a continuous parabolic 

function is determ ined for any post-elastic state. The index value of zero 

indicates a com ple te  degradation of the modulus and represents the elastic- 

perfectly plastic state. The post-elastic stress distribution is defined using the 

stretch value, a, which remains constant throughout the loading history for 

homogeneous materials.

Because the stresses ca lcu la ted  from equation 2.2.2.1 above are history- 

dependent, the accu racy of the final stress state is naturally d ic ta ted  by the step 

size of the strain increment. To minimize the errors associated with large strain 

increments, the value of the atta inable  ultimate plastic strain is subdivided in a 

total of N increments.

The deta iled nonlinear strain hardening model that is proposed by A ttard 

(2003) has been verified for beam  elements using the published results of a 

cantilevered test specimen. The specimen was tested at the Earthquake 

Engineering Research Center loca ted  a t the University of California at Berkeley in

(2.2.2.2J

a =  r -
A s£ y

- a a y
(2.2.2.3J

2.2.3 Test Verification of Material Response Model

16
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the 1960s (Englekirk, 1994). The tested specimen was a W 18x50 hot-rolled steel 

section and was subjected to a quasi-static loading. The results of the model 

correlated well with the test results of fhe canfilevered beam  (Atfard, 2003).

17
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CHAPTER 3

AXIAL STABILITY

3.1 Overview

Structures are com posed of several vertical and lateral resistant elements 

that are required to support various conceivab le  loads that the structure may 

experience during its lifetime. The most vital com ponents of a structure are the 

columns. The behavior of columns in earthquakes is very im portant since single 

column failures may lead to additional failures and result in tota l building 

collapses. All the foreseeable loads are transferred to such structural members 

through the beam -colum n connections.

Beam-column connections are essential to the behavior of frame 

structures in their response to earthquake ground shaking. There are two 

fundamental functions that these connections must perform. The most basic of 

these is to provide a transfer of gravity loads from the beam  to the column so 

that the beam  remains a ttached  to the structure. The second, and perhaps the 

more critical function, is to provide rigidity against lateral sidesway and to 

provide for transfer of sidesway related flexural stresses betw een the beams and 

columns. The beam -colum n connection must retain the ability to  perform both 

of these functions for the realistic levels of loading likely to  be induced by the 

com bined effects of gravity and earthquake-induced loading. Beyond 

considerations of the ability of the connection to provide transfer of beam  shears

18
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resulting from gravity loading, the characteristics of connections that are 

important to assessment of the structure’s overall behavior are those that a ffect 

how much lateral drift will be induced in the structure, when subjected to ground 

shaking.

Columns are rarely, if ever, actua lly carrying only axial compression. It is 

well known from basic strength and mechanics of materials that short columns 

will behave inelastically and will not buckle whereas intermediate and long 

columns could buckle as a result of insfability prior to developing the full stress 

capac ity  in the material.

Column failure is the primary cause of structure collapse in an earthquake 

event. The most frequent observed cause of structural failure in the Mexico City 

Earthquake of 1985, Loma Prieta Earthquake of 1989, and Northridge California 

Earthquake of 1995 was linked to inadequate  beam -to-column and slab-to- 

column connections (Kassawara, 1989). Failure occurred a t the connection 

level where the columns were over stressed by the earthquake-induced ground 

motions. The majority of steel buildings exhibited fracture connection failures or 

other types of structural degradation a t such locations during the time-history 

cyclic behaviors.

3.2 Euler Elastic Buckling

Leonhard Euler introduced the elastic column buckling theory in 1744 

(Salmon and Johnson, 1996). The fundam ental buckling load for a column that is 

pinned at each end is given by equation (3.2.1).
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(3.2.1)

L is the length of the column, r is the radius of gyration and Ag is the gross- 

sectional area of the column. Equation (3.2.1) is derived from a second order 

ordinary differential equation of a de flected  shape of an elastic column 

subjected to  bending. Euler's derivation of the critical axial load was often 

ignored because it did not agree with experimental results. It was until 1946 

when Shanley (1946, 1947) reasoned that it was actually possible fo ra  column to 

bend and still have increasing axial compression, but that it begins to bend upon 

reaching w hat is com m only referred to as the buckling load. Test results for 

various slenderness ratios are shown in Figure 3-1 (Salmon and Johnson, 1996).

%

tCt.fr

Figure 3-1 Typical Range of Column Strength vs. Slenderness Ratio.
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3.3 Effective Length of Columns

The concep t of e ffective length is well established in the minds of most 

practic ing engineers. The effective length fac to r K, is the equivalent pinned-end 

length of the i,h column (KiL) at which the end rotations are unrestrained. For 2D 

shear frame structures the effective length fac to r K is usually developed from a 

knowledge of the Euler buckling behavior of columns by stating that the 

effective length is equal to the distance betw een the points of contraflexure 

(Smyrell, 2001).

In most com m on situations it is difficult to evaluate the degree of moment 

restraint a t the connection; as such, the effective length co ncep t is one of the 

methods of estimating the interaction effects of the total frame on a 

compression element being considered. This concep t uses K factors to equate  

the strength of a framed compression element of length L to an equivalent pin- 

ended m ember of length KL subjected to axial load only (LRFD, 2001). Unlike 

current procedures recom m ended by the design codes, such as AISC LRFD 

(2 0 0 1 ), this research evaluates and computes the effective length factors for 

com bined bending loads using the established nonlinear post-yield model in 

equation 2.2.2.1. In particular, the K-factors are established for various degrees 

of plastic states as the frame shown in Figure 3-2 gradually degrades a t the top 

and bottom  of each column going from a fix-fix condition to an idealistic pin-pin 

connection (m echanical hinge) under sidesway conditions.

The AISC LRFD (2001) specification presents a table to assist in the 

estimation of effective length for different end conditions. Theoretical and 

design values are recom m ended. The conservative design values are
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recom m ended by the Structural Stability Research Council (SSRC) and are 

generally used in a design office setting unless the proposed end conditions truly 

m atch the theoretical conditions.

Table C-C2.1 
K Values for Columns

is
shown by flbstwd line.

m
I

m

Thasr&lical KvaSm OJS 0.7 1.0 1.0 2.0 2,0
RecOin!«ensfo{J<te5s9ii 
value wtan icfoai m fd ttas  
are apprwlmaW

0.85 MD 12 tjO £10 MM

EmJ «ond(floii

I

Table 3-1 AISC LRFD (2001) K-values for Columns.

It is assumed that foundations of the column base of 2D shear frame 

structures, considered in this research, restrain the rotations and the end 

condition is assumed to be fixed. It is further assumed that shear frames, by their 

definition, restrain the rotations at the tip of the column since the horizontal 

member is assumed to remain rigid and does not deflect.
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3.3.1 Degradation at Connection Level and Along Length of Member

The post-elastic distribution across the column length would need to be 

accurate ly assessed as the material is degrading by the gradual spread of 

yielding. Lumping the full plastificafion into a single point does not lead to a 

prediction of accura te  lateral displacements. It is com m only agreed that a 

proper measure of spread and concentrafion is necessary to accurate ly 

measure the structure’s lateral displacements induced by seismic loads (Bayrak 

and Sheikh, 2001). Lumping the full plasfification into a single point does not 

provide a sound design for engineers (Englekirk, 1994). The accura te  modeling 

of the spread of yielding is necessary to predict the degradation a t the 

connection level by also incorporating the rotational effects. The degradation 

occurs once the material has started to  yield.

The progression of the m echanical hinge occurs generally for shear frame 

structures, when there is an abrupt 75 percent decrease in floor-level stiffness 

(UBC, 1997). Prior to m echanical hinge developm ent, there is a gradual 

decrease in stiffness before the full degradation has occurred. For ease of 

calculations and to prove the theory of the proposed model, a rectangular 

column cross section has been considered. The rectangular cross section is 

geometrically continuous and the continuous constitutive model shown by 

equation (2.2.2.1) can be im plem ented directly. For other frame sections, such 

as l-sections and tube sections, the geom etric discontinuity requires an indirect 

approach in order to utilize the constitutive model. This is due to  an ambiguity in 

the developm ent of the post-yield curvature distribution across the member 

length, which is dependent on the instantaneous level of a tta ined curvature for
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a given cross sectional characteristic as shown by Attard (2003). Because of the 

nonlinear form of equation (2 .2 .2 .1 ), tw o spread distances determ ined from two 

independent characteristics (i.e., see equation (2 .2 .2 .t)) a t the m em ber end 

cannot be summed to  produce the true spread length. For l-sections and tube 

sections, a second order m athem atica l model can be defined to correlate the 

moment between the actua l section and the m athem atica l section over the 

entire length of post-yield spread (Attard, 2003).

For a given state of post-yield stress through the cross-section, deflections 

can be com puted  along the length of the column at various finite strains. As 

such, the degradation in the material is m odeled particularly along the length of 

the column.

r

1 0 ’-0 "

RECTANGULAR 
COLUMN (TYP.)

r
/  /  7  /  /

1 ,

// / / / / / / / / f
/ y / / / y / / / 10
// / / / / / / / / 1

- — l'-1 0 '— -

SECTION A-A
/-7-7^~7~7

Figure 3-2 One-story SDOF Shear Frame Structure.

Figure 3-2 shows the shear frame structure referred to earlier that is taken into 

consideration to  derive the effective length factors.
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Curvature, <|>, and strain, s, are related by the following equation: ^  = — ,
y

given that plane sections remain plane after bending and assuming that the 

angle of rotation is small. For linear elastic behavior M  = — , where y is the
y

distance of interest aw ay from the neutral axis.

r * - b — i Strain Stress Moment

h

L
MySy

Figure 3-3 Distribution of Strain and Stress for Elastic Range.

Combining these tw o relationships, the curvature, <|>, can be stated as a function

-M
of the moment (M), flexural stiffness (I) and the Modulus of Elasticity (E): </>■■

E l

Integrating the stress distribution along the cross section, as shown in Figure 3-3, 

one can solve for the yield moment, M y .  Denoting by ox the normal stress at a

(7  y 2  y<y
given point of cross section, it can be written that: —^  = -~=>  a x = ------  . The

% . h

e

yield m om ent (My) can be expressed as: M y =2^[y(<rx)b\dy , where e is defined

as the depth of linear elastic behavior. Substituting c* in the expression for /vly 

and integrating it, it follows that:
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b o  e2

Current design codes such as AISC LRFD and the American Association of State 

Highway and Transportation Officials LRFD Bridge Design Specifications (AASHTO) 

have im plem ented the elastic perfectly plastic stress-strain relationship. For this

h i  2

model, the plastic moment (Mp) can be expressed as: M p = 2  § y (p x)b\dy.
0

Solving for A/Ip yields the following equation:

bo  h2
(3.3.1.2)

As previously discussed, equation (2.2.2.1) describes the stress-strain 

distribution for the proposed nonlinear strain hardening model tha t is dep ic ted  in 

Figure 2-1 .(d). When the outermost fiber reaches a stress equal to the yield stress, 

the moment associated with this stress state is described by equation (3.3.1.1).

As additional moments in excess of My are applied, the induced stress is 

increased by an incremental plastic stress, AaP, until the ultimate state o P,max 

(ultimate plastic stress) is reached. At this ultimate state, the outermost fiber has 

a strain of sP ,max/ which can be expressed as:

£ p,mzx. =  £ e +  £ p  (3.3.1 .3)

sp =15ey - e y (3.3.1.4)

The elastic strain, &, is equal to ey in the post-yield stress state and is com puted by 

equation (2 .1 .1 ).

Carbon steels and high strength, low-alloy steels possess a dec ided  plastic 

plateau, after yielding has occurred, and this makes the experimental
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identification of the yield stress fairly uncom plicated. At the end of the plastic 

plateau, an increase in applied load will be required to further strain the steel.

The nonlinear strain hardening equation (2.2.2.1) describes such behavior. The 

ultimate plastic strain, s P,max, is assumed to atta in a strain of 15sy in the outermost 

fiber as suggested by Englekirk (1994) and verified by Attard (2003) for beam  

elements using the published results of a cantilevered test specimen.

Internal moments for a certain post-elastic stress state are ca lcu la ted  

through integration (Englekirk, 1994). By accurate ly modeling the degradation of 

the material a t the connection level, the distribution of curvatures along the 

m ember length where the spread of yielding has occurred can be used to 

predict the force vs. lateral d isplacem ent responses. Thus to begin, the strain 

increment used to determ ine the spread of yielding over the m ember length is 

defined as AsP and is ca lcu la ted  as:

The total post-yield strain a t step /, is then defined as:

To minimize the errors associated with large post-yield strain increments, the 

value of the ultimate plastic strain, sP,max, is subdivided in a total of N increments, 

where N is defined as:

(3.3.1.6 )

and the tota l post-yield strain a t step i+1 , is defined as:

(3.3.1.7)

(3.3.1.8)
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For ASTM A36 steel, after substituting equations (3.3.1.3) and (3.3.1.5) into 

equation (3.3.1.8 ), the tota l increments, N, are equal to 1,400.

The post-yield strain-curvature relationship is described incrementally and 

is shown in Figure 3-4.

r - b - n Strain Stress Moment

Region of — h 
Plastic Stress

1 - f / J / '  V
— V—̂ e -►

t / ~~r  ^
-,-JL /  :/ 

t— — «+«— - .
A S P Sv ACJp CTy

Figure 3-4 Distribution of Strain and Stress for Post-yield Range.

Mp

The incremental change in curvature, A<)>i, at step /, is written as:

£ p _  1 £ e _

hi  2 h/2

At step /+/, the incremental change in curvature, A<t>i+i, is written as:

A$+i =
£ p  _ i+ l  £ e _  A ^

(3.3.1.9)

i+ l

h /2  h /2

and at step /, the depth of linear elastic behavior e/, is defined as:

(3.3.1.10)

_ £e
h /2  e, s. A  2 j

h
(3.3.1.1

p->

At step i+1, the depth of linear elastic behavior e/+i, is defined as:

' / A
h /2  e,

=> e,i+l
i+ l

(3.3.1.12)
p-i +1
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h
The relationship between e, and strain a t — is defined by equations (3 .3 . 1. 11) 

and [3 .3 . 1. 12) and is shown in Figure 3- 4 . When e P,max is equal to  the ultimate

strain of 15sy , the depth  of linear elastic behavior is equal to — . Each state of
30

stress -  once yielding has occurred -  is characterized by the linear elastic depth  

e. The post-yield state e can not theoretically be exactly zero, and therefore, it is 

simply said to  approach zero as the ultimate plastic strain sP,max is approached.

Using the nonlinear stress distribution in equation (2.2.2.1) and assuming an 

ultimate strain of 15ey in the outermost fiber, equation (2 .2 .2 .2 ) becomes equal to 

14. The internal moments for a rectangular cross section of depth h and w idth b, 

can be determ ined by integrating the following equation:

M  = 2
h / 2

jl '.y(<rx)b]dy +  \[y(c>x)b}dy (3.3.1.13)

Substituting equation (2.2.2.1) into equation (3.3.1.13) for the ultimate strain of 

15sy, and integrating, it follows that:

M  = a.
-2 9  ah2 5a tf________

56 + 4 + 28e 448e2
a/z4 19 ae2 e2

+ -
28

(3.3.1.14)

The post-elastic moment, M, is valid for any state stress characterized by e (or the 

linear portion that remains elastic through the cross-section). Substituting e equal 

h
to —  in equation (3.3.1.14) gives the following ultimate internal moment Mu:

30

M u = <Jybh
4459a 337

+  -
1575 1350

(3.3.1.15)
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h
When a is equal to 1, and the depth  of linear elastic behavior is equal to — (yield

just started to occur), equation (3.3.1.14) reduces to equation (3.3.1.1). When a is 

equal to zero, then the response reduces to the perfectly plastic case as shown 

in Figure 2-1 (a), and equation (3.3.1.15) reduces to  equation (3.3.1.2).

The hardening index parameter, a, as described in chapte r 2, is 

implem ented to fit a post-elastic nonlinear material response curve using a 

linearized guide that is defined as an average modulus betw een the yield state 

and some post-yield state. The hardening index enables the constant parabolic 

distribution to describe the post-yield activity and is determ ined based on the 

specific type of material (Attard, 2003). To derive the effective length factors, a 

hardening index of 0.25 has been chosen, as it provides com parab le  results with 

a tested specimen as shown by Attard (2003). Predicting the hardening index 

could be based on the average degradation between yield and ultimate stress 

state. An index of 0.25 implies that the average post-yield modulus is reduced to 

25 percent of the original modulus. Generally, for shear frame structures, the 

post-yield stiffness is assumed to be 25 percent of the original floor-level stiffness 

at the start of an idealized m echanical hinge (UBC, 1997). The nonlinearity is 

characterized while retaining some com m on ground with some level of intuition, 

experience and engineering judgm ent (Attard, 2003). As discussed above, 

when a is chosen as zero, then the response reduces to the perfectly plastic case 

as shown in Figure 2-1 (a).

The nonlinear post-yield spread is determ ined over some distance q ’ from 

each end of the column as shown in Figure 3-5.
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Figure 3-5 Moment Distribution a t Column.

This spread distance is ca lcu la ted  through the finite member discretization. The 

distance from the end of column to  the just-yielded strain is defined as q '.  The 

end of the column can have any strain less than equal to the ultimate plastic 

strain, sP,max. When full plastification occurs a t the tip of the column (see Figure 3- 

5), q '  is equal to the plastic hinge length, LP as shown in Figure 3-6. The distance 

from the full plastified end to any strain greater than equal to the yield strain, eY is 

defined as q. These tw o variables are not additive in finding Lp, because of the 

curvature nonlinearity. The spread length q ’ can be written as:

(3.3.1.16)

Combining equations (3.3.1.14) and (3.3.1.15), it can  be written that:
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L 4725Z
q ~ 2  h2 {26154a + 2359)

The plastic hinge is found when ultimate plastic strain s P,max is equal to 

equation (3.3.1.3). At this stress state, the depth of linear elastic behavior is equal 

h
to  — . The distance from the hinge to various strain levels (less than sp.max) can 

30

be com puted by equation (3.3.1.17).

• 29 ah2 h2 5 ah3
56 4 28e 448e2

ah4 19 ae
+

2 2 e
28

(3.3.1.17)

P (kips)

V (kips)

Column

Figure 3-6 Material Degradation a t Plastic Hinge.

Conversely, the distance from the end of the column for any strain level to the 

just-yielded strain is defined by q ’ . Substituting equation (3.3.1.1) to equation 

(3.3.1.14), and then into equation (3.3.1.16) yields the following equation fo rq ': 

. L Lh2

12
■29ah2 5 ah3 ah4 ____

56 4 28e 448e2 28
19 ae2 e2

(3.3.1.18)
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Figure 3-7 shows the distribution of q '  for various strain levels a t the end of the 

column. As the outermost strain level increases the post yield curvature moves 

aw ay from the end of the column. The post-yield length (PYL) is equal to  49.55 

inches when the ultimate plastic strain eP,max is equal to 15sy for the shear frame 

structure shown in Figure 3-2. By developing the post-yield curvature, 

displacements are com puted  through finite elements at discrete strain levels 

along distance q.
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Figure 3-7 Post-Yield Curvature Along Length of Column.

Total curvature -  for the ultimate state -  along the length of the column is shown 

in Figure 3-8. The curvature has a nonlinear characteristic aw ay from the 

distance along the length of the column where the material has just started to 

yield.
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Figure 3-9 shows the post-yield curvature along the length of the column. The 

shape of the post-yield curvature is symmetrical abut the centerline of the 

member since the loading is symmetrical, i.e., each end of the shear frame

PL
column has a m oment of — . Lateral m em ber tip deflections are com puted via

numerical integration techniques. The continuous post-yield curvature function is 

subdivided into a finite number of elements of thickness d(A<|>) as shown on Figure 

3-9. When the strain at the end of column is equal to I5eythe distance q to the 

just yielded strain would equal the plastic length LP.
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Figure 3-9 Post-Yield Curvature Diagram Along Length of Column.

14 s
At the plastic length LP, the change in curvature is AS = - —f-  when solving

n /
/  2

equation (3.3.1.10) for the tota l number of increments, N, as defined by equation

(3.3.1.8 ). The conjugate-beam  analysis, which relies on the principles of statics, 

whereby moments are summed about the inflection point at the center height 

of the column, L/2, is im plem ented to com pute the tip deflections in conjugation 

with numerical integration techniques. The con jugate-beam  m ethod does not 

require the stress to  be proportional to the strain; it simply requires a definition of 

curvature to predict deflections irrespective of the state of stress (Englekirk, 1994). 

When the plastic hinge length LP, has developed, the deflections a t the tip of the
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column can be found by summing up the area under the curvature d iagram  

about the point O, as shown in Figure 3-9.

The nonlinear post-yield curvature is integrated and accura te  deflections are 

com puted as the material is degrading via the gradual spread of yielding. In a 

similar manner and using the same techniques, the deflections can be 

com puted along the length of the m em ber a t each discrete strain level (i.e., lsy, 

2sy, 3sy...i 5sy) by only knowing the curvature distribution and the boundary 

condition. Given these tw o knowns, the deformations and rotations along the 

length of the m em ber can be com puted, regardless of whether or not it is a 

determ inate system. Table 3-2 gives the com puted  deflections along the length 

of the column when the maximum strain has reached the ultimate value of 15sy. 

As an example using the shear frame in Figure 3-2, the column height is 120 

inches and the cross section is assumed to be rectangular (lOin. x 2 2 in.) and 

com posed from a grade A36 steel; this is chosen as an example where the 

model in equation (2 .2 .2 .1 ) had also been successfully applied to a w ide-flange 

section (Attard, 2005). The distance from the maximum strain of 15sy to the 

location where the strain has just started to yield (sy) was ca lcu la ted  as 49.55 

inches. At this location, the deflection is com puted  as 1.946 inches by
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numerically integrating the continuous post-yield curvature distributions in Figure

3-9. Similarly, the deflection from 15sy fo  any other discrete strain level is given in 

Table 3-2 below.

Strain Level (in/in) A -  Deflections (inches) q (inches)
S y 1.946 49.555

2Sy 2.197 42.456
3Sy 2.375 37.204
4ev 2.527 32.463

>CO
IT) 2.660 28.069

6ev 2.774 23.980
7 Sy 2.869 20.185
8Sy 2.947 16.675
9Sy 3.009 13.449

>CO
oT—

1 3.057 10.506
ll£y 3.091 7.843
12Sy 3.114 5.462
13Sy 3.129 3.361
14Sy 3.136 1.540
15ev 3.138 0.000

Table 3-2 Deflections Along Length of Column for 15ey End Strain.

Figure 3-10 shows the graph of deflections along the column length. In 

other words, this can also be considered as the displaced shape of the column 

from the just yielded cross section to the cross section where the ultimate plastic 

strain sP,max of 15syhas been reached. The displaced shape has a parabolic 

characteristic where an equation of the form y  = ax2+bx + c  best describes the 

de flected  curve. The R-square correlation fac to r is equal to 0.999. This statistic R- 

square facto r tells us how successful the fit is in explaining the variation of the 

data . The R-square fac to r is approximately equal to 1, indicating that a greater
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Figure 3-10 Deflections Along Length of Column for 15ey End Strain.

proportion of variance is accoun ted  for by the model.

The equation of the de flected  curve is d ifferentiated to  obtain the 

location where the slope is equal to  zero. Intuitively, the de flected  curve would 

have the zero slope a t some distance aw ay from fhe end of the column, where 

the maximum ultimate strain has been reached. Taking the first derivative of fhe 

obta ined equation allows ca lcu lating the distance from the end of the column 

to  where the de flected  curve would have a slope of zero. The im portance of 

calculating this distance is explained below.

It can be seen in Figure 3-11 that the right angle exists in the elastic 

analysis (i.e., yield has not yet occurred) of shear frame structures as defined in
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chapter 1. O nce the material has started to  yield the angle of rotation 0 is no

TC
longer — radians. Angle 0, shown in Figure 3-12, increases as the material starts

to  degrade by the gradual spread of yielding. Consequently, as described 

above the effective length fac to r would increase gradually as the ultimate state 

is approached. Unlike the current design code  procedures, wherein a constant 

effective length fac to r has been used, this research assesses the axial stability of 

steel beam -colum n elements by gradually updating the K fac to r as the material 

starts to degrade. The optim al distribution of K factors a t each post-yield strain is 

explained in the following section.

Various investigators have provided charts to determ ine the effective 

length factors for com m only encountered situations. Effective length factors K 

are given by Anderson and W oodward (1972) for stepped columns, Sandhu 

(1972) for columns having an intermediate axial load, Lu (1965) for gabled 

frames, Fraser (1989) for pin-based crane columns, Stoman (1989) for cross 

bracings, Rutenberg and Scarlat (1990) for columns in one-story buildings and 

Hassan (1968) for one-story, one-bay frames, having vertical loads applied to the 

columns at an intermediate point in addition to the load at the top  (Salmon and 

Johnson, 1996).

Columns will buckle inelastically in region C of Figure 3-15 (i.e., A,c < 1.5). 

When the column is behaving inelastically and the beam  is elastic, an 

adjustment fac to r is introduced in the restrain fac to r G of alignment charts that 

were originally developed by O. J. Julian and L. S. Lawrence as presented by T. 

C. Kavanagh (1962). There is precedent for modifications of effective length
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factors a lready in current AISC LRFD practice  deno ted  by the inelastic stiffness 

reduction fa c to r -  typ ically represented by the notation SRF- used in colum n 

buckling solutions or the ca lcu la tion  o f effective length factors. Furthermore, it is 

im portant to  note tha t such stiffness reduction factors are not easily 

im plem ented and mistakes are often m ade as noted by Flarichandran (1991).

For unbraced structures, an arbitrary selection o f e ffective length fac to r K 

is not satisfactory for design (Salmon and  Johnson, 1996). An arbitrary selection 

could be considered the e ffective  length fac to r values tha t are given in Table 3- 

1. A simpler, more transparent and more accu ra te  analysis-design approach  is 

discussed below  to  accurate ly com pute  and determ ine the effective length 

factors.

The lateral stability o f the shear fram e structures depends upon the 

bending stiffness o f rigidly connected  beams and columns. For a shear fram e 

structure, the beam  is assumed to  be  rigid and it restrains the end o f the colum n 

from rotating. To com pute  the e ffective  length fac to r K, the colum n of the shear 

fram e structure shown in Figure 3-2 is shown below  in detail. It is emphasized tha t

Jl
the angle 0, is — radians prior to  yielding.
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Point

Figure 3-11 Displaced Column Shape Diagram Prior to Yielding.

The displaced shape would be as dep ic ted  in Figure 3-11. The inflection

point is at m id-height (-^). Drawing an 'imaginary' line (represented by the

dashed line) from the tip of the column, as shown in Figure 3-11, the effective 

length fac to r K can be derived. As it is seen from Figure 3-11, the effective length 

facto r K will be equal to unity for elastic behavior. The degradation of the 

material at the connection level will create a soft-story structure. The end 

rotations are no longer restrained as the material starts to degrade by the

71
gradual spread of yielding. Furthermore, the angle of rotation 0 is no longer —

radians. O nce the material has started to develop the PYL (post-yield length), 

the effective length facto r shown above for the elastic behavior is no longer 

valid. By determining the distance from the end of the column to  where the 

de flected  curve of the column would have a slope of zero, as explained above, 

an accurate  effective length fac to r can be predicted for any state of post-yield 

strain (or stress). This is necessary in ca lcu la ting the potential contribution of the 

buckling stresses to  the overall state of stress in the material via equation (3.2.1)
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where K impacts the length L. Therefore, a t each strain increment accord ing  to 

equation (3.3.1.5), the stress-strain d iagram  is potentially adjusted to accoun t for 

any reduced cap ac ity  due to any buckling, where the buckling is pro jected 

onto the post-yield states using Figure 3 -la n d  knowing the compactness of the 

section. This is e laborated in to a greater detail extent later.

Figure 3-12 shows the displaced shape of the column after yielding has 

occurred. The ‘im aginary’ additional length that is com puted above the shear 

frame in Figure 3-2, due to the PYL, will increase the effective length fac to r K. This 

‘im aginary’ length is a result of the sidesway that the frame experiences and the 

degrading nature of the beam -colum n connection as shown in the figure. The 

‘im aginary’ additional distance, when the ultimate plastic strain eP,max of 15sy has 

been reached, is equal to 21.570 inches. This gives an effective length fac to r of 

1.180.

Additional A 
due to Plastic 
Hinge -—— '

U2Inflection 
Point 1

-Tangent

0>— rad.

Figure 3-12 Displaced Column Shape Diagram after Yield.
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Table 3-1 gives a theoretical e ffective length fac to r K equal to  1.0 for condition 

(c) (fixed end with other end restrained against rotations, i.e., a shear frame 

structure). It is important to note that this is for the elastic solution of the buckled 

shape of the column. In structural design philosophy, AISC LRFD (2001) 

recommends the effective length fac to r K to  be equal to 1.2. The ca lcu la ted  K 

fac to r of 1.180 compares favorably with the recom m ended K fac to r for the 

ultimate plastic strain of 15ey. It is im portant to note that this similarity validates 

the calculation approach for finding K for other states of degradation. While the 

K=  1.2 fac to r is a ccep tab ly  close to the ca lcu la ted  value herein (K = 1.18), other 

K factors for other states of degradation (where the connection state lies 

somewhere between that of fixed and pinned) remain undeterm ined via the 

Code. It is for this reason that it was necessary to ca lcu la te  all other K values for 

all other states since the stress-strain model in equation (2.2.2.1) will be discretized 

into 1,400 states -  where 1,398 states lie somewhere in between yield and 

ultimate and are characterized by something between a fixed -  end and a 

pinned-end. This ultimately enables the buckling effects to be adequate ly 

ca lcu la ted a t each post-yield strain state, by again, projecting the Euler buckling 

curve in Figure 3-1 onto the post-yield domain. As such, the deflections at each 

discrete strain state along length of the column are com puted, as explained 

above, and are shown in Figure 3-13. For each discrete strain level, the effective 

length factors K are similarly ca lcu la ted  and are shown in Table 3-3 below.
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Figure 3-13 Deflections Along Length of Column for all Discrete End Strains.

Strain Level " " ; Computed K factor
2e„ 1.000
3s„ 1.034
4ev 1.069
5 e v 1.095
6ev 1.114
7e„ 1.130
8e„ 1.142
9sv 1.151
10sv 1.158
1 lS u 1.164
12Sy 1.169
13sv 1.173
14sv 1.177
15s„ 1.180

Table 3-3 Com puted Effective Length Factor K for Discrete Strain Levels.
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For the ley,strain state, the effective length fac to r has been discussed above 

and is equal to 1. Figure 3-14 shows the optim al distribution of such factors versus 

the discrete strain state at the end o f the column, i.e., where the maximum end 

strain state is 1 sy, 2ey, 3ey... 15sy. The distribution of e ffective length factors versus 

the discrete strain level has a parabolic characteristic where an equation of the 

form y  = ax’ +bx2 +cx + d  best describes the de flected  curve. The R-square 

facto r is equal to  1.000.
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Figure 3-14 Optimal Distribution of Effective Length Factors.
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3.4 Strength Equations of Columns

The establishment of an a ccep tab le  single equation for the critical stress 

Fcr has been the subject of some controversy since, as has been shown, the

shape of the cross section and m ethod of m anufacture (i.e., hot-rolling or 

welding) influence the strength of the column. Furthermore, residual stresses and 

out-of-straightness are significant factors that while significant are not 

quantifiable (Salmon and Johnson, 1996). Hall (1981) has com pared da ta  from 

physical tests and has presented statistically-derived expressions for Fcr. In this

light, Lui and Chen (1984) have discussed the design of columns with 

imperfections using beam -colum n approach.

The critical strength of the column is given by:

These equations are taken from AISC LRFD (2001). Equations (3.4.1) and (3.4.2) 

are based on a reasonable conversion of research into design equations. These

equations are based on an initial out-of-straightness curve of (Bjorhovde, 

1972 and 1988; Galambos, 1998; Tide, 1985). These sets of equations provide

46

For 4 <1.5 Fcr= { 0.658*- (3.4.1)

For X >1.5
0.877
 s— <? (3.4.2)

Where (3.4.3)
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satisfactory range of reliability, since the limits of out-of-straightness com bined 

with residual stresses have not been clearly established. Furthermore, there has 

been no history of unaccep tab le  behavior of columns using such equations AISC 

(LRFD, 2001).

Equations (3.4.1) and (3.4.2) provide a transitional relationship that 

predicts the stability state for a column as it transitions from elastic behavior as 

predicted by the Euler equation (3.2.1) (Englekirk, 1994).

Figure 3-15 shows the critical stress Fcr versus slenderness param eter Xc.

Region C defines the inelastic behavior of columns while Region B follows the 

Euler equation. The critical stress equations (3.4.1) and (3.4.2) are based on the 

elastic perfectly plastic design philosophy. In view of formulating an axial post­

yield stress distribution for analysis and design of beam -colum n elements of shear 

frames, the critical stress Fcr is converted in terms of the constitutive model 

defined in equation (2.2.2.1) by the following equation:

<7„„, = —  (3.4.4)

Equation 3.4.1 predicts the stability of columns that are included in the 

inelastic region C of Figure 3-15. The coeffic ient of 1.5 for Xc, provides the 

transition from the inelastic region to the elastic region that is described by 

equation 3.4.2. Equation 3.4.2 is basically the Euler Buckling equation given by 

3.2.1. The slenderness param eter that describes the transition of the boundary of

a-
elastic and inelastic behavior, corresponds to  a stress limit state of — .
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Figure 3-15 Critical Stress as a Function of A,c (Englekirk, 1994).

As previously discussed in the earlier chapters, equations 3.4.1 and 3.4.2 

are projected by equation 3.4.4. For short columns, where A,c is less than equal 

to 1.5 , the behavior will not com ply accord ing to equation 3.4.2, but rather to a 

post-yield state as shown in Figure 3-1 for observed experimental test results. The 

proposed m ethod o f analysis -  given by equation 3.4.4 -  determines a new 

slenderness param eter (Xc) which defines an adjusted proportional limit of 0.462. 

The proportional stress at such limit is somewhat greater than 4oy. The 

relationship between the elastic buckling and inelastic transitional curve is shown 

in Figure 3-16.
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Figure 3-16 M odified Critical Axial Stress as a Function ofAc.

From Figure 3-16 it is noted that A,c = 0.462 when the parabola given by equation 

3.4.4 and Euler hyperbola given by equation 3.4.2 intersect. Such intersection 

defines the boundary of post-yield behavior of short columns to those of 

intermediate and long columns that are described by the Euler Buckling 

equation. The example of the shear frame structure shown in Figure 3-2 is 

graphed in the modified curve of Figure 3-16. For columns that fall in the values 

of Xc greater than 0.462, the Euler equation applies.
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CHAPTER 4

COMBINED BENDING AND AXIAL LOAD

4.1 Overview

Beam-columns are defined as members subjected to the com bined 

effects of bending and compression forces. In principle, all members in frame 

structures are actually beam-columns, with the particular cases of beams (axial 

forces are equal to zero) and columns (no moments) simply being the two 

extremes. Depending on 1) the exact manner in which the applied loading is 

transferred to  the member, 2) the form of support provided, and 3) the member's 

cross sectional shape, the responses will vary significantly. Figure 4-1 shows a 

beam -colum n element undergoing lateral deflection as a result of the 

com bination of compression axial load V and lateral load P. The m om ent M is 

PL
equal to —  and is caused by the lateral load P. The moment causes a lateral

deflection A which increases the initial m om ent by FA . A significant aspect is 

the fac t tha t primary moments are then amplified due to the e ffect of the axial 

load V acting through the lateral displacements A. In other words, the lateral 

load P will cause the m em ber to de flect and the axial load V acting on this 

deflection will amplify not only this deflection but also the deflection crea ted  by 

the axial load itself. Thus, the com bined m oment is a function of the lateral load 

as well as axial load. This e ffect is called as the secondary moment or P-delta 

effects. Since the P-delta e ffect is a function of the axial load and the tip
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displacement of a column, the loss of lateral load resistance due to  the P-delta 

e ffect is unavoidable. The incremental approach  undertaken herein is shown to 

very reasonably m odel this phenom enon in highly-nonlinear systems.

P

/ / / / / /

Figure 4-1 Primary and Secondary Moments of Beam-Column Element.

Because of the number of failure modes, no simple design procedure is 

likely to accoun t for all varied behavior of beam -colum n elements. Present-day 

design procedures generally are in one of tw o categories: (1) limitation on 

com bined stresses; (2) semi-empirical interaction formulas, based on strength. Of 

the two categories, the interaction equations com e closer to describing the true 

behavior since they accoun t for the stability situations commonly encountered 

(Salmon and Johnson, 1996). The AISC LRFD (2001) formulas described in 

chapter 3 can be classified as interaction type.

A new procedure to com pute deflections for members subjected to a 

com bination of axial and flexure induced loads is presented for inelastic 

behavior. Numerical methods described in earlier chapters and the strain 

increment Asp defined by equation 3.3.1.5 will be used in a similar fashion to 

predict the lateral displacements of beam -colum n elements.
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4.2 Incremental Stresses Analysis Approach

Structural steel beam -colum n members do not behave exactly as elastic 

theory predicts. Inclusion of secondary bending moments becomes necessary 

as soon as a compression load is applied to the axial members. As a result, this 

leads to an increase in the lateral deflection due to the further bending of fhe 

system and an increase in the am plitude of the lever arm of the external end 

compression forces. The end result is geom etrically nonlinear behavior, which is 

in addition to the material nonlinearity due to the post-yield straining. It also goes 

w ithout saying that axial deflections are now also not negligible. As such, not 

only does the uniaxial strain increase over to the next increment, Aep, as a result 

of fhe axial increment, but the lateral deflection is also amplified. Because 

geom etric linearity is no longer valid (since equilibrium requires a consideration 

to be given to  the de flected  shape of the member), the effects of bending and 

axial loads cannot be simply superimposed in order to describe the actual 

response since the effects of the material nonlinearity are at work as well. As 

such, this forces fhe analysis of the com bined effects of bending and axial forces 

to be m ade at an incremental level.

The incremental axial deform ation at step i, is derived by the following 

equation (refer to Figure 4-1):

V L
(4.2.1)

'in ita l
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where, L inital is defined as the original undeform ed length of the column, A is the 

cross sectional area as shown in Figure 3-2, and Einital is the initial modulus at 

increment step i. At step i+1, equation (4.2.1) becomes:

where Et is the plastic modulus at step i. This equation repeats for the N number

of increment defined in equation (3.3.1.8). The plastic modulus a t step i, is 

defined as:

In equation 4.2.3, cjbend is the post-yield bending stress that corresponds to the

strain increment given by equation 3.3.1.6 at step /'. At step i+ l , equation (4.2.3) 

becomes:

The tangent plastic modulus values for each state are ca lcu la ted  according to 

equations (4.2.3) and (4.2.4) and used in the determ ination of the next post-yield 

axial strain increment calculation.

The axial post-yield strain a t step i, is defined as:

(4.2.3)i

®bend (+1 ^ (4.2.4)
£ p _ i +1 £ p _ i

p
axial i

L,
(4.2.5)

'in itia l

At step i+ l, equation (4.2.5) becomes (for homogeneous materials):

p
°  axia l /+! (4.2.6)
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Similarly (as previously mentioned), this equation repeats for the tota l N number 

of increments. Equation (3.3.1.6) is com bined with equation (4.2.5) to  determ ine 

the incremental tota l strain at step i. The process similarly repeats for step i+ l , 

i+2.... up to N incremental steps. Stresses are com bined in an analogous manner 

and are given below.

The axial post-yield stress a t step i, is defined as:

J7 sy
* cr bend J  t a n ~7\

°p  axial i =---------------  (4-2.7)

At step i+ l, equation (4.2.7) becomes:

77 s-ycr^ bend i+l / > o n\
°p  axial i+l = ----------------------------------------------- (4-2.8)

A formulation that is presented allows com bining the obta ined incremental post­

yield stresses and strains. The nonlinear response of the system is generated 

through the summation of piece-wise linear infinitesimal increments in stress over 

a pre-established strain increments. Each individual response is used as an initial 

condition for the forthcom ing step, where all the responses are summed 

together. Individual stress and strain increments are ca lcu la ted  according to the 

equations presented below. A cum ulative summation is m aintained to track the 

tota l stress-and-strain levels in each post-yield state. The post-yield com bined 

strain a t step i, is defined as:

s , = - p -  (4.2.9)Ainitial

At step i+ l, equation (4.2.9) becomes:

£i+l = £ i + (£ p _axial _i+l ~ £p̂ axial_/) (4.2.10)
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A t s te p  i+2, e q u a t io n  (4.2.10) b e c o m e s :

£ i+ 2 = £ i+ 1 +  ( £ p _ b e n d _ i+ 2 ~ £ p _ b e n d _ i+1) (4.2.1 1)

The post-yield com bined stress a t step i, is defined as:

cr,=<7, (4.2.12)

At step i+ l, equation (4.2.12) becomes:

a i+ \  =  + { CJp _ a x ia l _ i+ 1 ~  p  _ axial _ i )  (4.2.13)

At step i+2, equation (4.2.13) becomes:

<J(+2 = Cr/+1 + ip " p  _bend _l + 2 ~ G p  _bend _ U  l)  (4.2.14)

The process similarly repeats for step i+ l , i+2.... up to  N incremental steps.

4.3 Results

The incremental form of equations (4.2.9) through (4.2.14) is used to 

determine the linear increments in post-yield stress-and-strain states. The 

obta ined post-yield stress-strain relationship is shown in Figure 4-2.

The post-yield stresses and strains are updated  at the end of each 

post-yield state (based on all current plastic strain levels) during the incremental 

loading strategy. The post-yield stress-strain relationship presented in Figure 4-2 

provides the graphical representation of the incremental loading strategy for 

ultimate strain state, sP,max, of ]5sy (where Ae = 14) in the outermost fiber.
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Figure 4-2 Com bined Post-Yield Stress-Strain Relationship.

From the perspective of statics the P-delta e ffect can  be visualized as an 

additional lateral loading that causes an increase in member forces and lateral 

deflections, reduces the lateral load resistance of the structure, and may cause 

a negative slope in the lateral load-displacem ent relationship a t large 

displacements resulting in softening (although this is not explicitly discussed 

herein). For a single-degree-of-freedom (SDOF) system -  as shown in Figure 3-2 -  

of height L the P-delta e ffect can be represented as illustrated in Figure 4-1.

From a dynam ic perspective, the P-delta phenom ena may lead to a significant 

amplification in the lateral load-displacem ent relationship leading towards an 

early failure at a smaller displacement dem and during an earthquake event. A 

given vertical load V -  as shown in Figure 4-1- is input into the system and stress
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and strain increments are ca lcu la ted  accord ing to the equations presented 

previously. For each state the lateral load is com puted by knowing the moment 

distribution due to lateral effects only. The lateral loads a t increment step i, will 

produce a lateral deflection that will cause an additional m om ent due to P- 

delta  phenom ena discussed previously. Additional secondary m om ent is added  

incrementally a t each step -  up to  N incremental steps -  to the primary moment. 

By knowing the tota l moment in the system one could ca lcu la te  the lateral strain 

a t each increment by the use of equation 3.3.1.14. Solving for the cross-sectional 

linear depth  e at each post-elastic stress state in equation 3.3.1.14 yields the 

post-yield strain increment that leading to the lateral deflection calculation. 

During the incremental loading strategy of secondary effects as presented 

herein, the hardening index param eter a -  that predicts the ultimate failure -  is 

adjusted by an iterative procedure. As previously discussed, the hardening index 

param eter fits a nonlinear material response curve to a linearized guide that 

defines an average modulus betw een any two states -  e.g., the yield and 

ultimate states. For the com bined primary and secondary effects, it was 

determ ined that the hardening index needed to be adjusted in order for the 

com bined post-yield stress-strain curve to  m atch the relationship shown in Figure 

4-2.

As an example, the shear frame shown in Figure 3-2 is used with the 

following properties: the column height is 120 inches, grade A36 steel is used as 

the material (for illustrative purposes) the cross section is assumed to be 

rectangular (lOin. x 22in.), and an axial load of 500 kips is applied at each 

column. The post-yield stress-strain relationship that is shown in Figure 4-2 uses a
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of 0.25. The iterative procedure yields a equal to 0.245 for the com bined primary 

and secondary effects. It is im portant to note that the value of a depends on 

the am ount of applied axial load. As the axial load increases, a will decrease 

because of the smaller ultimate lateral deflection that will be present when the 

system finally fails. The relationship between the post-yield primary and 

secondary m om ent versus post-yield curvature is shown in Figure 4-3 below.
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Figure 4-3 Post-Yield Moment Curvature Diagram

The influence of the secondary moments decreases the lateral load 

resistance. The loss of lateral load resistance due to the degradation of moment 

capac ity  and the resulting displacement ca pac ity  of a column can be directly 

attributed to the P-delta  effect. The moment-curvature relationship, normalized 

at yield, is shown in Figure 4-4. It is noted that the ultimate moment increases at
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an order level of 5.5 times that of yield state while the ultimate curvature 

increases a t an order of 14 times that of yield state.
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Figure 4-4 Normalized Post-Yield Moment Curvature Relationship

Determining post-yield curvature allows displacements com putation through 

finite elements at discrete strain levels along distance q ' a t the very same 

procedure that was used in chapter 3. Figure 4-5 shows the post-yield curvature 

for the com bined primary and secondary effects. It is im portant to note that 

only bending stresses (i.e., primary and secondary) would generate 

curvature </>, that contribute to the lateral deflection calculations.
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Figure 4-5 Total Post-Yield Curvature Along Length of Column.

The proposed nonlinear analysis m ethod indicates that properties of the 

structure would be based on explicit modeling of the post-yield behavior of 

elements. To ensure the safety of civil structures under major earthquakes, it is 

important to  predict the ultimate behavior of steel beam-columns by using the 

smooth nonlinear curvature distribution. Lateral deflections a t each state of 

stress up to the ultimate state are com puted using the analytical rigorous 

procedure described above. It is noted that post-yield lateral deflections imply 

that the column has deform ed well beyond the elastic limit. Quasi-static loading 

conditions and a strain rate independent model described by equation 2.2.2.1, 

lead to a determ ination of fhe load-deflection relafionship, thereby highlighting
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the significant influence o f both geom etry nonlinearity (i.e., P-delta effects) and 

gradual degradation by the spread of yielding.

It is found that the load-displacem ent cap ac ity  of beam -colum n 

elements of Figure 3-2 is dependent on the geom etric nonlinearity of the system. 

Figure 4-6 shows the lateral load-displacem ent results.
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Figure 4-6 Lateral Force-Displacement Curve.

The presented results, which are obta ined under the assumptions defined 

in section 2.2.1, lead one to believe that the P-delta phenom ena is indeed a 

potential collapse hazard that needs to be considered explicitly and more 

realistically than is done in the present design process. The maximum lateral 

deflection is 2.95 inches for the shear frame model that was referred to above
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using the proposed analytical rigorous procedure. If the material stress-strain 

relationship is assumed to be elastic-perfectly plastic, as done in present design 

codes, then the plastic hinge length shortens to the height of the cross-section h 

(Figure 3-2) as illustrated by literature (Englekirk, 1994). Using such empirical 

procedures the maximum tip deflection is com puted to be 4.06 inches under a 

quasi-static lateral loading. However, this empirical procedure defines an 

inaccurate post-yield curvature -  tha t is grossly overconservative -  in which the 

real behavior is not portrayed precisely. Under the quasi -static loading the 

empirical m ethod is more conservative; however, the small differences carry an 

imporfant role in predicting the accura te  cyclic responses of buildings under 

dynam ic loading since the seismic response becomes very sensitive to modeling 

assumptions and ground-motion characteristics if fhe P-delta e ffec t is large and 

the ground motion is sufficiently severe to  drive a story in the structure into the 

range of negative story stiffness, in which the errors becom e amplified over the 

course of a hysteresis. The stiffness of the beam -colum n m em ber of shear frame 

structure -  given in Figure 3-2 -  versus lateral deflection is given in Figure 4-7.

The stiffness of the steel beam -colum n m em ber stays constant prior to 

yielding. As the material starts to degrade gradually the stiffness reduces 

nonlinearly as shown in Figure 4-7. Simplified analytical models (e.g., the elastic- 

perfectly plastic model dep ic ted  in Figure 2-1 .(a)) may give a misleading picture 

of the im portance of P-delta effects, whereas a deta iled and accura te  finite- 

element response was obta ined using the proposed analytical rigorous model.
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Figure 4-7 Stiffness versus Total Deflection

As previously mentioned, the proposed model is form ulated using 

dislocation theory for conditions where the strain rate is negligible. It is 

postulated that in addition to  the classical deformation by dislocation slip, the 

interactions betw een slip dislocations play an additional and critical role in the 

plastic deform ation process in which the dislocation accum ulation is only partly 

reversible due to the post-yield bond annihilation m entioned in the earlier 

chapters. Dislocation-based plastic deform ation processes have a small or 

negligible dependence on strain rate. It is likely that strain rate contribute to the 

mild decrease of stiffness during plastic flow, although the exact relative 

proportion is not known. The e ffec t of increasing the strain rate is generally to
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increase the tensile yield (Mendelson, 1999), whereas the Bauschinger e ffect is 

left intact.

The validity of the proposed m odel is examined by com paring it with 

results of the Finite Element Analysis (FEA) and will be explained in the following 

chapter.
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CHAPTER 5

VERIFICATION AND VALIDATION OF THE PROPOSED MODEL

5.1 Overview

The finite element analysis is now firmly accep ted  as a powerful technique 

for numerical solution for a variety of problems that are encountered in 

engineering (Owen and Hinton, 1980). In this chapter the verification and 

validation of the aforem entioned proposed model is discussed. Different 

approaches to decid ing model validity were considered. It was chosen to utilize 

MSC.Marc M entat FEA software to  va lidate the results of the proposed model. 

MSC.Marc is a general purpose finite elem ent program for advanced  FEA 

simulation. Since 1971, MSC.Marc has been known for its versatility in helping 

market leaders in various industries to solve simple to com plex real-world 

engineering problems. MSC.Marc M entat provides expanded support of the 

nonlinear capabilities.

5.2 Numerical Solution Procedures for Nonlinear Problems

For nonlinear finite element analysis the solution must proceed on an 

incremental basis. MSC.Marc M entat employs iterative procedures for the 

convergence of the nonlinear solution. The first nonlinear procedure is the Full 

Newton-Raphson Method or as it has been known as the Variable Parameter of 

Elasticity. The algorithm for this procedure is given below:
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At load Increment /'

- Step 0) -  Solve for so.i and acu

- Step 1) -  Solve for E(a')effective

- Step 2) -  Solve the problem with new elastic modulus for su

and ai,i. Calculate E<' ■'̂ effective

- Increm ent/+/

- Step 3) -  Repeat steps 0 through 2 for n-iterations

(7p,max

Eeffective ^

8
By Si £p,max

Figure 5-1 Full Newton-Raphson Method.

The iterative procedure is deem ed to have converged when some measure of 

the change in the unknown variable between successive iterations has becom e 

tolerably small. In other words, during any step of the iterative process of 

solution, a to lerance is specified, which will not be satisfied unless convergence 

has occurred. The procedure is illustrated in Figure 5-1. The aforem entioned 

method requires great com puting resources since the stiffness matrix is 

ca lcu la ted at step increment /, although, the Full Newton-Raphson M ethod
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generally gives a more rapid and stable convergence path than the other 

m ethod that will be described below.

The second nonlinear procedure is the Modified Newton-Raphson M ethod 

or as it has been known as the Additional Stresses Method. The algorithm for this 

procedure is given below:

Increment /

- Step 0) -  Solve for eo and a(%dd

- Step 1)-S o lve  for si and oi'iadd 

- Increm ent/+/

- Step 2) -  Repeat steps 0 through 1 for n-iterations 

Similarly as for the Full Newton-Raphson Method, during any step of the iterative 

process of solution a to lerance is specified, which will only be satisfied when the 

convergence has occurred. A disadvantage of this m ethod is that 

convergence of the solution scheme is not guaranteed and cannot be 

predicted a t the initial solution stage, thus requiring more steps and com puting 

effort -  although, it requires less com puting resources than the Full Newton- 

Raphson M ethod since the stiffness matrix does not change with the step 

increment. Figure 5-2 illustrates the procedure of the Modified Newton-Raphson 

Method.
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Figure 5-2 M odified Newton-Raphson Method.

5.3 FEA Simulations

The solution of the example shear frame problem form ulated in chapte r 3, 

that gives a lateral deflection of 2.95 inches at the ultimate state, would be 

verified in MSC.Marc M entat FEA software. Each m ember of the shear frame 

structure shown in Figure 3-2 was defined using line finite-elements. Each 

m ember was subdivided in 10 elements. The post-yield stress-strain relationship 

given by Figure 4-2 was manually input into a table. Only 14 da ta  points were 

used a t each discrete strain level (i.e., Iey,2sy,3sy...l5ey). The software allows a 

table that defines the stress-strain relationship for an infinite number of da ta  

points to be uploaded, but the number of da ta  points that could be used as 

input appeared to be limited, which seemed to be a shortcoming of the 

software. Material and geom etric properties were defined for the example
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problem. The floor was defined as a rigid element in order to represent a shear 

frame structure. The m ethod of analysis selected was the Full Newton-Raphson 

Method. A piecewise linear m ethod was used for the da ta  points defining the 

post-yield stress-strain relationship and a kinematic strain hardening rule was 

selected.

The maximum lateral deflection a t the tip of the column was ca lcu la ted 

to be 2.55 inches by the FEA software (see Figures in Appendix). The lateral 

deflection com puted by the proposed rigorous model compares favorably to 

the results of the FEA. The results ind icate that the proposed incremental 

approach is very reasonable, due to the small discrepancy when com pared to 

the FEA. The marketed FEA approach uses only 14 da ta  points that define the 

post-yield stress-strain relationship while the proposed model defines the 

relationship by 1,400 da ta  points. Some accu racy  is lost due to  this effect. 

Furthermore, the Full Newton-Raphson M ethod uses an effective modulus and 

calculates the solution of the problem based on the post-yield stresses and 

strains obta ined from such a method. The proposed incremental approach uses 

a tangential stiffness plastic modulus whilst not losing accuracy of the solution.
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CHAPTER 6

STRUCTURAL RESPONSE TO DYNAMIC LOADING

6.1 Overview

Natural causes and human activities impose forces of tim e-dependent 

variability on simple or com plex structures (Paz, 1997). The proposed m ethod of 

analysis could be used in a design setting office to evaluate seismic requirements 

of steel beam -colum n elements under tim e-dependent inertial forces. It needs 

to be understood that tim e-dependency here refers to the imposed dynam ic 

loading and responses; however, the strain-rate itself is negligible in keeping 

consistent with the proposed plasticity model. New structures should be 

designed for ground motions of sufficient m agnitude that have caused dam age 

in the past. Generally, design codes make such requirements. For existing 

structures, this means implementing seismic retrofitting strategies as one m ethod 

of m itigating the risk that currently exists, whilst preventing structural failure that 

could lead to loss of property and life. The options of not doing seismic 

retrofitting and thus accepting  the risk of failure, and abandoning or replacing 

the existing structures may be considered for both the im portance and degree 

of vulnerability.
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6.2 P-delta Effects on a Shear Building

Horizontal forces in buildings, such as those produced by earthquakes are 

often resisted by the columns. The floor of a multistory or single story shear 

building is assumed to  be rigid and the weight or masses a t each  floor are 

treated as concentra ted  loads that are lumped a t each floor level. The 

response of a particular structure is then a function of these masses and the 

stiffnesses of columns at each floor level. In the analysis of the single-degree-of- 

freedom  (SDOF) system -  as shown in Figure 3-2 -  the restoring force is not 

proportional to  the displacement. Furthermore, the energy dissipated by the 

viscous dam ping force is assumed to  be proportional to the relative velocity of 

the building m em ber (assuming Rayleigh Damping). As such, the equation of 

motion for the above mentioned shear frame structure, is a second order 

ordinary nonlinear differential equation. The nonlinear force-displacem ent curve 

is analyzed a t an incremental level. That is, the incremental force is proportional 

to the incremental displacement. The mass of the aforem entioned single story

(JciT)ŝ ]( sect2
one-bay shear frame structure is taken as 2.5901 — — . The hysteretic

inches

behavior of the steel beam -colum n elements is obta ined when the structure is 

subjected to an artificially-generated stationary ground motion. The artificial 

earthquake record that is shown in Figure 6-1, is generated as Gaussian White 

Noise and then passed through a Kanai-Tajimi filter function to  represent specific

ground conditions [ a  _ 15.6raJ =0.6). The peak ground acceleration is
sec
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2316.5
inches

sec
. The dynam ic equation of motion of the structure is given as

mx + cx + Fr = -m x g, where m refers to  the mass of the system, c  is the viscous

dam ping, Fr is the nonlinear restoring force function developed insofar 

incrementally, and x is the ground acceleration applied to the structure.

-2500

Time (seconds)

Figure 6-1 Artificial Earthquake Record (6.0g) for SDOF Shear Frame Structure.

The second-order moments that result from the vertical forces acting over the 

incremental moment arms caused by the lateral deflections are included on the 

force-displacem ent curve. Since the lateral second-order effects are 

manifested after the lateral deflections have occurred, the iterative procedure 

explained in chapter 4 has been used.
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One of the most e ffective means of providing a substantial level of 

dam ping is through hysteretic energy dissipation. The term hysteretic refers to 

the offset betw een the loading and unloading curves under cyclic  loading. 

Energy that is not recovered during unloading is lost from the system and 

dissipated as heat in most cases. Figure 6-2 shows the hysteretic behavior of the 

steel beam -colum n element where the energy absorbed by the hysteretic loop 

increases with the increase of the displacem ent amplitude.

4000

«Q.

<DO

-4000

Displacement (inches)

Figure 6-2 Hysteresis of a SDOF Shear Frame Structure (Artificial Excitation of 
6.0g).

The hysteresis response is obta ined as a result of the structure excited by the 

artificial earthquake ground motion record shown in Figure 6 - t. The stiffness and
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restoring force of the column is defined in Figure 4-7. The maximum tip deflection 

is 2.07 inches. The time history response of the shear frame structure is shown in 

Figure 6-3.

2.0 - |

1.5 -

Time (seconds)

Figure 6-3 Time History Response of a SDOF Shear Frame Structure (Artificial 
Excitation of 6.0g).

To amplify the effects of P-delta effects the mass of the single story one- 

bay shear frame sfructure shown in Figure 3-2 was increased to 5.1802 

( kiT)s\( secT^
— — — . An artificial earthquake record is generated and shown in Figure 6-

inches

inches
4. The peak ground acceleration is Ig , or 386.4 -— . It is noted that the

sec

stationary artificial earthquake record produce steady-state and stationary
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displacement -  time-history and hysteresis responses (i.e., where the hysteretic 

loop is generally centered for the most part about the origin).

500 -| 

400 - 

300 -
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-500 -
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Figure 6-4 Artificial Earthquake Record (1.0g) for SDOF Shear Frame Structure.

Figure 6-5 shows the hysteretic behavior of the steel beam -colum n 

element when the floor mass is double of that shown in Figure 6-2. It is noted that 

the P-delta e ffect leads to significant am plification of the displacement 

response. There is a higher potential for collapse even though the artificial 

earthquake record is in the order level of 6 times less that of Figure 6-2. Larger tip 

deflections are seen, and this observation suggests that P-delta e ffect can have 

a significant e ffect on the predicted response of the system. Structures are
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sensitive to P-delta effects, which might cause dynam ic instability that they may 

lead to a failure state.
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Figure 6-5 Hysteresis of a SDOF Shear Frame Structure (Artificial Excitation of 
1.0g).

The time history response of the SDOF shear frame structure subjected to 1.0g 

intensity artificial earthquake is shown in Figure 6-6.
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Figure 6-6 Time History Response of a SDOF Shear Frame Structure (Artificial 
Excitation of 1.0g).

In addition to  the SDOF shear frame structure illustrated in Figure 3-2, a 

multi-degree-of-freedom (MDOF) four-story shear frame structure was considered 

to com pute the interstory displacem ent drifts during an earthquake excitation. 

Story drift is defined as the relative displacement between consecutive floor 

levels that are produced by the earthquake-induced ground motions. The four- 

story shear frame is dep ic ted  in Figure 6-7.
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Figure 6-7 Four-story MDOF Shear Frame Structure.

The four-story shear frame structure has been subjected to an artificial 

earthquake. The artificial earthquake record that is generated is shown in Figure

inches
6-8. The peak ground acceleration is 965.2 ------— , or 2.5g.

sec
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Figure 6-8 Artificial Earthquake Record (2.5g) for MDOF Shear Frame Structure.

Each floor of the four-story shear frame structure shown in Figure 6-7 has a height 

of 120 inches and the cross section of each column is assumed to be rectangular 

(lOin. x 22in.). The first floor is defined a t the ground level. Figures 6-9 through 6- 

12 illustrate the hysteretic behavior of each floor level.
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Figure 6-9 Hysteresis of 4th Floor of a MDOF Shear Frame Structure (Artificial 
Excitation of 2.5g).
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Figure 6-10 Hysteresis of 3rd Floor of a MDOF Shear Frame Structure (Artificial 
Excitation of 2.5g).
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Figure 6-11 Hysteresis of 2nd Floor of a MDOF Shear Frame Structure (Artificial 
Excitation of 2.5g).
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Figure 6-12 Hysteresis of 1st Floor of a MDOF Shear Frame Structure (Artificial 
Excitation of 2.5g).

As expected, the bottom  two stories experience the largest am ount of 

degradation. Figures 6-13 through 6-16 show the displacement time-histories of 

each story of the MDOF shear frame structure subjected to the 2.5g artificial 

earthquake shown in Figure 6-8.
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Figure 6-13 Time History Response of 4th Floor of a MDOF Shear Frame Structure 
(Artificial Excitation of 2.5g).
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Figure 6-14 Time History Response of 3rd Floor of a MDOF Shear Frame Structure 
(Artificial Excitation o f 2.5g).
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Figure 6-15 Time History Response of 2nd Floor of a MDOF Shear Frame Structure 
(Artificial Excitation of 2.5g).
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Figure 6-16 Time History Response of 1st Floor of a MDOF Shear Frame Structure 
(Artificial Excitation of 2.5g).
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As a final illustration, the four-story shear frame structure has been 

subjected to the 1971 San Fernando earthquake (modified, 5x). Figure 6-17 

shows the San Fernando earthquake record that was recorded during the 1971 

San Fernando earthquake.
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Time (seconds)

Figure 6-17 San Fernando Earthquake Record for MDOF Shear Frame Structure.

Figures 6-18 through 6-21 show the hysteretic behavior of each floor level of the 

MDOF shear frame structure subjected to the modified San Fernando 

earthquake.
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Figure 6-18 Hysteresis of 4th Floor of a MDOF Shear Frame Structure (San 
Fernando 5x).
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Figure 6-19 Hysteresis of 3rd Floor of a MDOF Shear Frame Structure (San 
Fernando 5x).
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Figure 6-20 Hysteresis of 2nd Floor of a MDOF Shear Frame Structure (San 
Fernando 5x).
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Figure 6-21 Hysteresis of 1st Floor of a MDOF Shear Frame Structure (San 
Fernando 5x).
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Figures 6-21 through 6-24 show the displacement time-histories of each floor level 

of the MDOF shear frame structure subjected to  the m odified San Fernando 

earthquake.
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Figure 6-22 Time Flistory Response of 4th Floor of a MDOF Shear Frame Structure 
(San Fernando 5x).
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Figure 6-23 Time History Response of 3rd Floor of a MDOF Shear Frame Structure 
(San Fernando 5x).
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Figure 6-24 Time History Response of 2nd Floor of a MDOF Shear Frame Structure 
(San Fernando 5x).
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Figure 6-25 Time History Response of 1st Floor of a MDOF Shear Frame Sfructure 
(San Fernando 5x).

From fhe above figures it is noted that P-delta effects are not negligible, 

and such effects are manifested after the building has experienced lateral 

displacements. The proposed approach gives a prediction of the expected 

displacements and makes an assessment of strucfural response and models the
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structural behavior due to  earthquake motions through the post-yield behavior 

of the ductile steel com ponents of the shear frame. Various material 

nonlinearities such as secondary m om ent and spread of plasticity of steel beam - 

column elements are m odeled. The P-delta effects influence the response of the 

structure by increasing displacements above those ca lcu la ted  by simple first- 

order analyses. P-delta effects reduce the lateral strength of a particular 

structure.
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CHAPTER 7

SUMMARY AND CONCLUSIONS

The primary focus of this research was to  com pute  the inelastic 

deformations of steel beam -colum n elements by considering bending stresses, 

axial stresses, and the resulting P-delta effects. A deta iled nonlinear strain 

hardening model assesses the material degradation through the spread of 

plasticity for shear frame structures under quasi-static and dynam ic loading and 

predicts the response of such structure types. Inclusion of geom etrically 

nonlinear behavior (i.e., secondary bending moments) was an im portant aspect 

of this research as it created an additional lateral loading resulting in an increase 

in member forces and lateral deflections, thus reducing the lateral load 

resistance of the structure. Analysis of the com bined effects of bending and 

axial forces is m ade a t an incremental level over the range of all post-yield 

strains leading towards the failure state.

From a dynam ic and cyclic perspective the P-delta phenom ena may 

lead to a significant am plification in displacement response of lateral load- 

displacement relationship. It is postulated that P-delta effects are negligible up 

to  a certain level but potentially disastrous thereafter, because of the dynam ic 

instability that they may lead to. The results of obta ined effective length factors 

closely conform to those of recom m ended for design by current design 

procedures, which validates the incremental m ethod of analysis to  begin with. 

The com puted  effective length fac to r increases gradually as the ultimate state is
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approached. Unlike the current design code  procedures, wherein a constant 

effective length fac to r has been used, this research predicts the behavior of 

steel beam -colum n elements by gradually updating the K fac to r as the material 

starts to degrade. In other words, there is a certain K facto r for each state of 

discretized post-yield stress leading to the ultimate failure state using the 

proposed incremental approach.

The use of the proposed m ethod of analysis was demonstrated using a 

single-degree-of-freedom (SDOF) system and a 4-story structure under cyclic 

conditions. Furthermore, the post-yield results obta ined using the constitutive 

nonlinear strain hardening model for the SDOF system closely agree with the 

results of FEA analysis. The difference of the lateral deflections between the FEA 

and the proposed incremental approach was approximately 14 percent. This 

error is due to the large step sizes used to define the post-yield stress-strain curve 

in the FEA procedure, which is believed was a limitation of fhe software. In the 

proposed incremental approach, 1,400 points were used to define the post-yield 

stress-strain relationship, while the FEA procedure used only 14 points. It is 

antic ipa ted that the difference between these tw o procedures would decrease 

substantially if the strain increment step is reduced in the FEA procedure. The 

accuracy for small plastic strains increments to achieve accurate  results is greatly 

increased as the strain step is kept reasonably small com pared to the initial yield 

strain of the material. Furthermore, the FEA iterative procedure use an effective 

modulus that calculates the solution of the problem based on the post-yield 

stresses and strains. The proposed incremental approach uses a tangential 

stiffness plastic modulus whilst not losing accu racy of the solution. This is another
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reason for the discrepancy and further validates the accuracy of the proposed 

incremental approach. Also, in using the FEA procedure, the P-delfa effects are 

not com puted, which therefore indicates the a d ded  accuracy that the 

proposed m ethod provides and also illustrates its robustness.

The results presented are a valid indicator of the accuracy of the 

incremental approach. The small differences in the m onotonic responses are a 

result of the added  accu racy and detail given to the P-delta analysis using the 

proposed approach applied to the nonlinear constitutive strain-hardening 

model. The fundam ental results of this research improve the quality of design by 

providing structural engineers with more reliable prediction tools. This enables 

the perform ance of steel beam -colum n elements when subjected to a cyclic 

dynam ic loading environment to be accurate ly predicted (negligible strain-rate 

effects). The proposed incremental m ethod can be used to  evaluate the 

seismic perform ance of both new and existing structural systems. It is concluded 

that the model be additionally verified with experimental work to find a proper 

and optimum hardening index parameter, a and the plastic strain coeffic ient AE, 

for other types of materials, in order to quantitatively describe the real material 

behavior.
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APPENDIX: FEA SIMULATIONS
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