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ABSTRACT
A BEURLING THEOREM FOR NONCOMMUTATIVE HARDY SPACES
ASSOCIATED WITH A SEMIFINITE VON NEUMANN ALGEBRA WITH
VARIOUS NORMS
by

LAUREN B. M. SAGER
University of New Hampshire, May, 2017

We prove Beurling-type theorems for H°°-invariant spaces in relation to a semifinite von Neu-
mann algebra M with a semifinite, faithful, normal tracial weight 7, using an extension of Arveson’s
non-commutative Hardy space H*°. First we prove a Beurling-Blecher-Labuschagne theorem for
H®-invariant subspaces of LP(M,7) when 0 < p < co. We also prove a Beurling-Chen-Hadwin-
Shen theorem for H-invariant subspaces of L“(M,7) where « is a unitarily invariant, locally
|| - [[1-dominating, mutually continuous norm with respect to 7. For a crossed product of a von
Neumann algebra M by an action 8, M xg Z, we are able to completely characterize all H°-
invariant subspaces of L%(M xgZ, ) using our results. As an example, we completely characterize
all H>-invariant subspaces of the Schatten p-class, S,(H) (0 < p < 00), where H* is the lower tri-
angular subalgebra of B(H). We also characterize the non-commutative Hardy space H*°-invariant

subspaces in a Banach function space Z(7) on a semifinite von Neumann algebra M.
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Chapter 1

Preliminaries

1.1 Hilbert spaces

We begin by considering a complex vector space X with a norm || - ||. We define the norm topology
on X for an element zyp € X and € > 0 by a family of neighborhoods V' (zg, | - |l,€) = {x € X :
e — o]l < €}.

A complex vector space X with a norm || - ||, denoted (X, || - ||), is called a normed space.

Definition 1.1.1. A complex vector space (X, || - ||) which is complete with respect to the norm

topology on X 1is called a Banach space.
We consider a complex vector space H.

Definition 1.1.2. A mapping (-,-) : H x H — C defined by (z,y) — (z,y) is called an inner

product on a complex vector space H if:

(i) {ax + By, z) = alz,z) + By, z) for every a, € C and x,y € H;

(i) (y,x) = (x,y) for every x,y € H;
(i1i) (x,z) >0 for every x € H.

If additionally, we have
(i) (x,z) =0 if and only if x =0,

then we call (-,-) a definite inner product.



If we combine (i) and (i7), we get an additional characteristic of an inner product:
(v) (z,az + By) = a(z, z) + B{z,y).
We call the pairing (H, (-,-)) an inner product space. We then use the inner product to define

a seminorm on the complex vector space H.

Proposition 1.1.3. Suppose that (-,-) is an inner product on a complex vector space H. Then for
every x € H, the equation ||z|| = (z,z)'/? defines a seminorm | - || on H. If, in particular, (-,-) is

a definite inner product, then || - || is a norm on H.

Proof. By Definition 1.1.2, it is clear that [|z|| > 0 for every x € H. Also,

1/2

laz| = (az, ax) (for every o € C and = € H)

= (aa(z, z))'/?

= ||

Additionally,
lz + ylI* = (z +y, 2 +y)
= (z,2) + (2, y) + (y,2) + (v, 9)
= (z,2) + 2Re({z,9)) + {4, 9)
< Iz + 2/ {z, )| + Ily|®
< lzll® + 2l ]l + vl (by the Cauchy-Schwarz inequality)
= (lz[l + llyl*.
So the triangle inequality is satisfied, and || - || is a seminorm on H.

If additionally, (-,-) is a definite inner product on H, then ||z|| = (z,z)'/? = 0 if and only if

(x,z) = 0. Therefore, if (-, -) is a definite inner product, we have that || - || is a norm. O

Definition 1.1.4. A complex vector space H is said to be a pre-Hilbert space if the norm, || - ||,

can be obtained from a definite inner product on H. Namely, ||z|| = (z,z)/? for every z € H.



We may now define a Hilbert space.

Definition 1.1.5. A pre-Hilbert space H is called a Hilbert space if H is complete with respect to

the norm || - || determined by a definite inner product on H.
We now discuss several examples of Hilbert spaces.

Example 1.1.6. Consider the space C", n € N, consisting of n-tuples (x1,z2,...,z,) where
1,22,...,xn € C. We let v = (x1,22,...,2,) and y = (Y1,Y2,...,Yn) be elements of C". We
use the standard inner product on C", (z,y) = 19y1 + x2U2 + - - - + TnUn, and the associated norm

|z|| = (|21 + |zo|? 4+ - - - + |2, |2) 2. It may be verified that C" is a Hilbert space.

Example 1.1.7. Suppose A is a set. We define I*(A) = {f|f : A — C; 3 el f(a)]? < oo} We
can see that, given z,y € 1*(A), then Y ,. 4z(a)y(a) converges, as |z(a)y(a)] < 1/2(|z(a)* +
ly(a)?), and > ,c4(lz(a)* + |y(a)|?) < co. We can define a definite inner product (z,y) =
S acaz(@)y(a) on >(A). Then the norm ||z|| = (3 ,cu |z(a)|?)Y/? is determined by the definite

inner product. Therefore, 12(A) is a Hilbert space.

Example 1.1.8. Let l%o) (N) be defined to be the set of all complex valued functions on N taking

non-zero values at only finitely many points of N. Then l%o) (N) C I?(N), so l?o) (N) has a definite

inner product and norm, inherited from 1>(N). However, l%o) (N) is not complete with respect to || -||,
and is therefore a pre-Hilbert space, but not a Hilbert space.
1.1.1 The adjoint operation

Consider a linear operator T': X — Y, where X and Y are normed spaces. We say that T is

bounded if there exists a ¢ € R such that || Tz| < ¢||z| for every x € X.
Proposition 1.1.9. T is continuous if and only if T is bounded.

We define the norm of the linear operator T' by ||T'|| = sup,c x|z <1{|7%[]}. Then B(X,Y) =

(T:X > Y||T] < oo}.



Theorem 1.1.10. Suppose that H, K and L are Hilbert spaces. Suppose that T € B(H,K). Then
there exists a unique linear operator T* € B(K,H) such that (I"z,y) = (x,Ty) for v € K and

y € H. Moreover,
(i) (aS + bT)* = aS* + bT* for a,b € C and S,T € B(H,K);
(it) (RS)* = S*R* for S € B(H,K) and R € B(K,L);
(i1i) (T*)* =T for every T € B(H,K);
(iv) |T*T| = ||T||? for every T € B(H,K);
(v) T = ||T|| for every T € B(H,K).
Proof. See Theorem 2.4.1 in [22] for a proof. O

Definition 1.1.11. Given T € B(H,K), T*, as defined in Theorem 1.1.10, is called the adjoint of

T.

Remark 1.1.12. For a Hilbert space H, we may define the set of bounded linear operators T :
H — H, denoted B(H,H) = B(H). Then, as in Theorem 1.1.10, for any T € B(H) there exists

T* € B(H), the adjoint of T
We can then classify the bounded linear operators on .
Definition 1.1.13. A bounded linear operator T € B(H) is said to be:
(i) self-adjoint if T* =T;
(ii) normal of TT* = T*T;
(#4i) unitary if TT* =TT = 1;

(iv) positive if (Tx,z) > 0 for every x € H.



1.2 (C*-algebras

We say that A is a Banach algebra if A is a Banach space with norm ||-||, and A has a bi-continuous
multiplication (A, B) — AB such that ||AB|| < ||A]| - ||B]| for every A, B € A. We say that A is a

unital Banach algebra if A contains a unit element I such that ||| = 1.

Definition 1.2.1. Suppose A is a Banach algebra. A mapping * : A — A taking A — A* (A€ A)

1s called an involution if the following conditions hold:
(i) (aS +bT)* = aS* +bT* for every a,b € C and S,T € A;
(ii) (ST)* =T*S* for every S,T € A;

(iii) (T*)* =T for every T € A.

Definition 1.2.2. A Banach algebra A with an involution satisfying:
(iv) |TT*|| = ||T||* for every T € A

is called a C*-algebra.

Example 1.2.3. Consider a Hilbert space H. Recall that B(H) is the set of all bounded linear
operators from H — H. Definition 1.1.11 defines the adjoint operator on B(H) which satisfies the
conditions given by Theorem 1.1.10. Therefore, the adjoint operator is an involution, and B(H) is

a C*-algebra.

1.2.1 Topologies on B(H)

Suppose that H is a Hilbert space. Recall that the C*-algebra B(H) is the set of all bounded linear

operators on H.

Definition 1.2.4. Suppose Ty is an element of B(H). The strong operator topology on B(H)
is given by the neighborhoods V (To;x1,22,...,xm;€) = {T € B(H)||(T — To)xj|| < € where j =

1,2,...,m; x1,22,...,2m € H; € > 0}.



Equivalently, a net {7} in B(#) converges to Tp in the strong operator topology if and only if

|(T; —Tp)z|| — O for every x € H.

Definition 1.2.5. Suppose Ty is an element of B(H). Define a linear functional wy, : B(H) —
C by wpy(A) = (Az,y) for A € B(H). The weak operator topology on B(H) is given by the

neighborhoods {T € B(H) | |wz,y(T) — waey(To)| < €}.

Equivalently, a net {7} in B(H) conveges to Tj in the weak operator topology if and only if

|(Tjx,y) — (Tox,y)| — 0 for every x,y € H.

Remark 1.2.6. We have that [((T — Tp)z,y)| < € for a given € > 0 when |(T — Tp)z| < 1+T\y||'

Therefore, if a set is open in the weak operator topology, then it is open in strong operator topology.

Hence, the weak operator topology is coarser than the strong operator topology.

1.3 von Neumann algebras

Definition 1.3.1. A von Neumann algebra is a C*-algebra M acting on H which is weak operator

topology closed and contains I.
If the center of M is a subset of CI, we say that M is a factor.

Example 1.3.2. Let M, (C) be the set of all n xn matrices with entries from the complex numbers,

for 1 <n < oo. Then M,(C) is a von Neumann algebra.

Example 1.3.3. Consider the algebra of all bounded operators on a Hilbert space H, which we

denote by B(H). It may be shown that B(H) is a factor.

1.3.1 Polar decompositions in von Neumann algebras

Definition 1.3.4. An operator mapping a closed subspace Hi1 of a Hilbert space isometrically onto
another closed subspace Hsz, which also annihilates the orthogonal compliment of Hi is called a

partial isometry. The space Hi is called the initial space of the partial isometry and Ho is called



the final space. The projections with ranges Hi and Ho are called the initial and final projections,

respectively.

Proposition 1.3.5. If T is a bounded operator on a Hilbert space H, then there exists a partial
isometry V such that T = V(T*T)Y/? = (TT*)Y?V. Also, if T = WH where W is a partial
isometry and H s positive, then W =V and H = (T*T)l/Q. We call such a decomposition the

polar decomposition of T'.

Proof. Tt is easy to see that ((T*T)Y2z, (T*T)/2z) = (T*T)x,z) = (Tx,Tz). Therefore, there
exists a partial isometry V such that T = V(T*T)'/2. This implies that T* = (T*T)Y/?V*, and
TT* =V1T*TV*.

Hence (TT*)Y/? = V(T*T)Y/2V*, and T = V(T*T)Y/? = V(T*T)\/2V*V = (T'T*)'/?V.

It is clear that, if T = WH where W is a partial isometry and H is positive, W*WH = H.

Thus, T*T = HW*WH = H?. Hence, (T*T)"/? = H and W must equal V. O

Proposition 1.3.6. If T is a bounded operator in a von Neumann algebra M, and U H is the polar

decomposition of T, then U, H € M.

Proof. See Propositon 6.1.3 in [22]. O

1.3.2 Type decomposition of von Neumann algebras

Von Neumann algebras may be decomposed into five parts: type I, type I, type 111, type Il
and type III parts.

We need several definitions before we discuss the different types of von Neumann algebras.

Definition 1.3.7. Suppose A is an operator in a von Neumann algebra M. Then the central
carrier of A is the projection I — P such that P is the union of all projections P, in the center of

M which satisfy P,A = 0.

Definition 1.3.8. Projections E and F in a von Neumann algebra M are equivalent relative to

M if for some partial isometry V in M, V*V =FE and VV* = F.



Definition 1.3.9. A projection E in a von Neumann algebra M is called an abelian projection if

EME s itself abelian.

Definition 1.3.10. Suppose E is a projection in a von Neumann algebra M. If there is a projection
Ey such that E is equivalent to Ey, and Fy < E, then E is called an infinite projection with respect

to M. If E is not infinite with respect to M, then we say that E is a finite projection.
Now, we may define the types of von Neumann algebras.

Definition 1.3.11. A von Neumann algebra M is said to be of type L if it has an abelian projection
with central carrier I. If I is the sum of n equivalent abelian projections (n € N), M is said to be
of type L,.

If M has a finite projection with central carrier I, but no non-zero abelian projections, then M
is said to be of type IL. If I is finite, then M is of type 111, and if I is properly infinite M is of
type 1.

M is said to be of type Il if M has no non-zero finite projections.
When M is a factor, the type definitions may be simplified.

Proposition 1.3.12. Suppose M is a factor. Then M is either of type I,, I, Ily, or type III.

The factor M is of type I is it has a minimal projection, and of type I, if I can be written as
the sum of n minimal projections (n € N).

If M has a finite projection but no minimal projection, then M is of type II. M is of type I
if I is finite, and type Il if I is infinite.

If M has neither a non-zero finite projection nor a minimal projection, we say M is of type

II1.
Proof. See Corollary 6.3 in [22]. O

Proposition 1.3.13. Suppose M is a type I, factor. Then M is *-isomorphic to B(H) where the

dimension of the Hilbert space H is n.



Proposition 1.3.14. Suppose M is a countably decomposable type I, von Neumann algebra.
Then there exists a separable Hilbert space H such that M = B(H)®R where R is a von Neumann

algebra of type II.

Example 1.3.15. Suppose A is an abelian von Neumann algebra. We consider M, (A), the set of

n X n matrices with entries from A. M, (A) is a type I, von Neumann algebra.

Example 1.3.16. Let G be a discrete infinite conjugacy class group. We have that L(G) is a type

Iy factor, and for some separable Hilbert space H, B(H) ® L(G) is a type Il factor.

Example 1.3.17. Suppose that M is a type II; factor. Consider the n X n matrices with entries
in M, My,(M). Then when 1 <n < oo, M,(M) is a type II; factor. When n = oo, My(M) is a

factor of type Il.

It is a well known result of Murray and von Neumann in [29] that any von Neumann algebra

M may be decomposed in the following way:

M= > My, +Mp, + M, + M, + M

n<dim H
where My, is of type I,,, M1 is of type 1o, Mjy, is of type 111, Mz is of type Il and Mjr
is of type III. Any of My, , My, My, M1, and M may be equal to zero.

1.3.3 Semifinite von Neumann algebras

When Mj;r = 0 in Murray and von Neumann’s result, we call M a semifinite von Neumann
algebra. However, we will use an alternate definition of a semifinite von Neumann algebra.

Let M be a von Neumann algebra, and let M™ be the positive part of M.
Definition 1.3.18. A mapping 7 : Mt — [0, 00] is a tracial weight on M if
1. 7(x+y) =7(x) +7(y) for x,y € MT;

2. 7(azx) = ar(x) for x € M and a € [0, 00];
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3. T(xzx*) = T(x*z) for every x € M.

A tracial weight 7 is called normal if 7 : MT — C is continuous with respect to the weak
x-topology. 7 is faithful if for every a € M™, T(a*a) = 0 implies a = 0. 7 is said to be finite
if 7(I) < oo, and semifinite if for any nonzero x € M™, there is a nonzero y € M™ such that
7(y) < oo and y < x. A von Neumann algebra M is called a semifinite von Neumann algebra if a

faithful, normal semifinite tracial weight 7 exists.

1.3.4 The predual of a von Neumann algebra

A third topology on a von Neumann algebra is the weak *-topology, for which we need a predual

space.

Definition 1.3.19. Suppose that M is a von Neumann algebra over a Hilbert space H. Denote by

My the linear space of linear functionals on M which are weak operator topology continuous on

the unit ball of M. The space My is called the predual of M.

Definition 1.3.20. Suppose M is a von Neumann algebra with predual My. The weak *-topology
on M, p(My, M), is given by the neighborhoods {p € My : |p(xj)—po(z;)| <€ (j =1,2,...,m)}

of po where x1,x2,...,Tm € My and e > 0.

Equivalently, a net {p)}aca conveges to pg in the weak *-topology if and only if |p)(x)—po(z)| —
0. The weak *-topology on M is induced by the predual M.
The following lemma is known (see, for example Theorem 1.7.8 in [35]), but useful when dealing

with the weak *-topology on a von Neumann algebra M.

Lemma 1.3.21. Let M be a von Neumann algebra. If {ex}ren is a net of projections in M such
that ex — I in the weak x-topology, then exx — x, xey — x and eyxey — x in weak x-topology for

all ¢ in M.

Lemma 1.3.22. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial

weight 7. Then the following are true.
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1. There exists a family {ej}jcs of orthogonal projections in M such that (i) Zj ej converges

to I in weak x-topology and (i) T(ej) < oo for each j € J.

2. There exists a net {ex}aea of projections in M such that (i) ex — I in weak x-topology and

(ii) T(ex) < oo for each A € A.

Proof. Tt is not hard to see that (2) follows from (1). For the purpose of completeness, we sketch
the proof of (1) here. Actually, we need only to show that every nonzero projection e in M contains
a nonzero subprojection é such that 7(€) < co. Then the rest follows directly from Zorn’s lemma.

Let e be a nonzero projection in M. Since 7 is semifinite, there is a y € M™, y # 0 such
that 7(y) < oo and y < f. Therefore, there exist a positive number A > 0 and a nonzero spectral
projection € of y in M such that \é < y. Hence € is a non-zero subprojection of e such that

7(€) < 0o. The rest of the proof follows. O

1.4 L“ spaces for a semifinite von Neumann algebra

Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight 7. Let Z =
span{MeM : e = e* = €2 € M with 7(e) < oo} be the set of elementary operators in M. (For
more information, see the quasi-simple operators in Remark 2.3 of [42].) It may be shown that Z
is a two-sided ideal of M.

We define a family of norms on Z.

Definition 1.4.1. We call a norm o : T — [0,00) @ unitarily invariant, locally || - ||;-dominating,

mutually continuous norm with respect to 7 on Z if it satisfies the following characteristics:
1. « is unitarily invariant if for all unitaries u,v in M and every x in Z, a(uzxv) = a(x);

2. « is locally || - |[1-dominating if for every projection e in M with T(e) < oo, there exists

0 < c¢(e) < 0o such that a(exe) > c(e)|lexe||r for every x € I;

3. a is mutually continuous with respect to 7; namely
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(a) If {ex} is an increasing net of projections in I such that T(exx —x) — 0 for every x € Z,
then a(exz —x) — 0 for every x € . Or, equivalently, if {ex} is a net of projections in

T such that ex — I in the weak™ topology, then a(eyz — x) — 0 for every x € T.

(b) If {ex} is a net of projections in T such that a(ey) — 0, then T(ey) — 0.

Remark 1.4.2. Suppose M is a von Neumann algebra with a semifinite, faithful, normal tracial

weight 7. We may define a mapping || - ||, : T — [0,00) for 0 < p < oo by
Iz, = (r(|zP)Y?  for every x € T.

When 1 < p < oo, it may be shown that || - ||, is a unitarily invariant, locally || - ||1-dominating,

mutually continuous norm with respect to 7.

Definition 1.4.3. Suppose M is a von Neumann algebra with a semifinite, faithful, normal, tracial
weight T, and suppose that T = span{MeM : e = e* = > € M with 7(e) < oo} is the set of
elementary operators in M. Define L*(M, 1) for a norm o on I to be the completion of T under
a, namely

QU

LY*(M,7)=T".
We denote T1? by LP(M,T).

Notation 1.4.4. If S C L*(M, 1), then we denote the closure of S in L*(M, 1) by [S]a-

1.5 Arveson’s non-commutative Hardy space

In this subsection, we will recall Arveson’s definition of non-commutative Hardy spaces, and the
expansion of Arveson’s definition to L*(M, 7). Assume that M is a von Neumann algebra with
a semifinite, faithful, normal tracial weight 7. Let A C M be a weak*-closed unital subalgebra of
M, and let D = AN A*. Assume that ® : M — D is faithful, normal conditional expectation from

M onto D.
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Definition 1.5.1. A is a called a semifinite subdiagonal subalgebra, or a semifinite non-commutative

Hardy space, with respect to (M, ®) if
1. The restriction of T on D = AN A* is semifinite;
2. O(zy) = ®(x)P(y) for every x,y € A;
3. A+ A* is weak™ dense in M;
4. 7(®(z)) = 7(x) for every positive operator x in M.

In this case, A will also be denoted by H*®. Furthermore, we denote [AN L*(M,T)]q, the closure

mn a-norm, by H™.

Remark 1.5.2. It was shown in [47], [13] and [24] that such a subalgebra H* with respect to
(M, @) is mazimal among semifinite subdiagonal subalgebras satisfying (1), (2), (3) and (4). From

this fact, it follows that

H* ={aeM : &(xay) =0, Vo € H*®,y € H™® Nker(®)}.

Remark 1.5.3. Following notation from Definition 1.5.1, we know that the conditional expectation
¢ : M — D can be extended to a projection from LP(M,T) onto LP(D, ) with the norm | - ||,
(1 <p < o0) (see Proposition 2.3 in [47] or [2]). Such an extended projection will still be denoted

by ®. Moreover,
®(axb) = a®(x)b, VabeD, x € LP(M,7) (1 <p<o0).
Notation 1.5.4. We will let H3® = ker(®) N H*>, and H§ = ker(®) N H*.
The next result follows directly from Definition 1.5.1 and can be found in Lemma 3.1 of [2].

Lemma 1.5.5. If e is a projection in D = H*> N (H*)* with 0 < 7(e) < oo, then eH*e (denoted
H®) is a finite subdiagonal subalgebra of eMe (denoted M), and [eH*e|, = eH%, which we

denote by H.
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We will need the following technical lemma in the later chapters.

Lemma 1.5.6. Suppose M is a von Neumann algebra with a semifinite, faithful, normal, tracial
weight 7. Let H® be a semifinite, subdiagonal subalgebra in M in the sense of Definition 1.5.1
(namely, the restriction of T on D = H*> N (H*)* is semifinite). Let o be a unitarily invariant,
locally || - ||1-dominating, mututally continuous norm with respect to .

Then for every x € L*(M,T) with 0 < p < 0o and for every e € D with 0 < 7(e) < oo, there

erist an hi,hg € eH*e and an ho, hy € eH%e such that:
(Z) h1h2 =€ = h2h1 and h3h4 = h4h3 =e
(ii) hiex and xehs are in M.

Proof. Let ex = vexx*eu = |z*e|u be the polar decomposition of (ex)* in LY(M,7) where u
is a partial isometry in M and |z*e| is a positive operator in L*(M, 7). Note that |x*e| is in
eL*(M,1)e = L*(M,,T). Since 0 < 7(e) < oo, we know that M. is a finite von Neumann algebra
with a faithful, normal tracial state %T. By Lemma 1.5.5, we have that HZ° is a finite subdiagonal

subalgebra of M, with [H®], = HS.

We have that |z*e| € L¥( M., T(le) 7), and 0 < 7(e) < oo. Then w = (e+ |z*e|)~! is an invertible

operator in M, with w=! € L*(M., %6)7') We know that M. is a finite von Neumann algebra
with faithful, normal tracial state %7’, and a, on M, is a unitarily invariant, e-|| - ||;-dominating,
continuous norm on M,.. Therefore, from Proposition 5.2 in [8], there exists a unitary v in M.,

h1 € HZ°, and hy € HY such that
(1) h1h2 =€ = hzhl; and
(iia) w = ’Uhl.

By (iia), we get (iip) hi|z*e| = v*w|z*e| = v*(e + |z*e|) 7 |z*e| € M. C M. Since u; is a partial
isometry in M, hiex = hi|z*e|u; € M. Therefore, (ii) holds.

The proof for hg and hy is similar. O
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The following lemma is also useful.

Lemma 1.5.7. Suppose M is a von Neumann algebra with a semifinite, faithful, normal, tracial
weight 7. Let H*® be a semifinite subdiagonal subalgebra with respect to (M, ®), where ® is a
faithful, normal conditional expectation from M onto D = H*> N (H>)*.

Then there exists a net {ex}aea of projections in D such that such that
(i) ex — I in the weak x-topology of M and 7(ey) < oo for each \ € A.
(ii)) We have, for every x € L*(M,T) with 0 < p < oo,

li/{na(em: —z) =0; li)l\rna(meA —z)=0; and liPa(eAxeA —z)=0.

Proof. We know that H* is a semifinite subdiagonal subalgebra of M, therefore the restriction of
7 to D is semifinite. From Lemma 1.3.22, there exists a net of projections {ey}aea in D such that

ex — I in the weak™ topology on D, and 7(e)) < oo for all A € A. Therefore,
li/{n IT(exz — 2)| = 0 for every z € LY(D, 7).
Also, for each y in L'(M,7), we have that
lim[r(exy —y)| = lim[r(Q(ery —y))| = lim [r(ex®(y) — B(y))| = 0.

Namely, ey — I in the weak™ topology on M, and 7(ey) < oo for every A € A. (i) is satisfied.
Then from (i) and Definition 1.4.1, we may conclude that (ii) holds. Namely, for every z €

L*(M, ),
liinoz(e)\:/v —z)=0; liinoz(:veA —1z)=0; and liinoz(e)\x@\ —z)=0.

Therefore, the lemma is proven. O

1.6 Row sums of von Neumann algebras

Now we recall the following definition for the row sum of subspaces in LP(M, 1) for 0 < p < oo as

follows.
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Definition 1.6.1. Let M be a von Neumann algebra with a semifinite, normal faithful, tracial
weight T and 0 < p < oco. Let X be a closed subspace of LP(M,T). Then X is called an internal

row sum of closed subspaces {X;}ier of LP(M, ), denoted by X = @27 X, if
1. X; X5 ={0} for all distinct i,j € Z; and

2. the linear span of {X; : i € I} is dense in X, i.e. X = [span{X; : i € T}],. We will denote

span{X; : i €T} by > 7 Xi.

Definition 1.6.2. Let M be a von Neumann algebra. Let X be a weak x-closed subspace of M.

Then X is called an internal row sum of a family of weak*-closed subspaces {X;}ic1 of M, denoted
by X = @il Xi, if

1. X; X} = {0} for all distinct i,j € I; and

2. the linear span of {X; : i € I} is weak*-dense in X, i.e. X = span{X; : i €L} . We

will denote span{X; : i €L} by > ;.7 Xi.

1.7 The Beurling theorem

In 1949, A. Beurling proved his classical theorem for invariant subspaces (see [5]). We recall his
Theorem now. Suppose that T is the unit circle, and let p be the measure on T such that dy = %d&.

We let L>®(T, 1) be the commutative von Neumann algebra on T and define L?(T, i) to be the

closure of L>(T, u) under the ||-||o-norm. Let H? = span({z" : n > O}H'HQ, as subspace of L?(T, u1),
and let H>® = H? N L>®(T, u). Define My(f) = ¢(f) for every f € L*(T, ). It may be shown that
L*>(T, 1) has a representation onto B(L?(T,p)) via the map ¢ — My. Hence, L°(T, u) and H™
may be assumed to act naturally on L?(T, i) via left or right multiplication.

The classical Beurling theorem (from [5]) may be stated as follows: If W is a nonzero, closed,
H®-left-invariant subspace of H* (equivalently, z2WW C W for all z € H*®), then W = ¢H? for

some ¢ in H® such that |¢| =1 a.e.(p).
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When we define LP(T, u) = m”'”p, and HP = {f € LP(T, ) : [1 f(e?)e™du(0)Vn € N}
for 1 < p < oo, the Beurling theorem has been extended to the H-left-invariant subspace on the
Hardy spaces H? for 1 < p < oco. (For example, see [7], [17], [18], [19], [21], [44], and others).

The Beurling theorem has been extended in other ways as well. Our goal is to extend it in

several new cases.



Chapter 2

Invariant subspaces of LP-Spaces

Let H be an infinite dimensional Hilbert space with an orthonormal base {e, }mez, and B(H) be
the set of all bounded linear operators on H. Let 7 = T'r be the usual trace on B(H), i.e.

T(z) = Z (xem, em), for all positive xz in B(H).
meZ

For each 0 < p < oo, the Schatten p-class SP(#) consists all the elements x in B(#) such that
7(|z[P) < oco. It is well-known (for example, see [9]) that SP(?) is a complete metric space (a
Banach space when p > 1 and a Hilbert space when p = 2). Moreover, SP(H) is a two sided ideal
of B(H).

Let

A={x € B(H): (xem,en) =0, Vn <m}

be the lower triangular subalgebra of B(?). In this chapter, we are interested in answering the

following question, which is implicitly asked by McAsey, Muhly and Saito in Example 2.6 of [28].

Problem 2.0.1. Given a closed subspace K of the Schatten p-class SP(H) where 0 < p < 00, such

that IC satisfies AK C K, how can we characterize the subspace K¢

The answer to Problem 2.0.1 is closely related to our generalization of the classical Beurling
theorem for a Hardy space.

One extension of the Beurling theorem comes from the work of D. Blecher and L. Labuschagne
in [6]. We recall the construction of LP(M, 7). Let M be a semifinite von Neumann algebra, and

let 7 be a faithful, normal tracial weight on M (when 7(I) < oo, M is finite). Let Z be the set

18
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of elementary operators in M (when M is finite, Z = M). Then define a mapping from Z to
[0,00) by [|z]|, = (T(|z["))'/P for every x € T, and where |x| = v/z*z. It is nontrivial to prove that
when 1 < p < o0, || - ||, defines a norm on Z, which we call the L,-norm. We may then define
LP(M,T) = 7 We let L>*(M,7) = M, and this space acts naturally on LP(M, 1) by left (or
right) multiplication.

We then recall the definition of the semifinite extension of Arveson’s non-commutative Hardy
space from [1]. If M is a von Neumann algebra, with faithful, normal, semifinite tracial weight
7, let A C M be a weak™ closed unital subalgebra. Then let D = AN A* be a von Neumann
subalgebra of M, such that 7|p is semifinite. There exists ® : M — D, a faithful, normal
conditional expectation, which can be extended to ® : L'(M,7) — LY(D,7). Then A is called
a non-commutative Hardy space if (1) ®(zy) = ®(x)P(y) for every x,y € A; (2) A+ A* is weak*
dense in M; (3) 7(®(z)) = 7(x) for every positive element x € M.

Blecher and Labuschagne proved the following theorem for finite von Neumann algebras in [6].
Let M be a finite von Neumann algebra with a faithful, tracial, normal state 7, and H*® be a
mazximal subdiagonal subalgebra of M with D = H* N (H*)*. Suppose that K is a closed H>-
right-invariant subspace of LP(M,T), for some 1 < p < co. (For p = oo it is assumed that K is
weak™ closed.) Then K may be written as a column LP-sum K = Z @ (@, HP), where Z is
a closed (indeed, weak*closed if p = 0o) subspace of LP(M, 1) such that Z = [ZHG®],, and where
u; are partial isometries in M N KC satisfying certain conditions. (For more details, see [6].) Here
@l HP and Z = [ZHE®], are of type 1, and type 2 respectively (also see [6] for definitions of
invariant subspaces of different types).

Examples of finite von Neumann algebras include the spaces M, (C) of all n x n matrices with
complex entries when 1 < n < co. However, if H is an infinite dimensional separable Hilbert space
and we view B(H) as My (C), the set of all (bounded) oo x oo matrices with complex entries,
then B(H) is a semifinite von Neumann algebra, and no longer satisfies the hypothesis of the
Beurling-Blecher-Labuschagne theorem.

In this paper, we therefore consider a version of Blecher and Labuschagne’s Beurling theorem
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for semifinite von Neumann algebras. We seek to characterize H*-invariant spaces of LP(M,T)
spaces. Adapting Blecher and Labuschagne’s theorem to the semifinite case, we prove the following

results:

Theorem 2.3.5. Let M be a von Neumann algebra with o faithful, normal, semifinite tracial
weight T, and H* be a semifinite subdiagonal subalgebra of M (see Definition 1.5.1). Let D =
H>® N (H*®)*. Assume that K C M is weak *-closed subspace such that H*K C K.

Then there exist a weak™ closed subspace Y of M and a family {uy}rea of partial isometries

in M such that:
(i) u\Y* =0 for all A € A.

(i) uyuy € D and uyuy, =0 for all \,u € A with X # p.

(iii) Y = HEV "
(iv) K = Y &7 (@424 Huy)
Here &% is the row sum of subspaces defined in Definition 1.6.2.

Theorem 2.3.6. Let 1 < p < oo. Let M be a von Neumann algebra with a faithful, normal,
semifinite tracial weight T, and H* be a semifinite subdiagonal subalgebra of M (see Definition
1.5.1). Let D = H®N(H™>)*. Assume that K is a closed subspace of LP(M,T) such that H*K C K.

Then there exist a closed subspace Y of LP(M, 1) and a family {uy}rea of partial isometries in

M such that:
(i) up\Y* =0 for all A € A.
(ii) uxuy € D and uyuy, =0 for all \,p € A with X # p.
(1it) Y = [HGY]p.
(iv) K=Y & (&2 HPuy)

Here &% is the row sum of subspaces defined in Definition 1.6.1.
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However, many of the methods used by Blecher and Labuschagne do not apply directly when
M is a semifinite von Neumann algebra. Thus, we prove a density theorem for semifinite von

Neumann algebras through a series of lemmas and propositions.

Proposition 2.3.1. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight T, and H™ be a semifinite subdiagonal subalgebra of M. Let 1 < p < co. Assume that K is

a closed subspace in LP(M, 1) such that H®K C K. Then the following statements are true.

(i) KNnM=KnM" nL"(M,7).
(i) K = [K N M],.

Proposition 2.3.2. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight T, and H* be a semifinite subdiagonal subalgebra of M. Assume that KK C M is weak*-closed

subspace such that H*®IC C K. Then

*

K=[KNnLP(M, "), "M , ¥V1<p< oo

Lemma 2.3.3. If u is a partial isometry in M such that uu* € D, then
(i) [(H®u) N LP(M, 1)), = HPu for all 1 < p < oo, and
(i) H®u = HPu N MY forall1 <p < oo.

Proposition 2.3.4. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight 7, and H* be a semifinite subdiagonal subalgebra of M. Assume that S C M is a subspace

such that H>*S C 5. Then
(SN LP(M, 7)), =[S NIP(M,7)],, ¥V 1<p< oo

Subsequently, we are able to prove a noncommutative Beurling-Blecher-Labuschagne theorem

for the semifinite case when 0 < p < 1.
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Theorem 2.4.4. Let 0 < p < 1. Let M be a von Neumann algebra with o faithful, normal,
semifinite tracial weight T, and H* be a semifinite subdiagonal subalgebra of M (see Definition
1.5.1). Let D = H®N(H>)*. Assume that K is a closed subspace of LP(M, T) such that H*K C K.

Then there exist a closed subspace Y of LP(M, 1) and a family {uy}rea of partial isometries in

M such that:
(i) up\Y* =0 for all A € A.
(ii) uyuy € D and uyuy, =0 for all \,u € A with X # p.
(iii) Y = [HEY],.
(i) K =Y &7 (@524 Hruy)

Here @™V is the row sum of subspaces defined in Definition 1.6.1.

Here, we use similar methods to our proof for 1 < p < oo, including proving a similar density
theorem (see Proposition 2.4.1, Proposition 2.4.2).

We also prove a corollary for the case when 0 < p < oo.

Corollary 2.4.5. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial

weight T.

(i) Let 0 < p < oco. If K is a closed subspace of LP(M,T) such that MIC C IC, then there exists

a projection ¢ € M such that K = LP(M, 7)q.
(i1) If K is a weak*-closed subspace of M such that MK C IC, then there exists a projection ¢ € M
such that K = Mgq.
2.1 [P-spaces of semifinite von Neumann algebras

Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight 7. We let

T = span{MeM : e = ¢* = ¢ € M with 7(e) < 00}
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be the set of elementary operators in M (see quasi-simple operators in Remark 2.3 in [42]). Then
7 is a two-sided ideal of M. We recall the construction of the space LP(M,T).

For each 0 < p < 0o, we define a mapping || - ||, : Z — [0, 00) as follows
1
|z|l, = (7(|z])?)» for every x € T.

It is a well-known fact that || - ||, is a norm on Z for 1 < p < 0o, and a p-norm on Z for 0 < p < 1.

(see Theorem 4.9 in [14])

Recall the following from Defintion 1.4.3. We define LP(M, 1), for 0 < p < oo, to be the
completion of Z under || - ||, i.e.

r(M,7) =T,
As usual, we let L*°(M, 1) be M.

Notation 2.1.1. If S is a subset of LP(M, ) with 0 < p < oo, we will denote by [S], the closure
of S in LP(M,1). If S is a subset of M, we will denote by S the closure of S in M under the

weak *-topology.
The following two lemmas are well known.

Lemma 2.1.2. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight

7. The following are true.
1. (Hélder’s Inequality) For 0 < p,q,r < oo with 1/p+1/q = 1/r, we have zy € L" (M, 1) and

leyllr < lzllpllylly — for all x € LP(M,7) and y € LY(M, 7).

2. For each 0 < r < oo, we have |laxb|, < |all||z|-]|b]| for x € L"(M,T) and a,b € M.

Therefore, L"(M,T) is an M bi-module for each 0 < r < co.
3. (Duality) For any 1 <p < oo and 1 < q < oo with 1/p+1/q =1, we have

(LP(M,7))F = LY(M, T) (isometrically),
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where the duality between LP(M, 1) and LI(M,T) is given by (x,y) = 7(xy). Thus, LY(M, )

is the predual of M.
Proof. See [14]. O
We have the following as a consequence of Lemma 1.5.7

Lemma 2.1.3. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial weight
T and 0 < p < oco. If {ex}ren is a net of projections in M such that such that ey — I in the weak

x-topology, then for every x € LP(M,T)

li§\n||e)\x—a:||p:(); li;r\nH:ce,\—:UHp:O; and liin||e,\a:e>\—ac|\p20.

2.2 Beurling-Blecher-Labuschagne theorem for semifinite Hardy
spaces, p=2

In this section, we will prove a Beurling-Blecher-Labuschagne type theorem for semifinite non-

commutative Hardy spaces.

Theorem 2.2.1. Let M be a von Neumann algebra with o faithful, normal, semifinite tracial
weight T, and H* be a weak*-closed subalgebra of M. Let D = H*>® N (H*™)* be a von Neumann
subalgebra of M, and ® : M — D be a faithful normal condition expectation.

Assume that H* is a semifinite subdiagonal subalgebra with respect to (M, ®) (see Definition
1.5.1). Let K be a closed subspace of L*>(M, 1) satisfying H®K C K. Then there exist a closed

subspace Y of L*(M,7) and a family {uy}xea of partial isometries in M, satisfying
(i) u\Y* =0 for all A € A.
(ii) uxuy € D and uyuy, =0 for all A\, p € A with X # p.

(111) Y = [H§®Y |2, where H® = H™ N ker(®).

(iv) K=Y @ (DreaH?u)



25

The proof of this result uses a similar idea as the one in [6] for finite von Neumann algebras.
We will modify the argument in [6] to prove the preceding result for the case of semifinite von

Neumann algebras. First, we present a series of technical lemmas.

2.2.1 Some lemmas

Following the notation above, we let M be a von Neumann algebra with a faithful, normal, semifi-
nite tracial weight 7 and H* be a semifinite subdiagonal subalgebra of M. Let D = H* N (H>)*
be a von Neumann subalgebra of M and ® : M — D a faithful normal conditional expectation.
From Remark 1.5.3, we know that ® can be extended to a positive contraction from LP(M, 7) onto

LP(D, ) for each 1 < p < oo, such that
®(azxb) = a®(z)b, VabeD, ze€ lPIM,7), 1 <p< oc.

We find the following observation useful. Let M be a von Neumann algebra with a faithful, normal,
semifinite tracial weight 7, and H* be a semifinite subdiagonal subalgebra of M. If x in L'(M,7)
satisfies

T(xz) =0 for all z € H® + (H™)*,
then 2 = 0. This follows from the weak*-density of H> + (H*)*.
Lemma 2.2.2. Let K be a closed subspace of L>(M, 1) satisfying H¥K C K. Let
X =Ko [HK], CK C LAM,T).
Then the following are true.
(i) XX* C LY (D, 7).
(i) X is a left D-module, i.e. for every d € D and x € X, we have dz € X.

(iii) Let x be an element in X and x = hu where u*h is the polar decomposition of x* in L>(M, 1),

where u is a partial isometry in M and h = |x*| € L>(M, 7). Then
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(a) h € L*(D,7) and uu* € D;
(b) [Dz]y = L*(D, 7)u;
(c) [H®z]y = H?u. In particular, H*u C X .
(iv) There ezists a family {ux}ren of partial isometries in M such that
(a) X = @renHuy;
b) uyuX is a projection in D; and
( A ]

c) upul, =0 for all \, u € A with A # p.
o

Proof. (i): Proving (i) is equivalent to showing that for every z,y € X, yz* € L' (D, 7).
Assume that z,y € X C L*(M, 7). Thus yz* € L*(M, 7). Recall ® : LY(M,7) — LY(D, ) is

a positive contraction such that
®(dyady) = d1®(a)ds, YV di,dy €D and a € L'(M,7),
and thus
®(da) = d®(a), VYV de LY(D,r)and a€ M. (2.1)

Thus, to prove that yz* € L'(D, 1), it is enough to show that yz* — ®(yz*) = 0. By the observation

preceeding the lemma and the fact that yz* — ®(yz*) € L'(M, 7), we need only to prove that
T(Jyz* — ®(yz™)]z) =0 for every z € H> + (H™)*.

We will proceed with the proof according to the cases (1) z € H§®, (2) z € D, and (3) z € (H{®)*.

Case (1): Let z € H3°. Then
T(lyz" — ®(ya")]2) = T(yz"2) — 7((y2")2)
=71(yx*z) — 7(P(P(yx™)2)) (® is trace preserving)
= 1(zyx™) — 7(P(yz")P(2)) (by Equation 2.1)

=0 (as z,y are in X and z is in H§®)
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Case (2): Let z € D. Then

T(lyz* — ®(yz™)]z) = 7(P([yz* — P(yx™)]2)) (P is trace preserving)

=0. (as z,y are in X and z is in H§®)
Case (3): Let z € (H§°)*. Then

T([(ya") — B(ya")]2) = 7(ya"2) — 7(P(yz")z)

=71(y(z"z)") — 7(P(P(yz")z)) (P is trace preserving)
=71(y(z"z)") — 7(P(yz")®(2)) (by equation 2.1)
=0 (as z,y are in X and z is in H§®)

This ends the proof of part (i).

(ii): Let d € D and z € X C K. Since H*K C K, we have dx € K. Now, for hg € HJ® and

ke K,

T(hok(dz)*) = T(hokx*d*) = 7(d"hokz™) = 0,
as d*hy € H§°, and z € X = K © [H{°K]2. Hence dx L [H°K]2. Thus dz € X and X is a left
D-module.

(iii): Assume z is an element in X. Let x = hu where u*h is the polar decomposition of z* in
L*(M, 1), where u is a partial isometry in M and h = |z*| € L?(M, 7). From the result in (i), we
know that h is in L?(D, 7). Therefore uu*, as the range projection of h, is in D. This shows that
(a) is true.

From (a), it follows that [L?(D, 7)uu*]s = L*(D, 7)(uu*). Observe that uu* is the range projec-

tion of h. Therefore, we have [Dh]y = L?(D, 7)(uu*), whence
[Dhlou = L*(D, 7)(uu*u) = L*(D, )u. (2.2)

We claim that

[Dz]s = [Dhlu.
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In order to prove this claim, we observe that for any sequence {d, } in D, d,, converges in || - ||2-norm
to some element b in [Dzx]s if and only if d,zu* = d,h is || - [[2-norm convergent to bu* in [Dz]s.
Uniqueness of limits ensures that the reverse part of the implication holds.

From this observation and equation (2.2), we conclude that
[Dz]y = [Dhlou = L*(D, 7)u.

This ends the proof of part (b). The proof of (¢) is similar to (b).
(iv) We may assume that X # 0. From the result in (iii) and Zorn’s lemma, we may assume

that there exists a maximal family {u)}rea of nonzero partial isometries in M with respect to

which

(a1) H?uy C X for each \ € A;

(b) wyu3} is a projection in D; and

(¢) uruj, =0 for all A\, u € A with A # p.
We will show that

(a) X = ®reaH?un.

In fact, from (a;), we know that each H?uy, C X. Combining with (c), we conclude that
{H?uy} cn is a family of orthogonal subspaces of X, whence @ycp H?uy, is a subspace of X.

Now assume that X © (Prcp H?uy) is not equal to 0. Pick a nonzero z in X © (©xea H?uy)
and assume that x = hu is the polar decomposition of z* in L?(M, 1), where u is a nonzero partial
isometry in M and h = |z*| € L?(M, 7). It follows from the result proved in (iii) that H?u C X
and uu* is in D.

By Lemma 1.5.7, there exists a net {e;};es of projections in D such that such that e; — I in
the weak *-topology and 7(e;) < oo for each j € J.

Let j € J. Then by the choice of z, we get that H?uy and z are orthogonal. So,

T(dejurx™) =0, VdeD.
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From (i), ejuyz* is in L}(D,7). By the observation preceeding Lemma 2.2.2 we conclude that
ejuyx™ = 0 for each j € J.

As uyz* € LM, 1), lim; ||lejurz® — upz*|l2 = 0 by Lemma 2.1.3. Thus we have that uyz* =
uyu*h = 0. The fact that the initial projection of w* is the range projection of h induces that
uyu* = 0. Therefore, u is a nonzero partial isometry in M such that H?>u C X, uu* € D, and
uyu* = 0 for each A € A. This contradicts the assumption that the family {u)}rea is maximal with

respect to (a1), (b) and (c). Therefore, X = @ycp H?uy. This concludes the proof of part (iv). O

Lemma 2.2.3. Let K be a closed subspace of L?(M, 1) satisfying H¥K C K. Let
X =Ko [HK]2 and Y =Ko [H*X]s.

Then the following are true.

(i) YX* =0, or equivalently XY* = 0.

(i) Y = [H§Y ]2
Proof. (i) We will show that yz* = 0 for every y € Y and x € X.

Note that Y € K C L?(M,7) and X C K C L?*(M, 7). We have that YX* C L'(M,7).

Assume y € Y and x € X. Then by the observation preceeding Lemma 2.2.2, it suffices to show

that

T(yz*z) =0 for every z € H*® 4 (H™)™.

We will proceed with the proof according to the cases (1) z € Hg®, (2) z € D, and (3) z € (H{®)*.
Case (1): Let z € H3°. Then

T(yx*z) = 1(2zyx™) = 0,

since x € X, zy € HPK, and X L [H{°K]s.

Case (2): Let z € D. Then

T(yz"z) = 7(y(s"x)") = 0,



30

asy €Y, z'zr e H®X,andY 1 H*X.

Case (3): Let z € (H§°)*. Then

T(yr"z) = T(y(z"2)") = 0,

asy €Y, and z*x € Hi°X.

Therefore, Y X* = 0, which ends the proof of (i).

(ii) From part (i), we know that Y X* = 0, whence H°Y X* = 0. Recall Y = K & [H>*X],.
It follows that [H®Y ], C Y. Let Z =Y & [H®Y]; = 0. To prove (ii), it suffices to show that
Z7Z* = 0. Because Z C Y, we have that Z 1L [H*X]y, whence Z L [H§®(Y & [H*X]3)]2. This
implies that Z L [H{°K]2. Note that X = K & [H°K]2. We conclude that Z C X. Note that

YX*=0. Since Z C X and Z C Y, we have that ZZ* C Y X* = 0. This ends the proof of (ii). O

2.2.2 Proof of Theorem 2.2.1

We are ready to prove the main result in this section.

Proof. Recall that K is a closed subspace of L?(M, 1) satisfying H*K C K. Let
X =Ko [H{K]2 and Y =K & [H*X]s.
By Lemma 2.2.2, there exists a family {uy}ea of partial isometries in M such that
X = @xeaH uy;

and

uyu) is a projection in D, and uyuy, = 0 for all A\, u € A with X # p. (ii)

By the choice of Y, we have

K=Y ®X=Y & (@®xerH?uy). (iv)
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Moreover, from Lemma 2.2.3, we know that
eu Y =0

for all A € A, and a net of projections {e;} such that 7(e;) < oo, and e; — I in the weak*-topology.

Therefore
up Y* =0. (i)
Also,
Y = [H°Y]s. (iii)
This ends the proof of Theorem 2.2.1. O

2.3 Beurling-Blecher-Labuschagne theorem for semifinite Hardy
spaces, 1 < p < o0
2.3.1 Dense subspaces

Proposition 2.3.1. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight T, and H*® be a semifinite subdiagonal subalgebra of M. Let 1 < p < co. Assume that K is

a closed subspace in LP(M, 1) such that H*K C IC. Then the following statements are true.

(i) KAM=KnM" nLM,7).
(i) K = [KNM],.

Proof. (i) It is easily observed that

KnMCEKAM” NIPM, 7).

We will show that

KnM=KaM" NIPM,7).

Assume, to the contrary, that K N M & KnMY n LP(M, 7). Then there exists an z €

KoM n LP(M, 7) such that x ¢ KN M. Clearly, X N M C M, so x ¢ KN M implies that
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r ¢ K. By the Hahn-Banach theorem, there exists ¢ € LP(M,7)# = L9(M,7) (where % + % =1)
such that ¢(x) # 0 and ¢(y) = 0 for every y € K. Pick £ in L9(M, 1) such that 7(£x) # 0, and
T(K) =0.

By Lemma 1.5.7, there exists a net {e)}xea of projections in D such that 7(ey) < oo for each
A € A, and limy 7(eyz€) = 7(x€). So, we can always assume that there exists a projection e in D
with 0 < 7(e) < oo such that 7(ex€) # 0 and 7(eyé) = 0 for every y € K (as K is H°-invariant
and e € D C H*®).

Now we claim that e € LY (M, 1), as [|€e|l1 < |[¢]l4]le]]p, < oo

Since 2 € KAM" N LP(M, 1), we can find a net {y;}icr in £ N M, such that y; — x in the

weak*-topology. Combining this with the fact that e € L'(M, 1), we have

T(exf) = 7(x€e) = lim 7(y;€e) = lim 7(ey;&) = 0,

which contradicts the fact that 7(ex€) # 0. This ends the proof of part (i).

(i) Suppose, to the contrary, that [l N M)], & K. Then there exists an z € K such that
x ¢ [KN M), Then, by the Hahn-Banach theorem, there exists ¢ € LP(M,7)# = LI(M,1)
(where % + % = 1), such that ¢(z) # 0 and ¢(y) = 0 for every y € [K N M],. This occurs if and
only if there exists a & € LI(M, 1) such that 7(z{) # 0 and 7(y€) = 0 for every y € [K N M],.

By Lemma 1.5.7, there exists a net {e)}xea of projections in D such that 7(ey) < oo for each
A € A, and lim) 7(exz€) = 7(x€). So, we may always assume that there exists a projection e in D

with 0 < 7(e) < oo such that
(a) 7(ex€) # 0; and
(b) 7(ey€) =0 for every y € KN M (as K is H*>-invariant, and e € D C H™®).

Since x € LP(M,7) and e is a projection in D such that 7(e) < oo, by Lemma 1.5.6, there

exists a hy € eH>e, and hy € eHPe such that hiex € M and hihe = hohy = e. From the fact that
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hy € eHPe, there exists a sequence {ay }nen in eH>e such that lim,,_, ||an, — ha||, = 0. Therefore

lim |7(aphiex) — 7(exf)| = lim |T(aphiext) — T(hahiext)|

n—c0 n—co
< Tim_[lan — hollylimrex]llg]l
=0.
On the other hand, since a,,, h1 and e are in H* and hiex € M, we know that a,hiex € KN M.
From assumption (b), it follows that 7(a,hiexé) = 0 for all n > 1. Therefore 7(ex§) = 0, which

contradicts the assumption (a) that 7(z€e) # 0. This ends the proof of part (ii). O

Proposition 2.3.2. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight T and H™ be a semifinite subdiagonal subalgebra of M. Assume that I C M is a weak*-

closed subspace such that H®K C IC. Then

*

K=[KNnLP(M, "), " M", ¥V1<p< .

Proof. First, we show that

KcKnLP(M, 1), n M.

Let = be an element in £ C M. By Lemma 1.5.7, there exists a net {e)}rea of projections in D

such that such that ey — I in the weak™ topology and 7(e)) < oo for each A\ € A. By Lemma

1.3.21, exx — x in the weak™ topology. To show that z € [N LP(M,T)],N /\/lw*, it suffices to

show that eyz € [K N LP(M,T)], N M for each X € A.
Since K C M is left H*®-invariant and = € K, we have exx € K. Moreover, [e x|, <

lleallpl|z]|oo < 00, s0 exx € LP(M, 7). It follows that exz € KNLP(M, 1) foreach A € A. Aseyz — =

in the weak* topology, x € [N LP(M,T)], N M"". We obtain K C [K N LP(M, T)p N M

Next, we will show that

KNLP(M,7),n M C K.

Since K is weak*-closed, it suffices to show that

N LP(M, )], N M C K.
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Assume, to the contrary, that z is an element in [N LP(M,7)], "M, but « ¢ K. Thus, by
the Hahn-Banach theorem, there exists a weak™ continuous linear functional ¢ on M such that

o(z) # 0 and p(y) = 0 for every y € K. Equivalently, there exists a £ € L'(M, 7) such that
(a) 7(x€) # 0; and
(b) 7(y&) = 0 for every y € K.

By Lemma 1.5.7, there exists a net {ey} xea of projections in D such that 7(ey) < oo for each A € A
and limy 7(exx€) = 7(x€). So we may always assume that there exists a projection e in D with

0 < 7(e) < oo such that

(a1) T(ex€) # 0; and

(b1) T(ey§) =0 for every y € K (as K is H*>-invariant and e € D C H™).
We claim there exists a z = ze € Me such that

(ag) T(xz) # 0; and

(b2) 7(yz) =0 for every y € K.

Observe that ¢ is in L!(M, 7), and e is a projection in D such that 7(e) < co. From Lemma 1.5.6,
there exist hy € eH®e and hy € eH'e such that £ehs € eMe and hghy = e. Thus there exists a

sequence {k, }nen of elements in e H*e such that lim,_,« ||kn — hall1 = 0. It follows that

1i_>m |T(exf) — T(x€ehsk,)| = 1i_>m |T(z€ehshy) — T(x€ehsk,)|

A

Jim b s — bl = 0.

Combining this with (a;), we know that there exists an N € N such that 7(z€ehsky) # 0. Let

z = (€eh3)kn be in M. Then z = ze € Me satisfies
(a2) 7T(xz) = 7(x€ehsky) # 0; and

(ba) 7T(yz) = 1(y&ehskn) = T((ehskn)y&) = 0 for every y € K.



35

Note that « € [KX N LP(M, T)], " M. There exists a sequence {z, }nen in £ N LP(M, T) such

that lim, o ||zn — 2|, = 0. Thus we have
(22 — wn2)| = |7((x — 2n)ze)| < |lzn —2lp]lz]l[lellq = O, (2.3)

where ¢ satisfies 1/p + 1/q = 1. On the other hand, since {xy, }nenr is in LN LP(M, T), by (bs) we
have

T(xnz) =0, VneN

Combining with inequality (2.3), we have
T(xz) = 0.

This contradicts the assumption in (ag) that 7(zz) # 0. Therefore,

KNLP(M,),n M C K.

Hence

Ww*

K=[KNLP(M,T),N M

O
Lemma 2.3.3. If u is a partial isometry in M such that uu* € D, then
(1) [((H*®u) N LP(M, 1)]p, = HPu for all 1 < p < oo, and
(ii)) H®u = Hrun M" for all1 <p < occ.
Proof. (i) can be verified directly. (ii) follows from Proposition 2.3.2 and (i). O

Proposition 2.3.4. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial
weight T and let H*® be a semifinite subdiagonal subalgebra of M. Assume that S C M is a

subspace such that H*S C S. Then

[S N LP(M, 7)), =[S N IP(M,7)],, ¥ 1<p< oo,
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Proof. 1t suffices to show that

W

S ALP(M, 7) C [S N LP(M,T)],.

Let z € §* N LP(M, 7). By Lemma 1.5.7, there exists a net {e)}xea of projections in D such that
ex — I in the weak™ topology and 7(ey) < oo for each A € A. By Lemma 2.1.3, lim,, ||eyz—z||, = 0.
To show that z € [SN LP(M,T)]p, it is enough to show that eyx € [S N LP(M, 7)], for each X € A.

By Proposition 2.3.1, we have

(SN LP(M, )], N M = [SALP(M, 1), " M" N LP(M, 7).

Since x € § N LP(M,7), there exists a net {x;};cs in S such that x; — = in the weak* topology.

By Lemma 1.3.21, exz; — ez in the weak™® topology for each A. Note that [lexz;|l, < |lexllpllz;l|

and H>*S C S. We therefore know that eya; € SNLP(M, 7). So exz is in [S N LP(M, T)], N M

It is trivial to see that eyz € LP(M, 7). Hence,

ext € [SNLP(M, )], N M N LP(M,7) = [SNLP(M, )], N M.

So
z €[S N LP(M, 7).
Thus
S N LP(M,7) C [S N LP(M, 7)),
Hence

[S N LP(M, )], =[S N IP(M,7)],, ¥V 1<p< occ.

O

Theorem 2.3.5. Let M be a von Neumann algebra with a faithful, mormal, semifinite tracial
weight T, and H*® be a semifinite subdiagonal subalgebra of M. Let D = H*> N (H*)*. Assume
that KK C M is weak*-closed subspace such that H*K C K.

Then there exist a weak™ closed subspace Y of M and a family {uy}ren of partial isometries

i M such that:
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(i) uxY* =0 for all A € A.

(i) uzuy € D and upyuy, =0 for all A\, pn € A with X\ # p.

(iii) Y = HEY" .
(iv) K=Y @& (S 23 H > uy)
Here @™V is the row sum of subspaces defined in Definition 1.6.2.

Proof. Let K1 = [KNL?*(M,7)]2. Then K is a closed subspace of L?(M, 7) such that H®K; C K;.
By Theorem 2.2.1, there exist a closed subspace Y; of L2(M, 1) and a family {uy}xea of partial

isometries in M, satisfying
(a) upY;* =0 for all A € A.
(b) uzu} € D and upuy, = 0 for all A\, u € A with A # p.
(c) Y1 = [H§Y1]2, where HJ® = H* Nker(P).
(d) K1=Y1 & (GreaH?uy)

Let

w*

Y=Y1nM
(i) We show that (i) is satisfied. In fact, from (a) and Lemma 1.3.21, we have

up Y™ =0 for all A € A. (2.4)

(ii) follows directly from (b).
(iii) We claim that

Y = HFYY

In fact, we need only to show that Y C H§Y . By Proposition 2.3.1 and the definition of Y, we

have

Yi=[YVinMy=YVin M NLAM, 7))y = [Y N LEM, 7).
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So

HSYy = HP[Y N L*(M, 7))o C [(HEEY) N L2 (M, 7)]2

C [HFY" N LAM, 7).
Thus, from (c), we have
Vi = [HYi]e C [HPY " N LA M, 7)]a. (2.5)

Now, we are able to conclude that

Y =YinM" (by definition of Y)
C[HFY" NI2(M, 7)), M (by (2.5))
= Hgon*. (by Proposition 2.3.2)
Thus
Y = IV (2.6)

(iv) We show that

w*

Y+ ) Heu, =K.
AEA
By Proposition 2.3.2, it suffices to show that

*

Y+ Heuy, =[KnL2MnM" .
AEA

First, we have that Y + >\ .y H®uy C [KNL2(M,7)]2 M. In fact, Y = V3 AM" and

Y] CKNLAM,T)]2,50 Y C[KNLEM,T)]2N M Moreover, for each A € A, by Lemma 2.3.3,

we have H®uy, = H?2u,) me* CIKNL2(M,T)]2N Mw*. So

Y+ B CKNAM e n M.
AEA

Thus

w*

Y+ ) Heuy, C KNLEM, N M" =K. (2.7)
AEA




Next, define X =Y + 3"y, H>uy" . We want to show that

KNL2M, 1N M" C X.

Notice X is weak*-closed and H>*X C X. By Proposition 2.3.2,

X=X nL2M, )2 n M" .
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Therefore we need only to show that [N L2(M,7)]2 C [X N L2(M,7)]2. Or, equivalently, we may

show Y7 and {H?uy}xea are in [X N L%(M,7)]2. By Proposition 2.3.1, we have
Yi=[YiNnM]o =Y n M7 NLAM, 7))o = [Y N LEM, 7)]s.
Thus
Yi C [X NLA(M,7)]a.
By Lemma 2.3.3,
H?uy = [H®uy N L*(M,7)]2 € [X NL3(M, )]y for each X € A.

Hence, from (2.8) and (2.9), we get [K N L*(M,7)]2 C [X N L*(M,7T)]2 and

w*

K=KnL2MDLAM" CY+Y Houy
AEA

Now, combining (2.7) and (2.10), we have

w*

K=Y+ H®uy, =Ya&™" (@524 H ),
AEA

by Definition 1.6.2.

(2.9)

(2.10)

(2.11)

By (2.11), (2.4), (b) and (2.6), we know that Y and {uy}rea have the desired properties. [

Next, we use our result for p = co and the density theorem to prove the case when 1 < p < oc.

Theorem 2.3.6. Let 1 < p < oco. Let M be a von Neumann algebra with a faithful, normal,

semifinite tracial weight 7, and H* be a semifinite subdiagonal subalgebra of M. Let D = H>® N

(H>®)*. Assume that K is a closed subspace of LP(M,T) such that H*K C K.
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Then there exist a closed subspace Y of LP(M,T) and a family {uy}rea of partial isometries in

M such that:
(i) uxY* =0 for all A € A.
(i) uzuy € D and uyuy, =0 for all A\, pn € A with X\ # p.
(iit) Y = [HGY]p.
(iv) K=Y @&" (S\ZA HPuy)
Here @™V is the row sum of subspaces defined in Definition 1.6.2.

Proof. Let K1 = K ﬂ/\/lw*. Then K; is a weak*-closed subspace of M such that H*K; C K;.
By Theorem 2.3.5, there exist a weak*-closed subspace Y7 of M and a family {uy}xcp of partial

isometries in M, satisfying
(a) upY;" =0 for all A € A.

(b) uxuy € D and uyuj, = 0 for all A, u € A with A # p.

(¢) Vi = HEY " .
(d) K1 =Y e (@323 H®u)

Let
Y = [Yi N L2(M, 7)),

(i) From (a), the definition of Y and Lemma 2.1.2, we can conclude that

u Y™ =0 for all A € A. (2.12)

(ii) follows directly from (b).



(iii) We want to show that Y = [H§°Y],. In fact, we have
Y =MYinNnLP(M,7)],

= [HEGY N IP(M,7)],

= [(Hg*Y1) N LP(M, T)],

= (HEM N LM, )], M) 027 (M, 7)),

C [HE (Vi 0 L (M, D], M) A LP(M, 7)),
— [(H§° ([Y N IP(M, 7)], N M)) N IP(M, 7)),
— [(H§° (Y 0 M) N LP(M, )],

C[HY], CY,
(iv) There is only left to show that
K=Y @™ (& \eAH uy).
By the definition of Y, we have
Y =[Y1NLP(M,T)p,

and from Lemma 2.3.3, we have

HPuy = [H®uyNLP(M,T)]p, VAeA
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(by definition of V)
(by (<)

(by Proposition 2.3.4)
(by Proposition 2.3.2)
(by Lemma 1.3.21)
(by Proposition 2.3.4)
(by definition of Y')

(2.13)

(2.14)

(2.15)
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Now, we have

K =[KinLP(M,7)], (by Proposition 2.3.1)

=1+ Z HOOqu N LP(M, 7)), (by Definition 1.6.1)
AEA

= (V14> H®uy) N LP(M,7)], (by Proposition 2.3.4)
AEA

= [(Y N LP(M, 7)) + > (H™uy N LP(M, 7))], (by (a) and (b))

AEA
=Y+ H'uylp (by (2.14) and (2.15))
AEA
— Y @ (@KOEwAHpu)\)’ (2.16)

where the last equation follows from Defintion 1.6.1.
As a summary, from (2.12), (b), (2.13), and (2.16), Y and {uy}rea have the desired properties.

This ends the proof of the theorem. O

2.4 Beurling-Blecher-Labuschagne theorem for semifinite Hardy

spaces, 0 <p <1

Proposition 2.4.1. Suppose 0 < p < 1. Let M be a von Neumann algebra with a faithful, normal,
semifinite tracial weight T, and H* be a semifinite subdiagonal subalgebra of M. Assume that IC

is a closed subspace in LP(M, 1) such that H*K C K. Then the following statements are true.
(i) KNLA(M,7) = [KNL>(M,7)]2 N LP(M, 7).
(ii) K =[KNL*(M,T)]p.

Proof. (i) We need only to show that

[KNL*M,7)]sNLP(M, 1) C KN L*(M,T).
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Let z € [CNL?*(M,7)]2N LP(M, 7). We will show that z € K. By Lemma 1.5.7, there exists a net
{ex}aen of projections in D such that such that 7(ey) < oo for each A € A and lim, |lexz — ||, = 0.
To show that x € K, it is enough to prove that eyx € K for each A € A.

Asz € [KNL3(M,7)]2, there exists a sequence {z,, }nen in KNL?(M, 1) such that lim,, 0 |2, —
1

z|l2 = 0. Thus, for each A € A and some positive number ¢ with % + % =5

lim [lexy, — extllp = lim [lea(a, — )], < lim [z, — all2flesll; = 0.

Here, we used the fact that 7(ey) < oo, whence ||ey||; < co. Since H*K C K and ey € D, we know

that eyx, € K. This implies that eyx € K for each A € A. Thus x € K, whence
[KNL*(M,7)]s N LP(M,7) C KN L*(M,T).
(ii) We need only to show that
KC[Kn LQ(M,T)]p.

Suppose that z € K C LP(M, 7). By Lemma 1.5.7, we can find a net {e)}xea of projections in D
such that limy [lexz — 2 = 0 and 7(ey) < oo for each A € A. To show that x € [N L%(M, 7)],,
it suffices to prove that eyz € [K N L?(M, )], for each A € A.

Note that = € LP(M,7) and 7(ey) < oco. By Lemma 1.5.6, there exist hy € exH*e) and
he € exHPe)y such that (a) hihy = hoh; = ey and (b) hieyz € M. Since hy € eyHPe), there exists
a sequence {kp }nen in exH™>ey such that lim,,, ||ky — h2l[, = 0. Thus

HILH;O |knhierxx — exzx|lp, = nhﬁngo |(kr, — ha)hiexz||,
< T [[(kn = ho)lplIhresa] = 0. (217)
It is not hard to check that k,hiexxz € K. Moreover, since each k, € ey H*e), we have

|knhieaz|l2 = [lexknhiexzll2 < |lexllzllknll[hrexz| < oo.

Therefore, k,hieyz is also in L2(M, 7). Tt follows that k,hiexz € K N L%(M, 7). Combining with

(2.17), we know that eyz € [K N L*(M, )], for each A € A, whence z € [K N L*(M,7)],. Thus

K CKNL*(M, 1),



44

This ends the proof of the proposition. O

Proposition 2.4.2. Suppose 0 < p < 1. Let M be a von Neumann algebra with a faithful, normal,
semifinite tracial weight 7, and H*® be a semifinite subdiagonal subalgebra of M. Assume that S

is a subspace in L?(M,T) such that H*S C S. Then

[S LM, 7)]p = [[S]2 N LP(M, 7)]p.
Proof. We need only to show that

[Sla N LP(M, 7)]p S [S O LM, 7)]p.

Or, equivalently,
[Sla N LP(M, T) C [S N LP(M,T)]p.

Let x € [S]a N LP(M, 7). By Lemma 1.5.7, we can find a net {e)}xea of projections in D such that
limy |lexx — z|[, = 0 and 7(ey) < oo for each A € A. To show that z € [S N LP(M,7)]p, it suffices
to prove that exz € [S N LP(M, )], for each X € A.

Note that x € [S]aNLP(M, 7). Then there exists a sequence {zy, }nen in S such that lim,, o ||2n—

z||2 = 0. Therefore,

lexzn = exzlly = [lex(zn = 2)llp < lleallgllen = zlla =0, asn = oo, (2.18)

where ¢ is a positive number such that % + % = ]%. Since H*S C S and ey € D, we know that

extn € S. Moreover, |lexzyllp < |lexllqllznll2 < oo, which implies exz,, € LP(M, 7). This induces

that exxz, € SN LP(M, 7). Combining with (2.18), we have that eyz € [S N LP(M,1)], for each

A€ A. Thus z € [SNLP(M,T)], for each A € A. That is,

[S]2 N LP(M, ) C [S N LP(M, 7)],.

Lemma 2.4.3. If u is a partial isometry in M such that uu* € D, then



45
(i) [(H?*u) N LP(M,T)], = HPu  for 0 <p < 1;
(ii) H*u = [HPuN L*(M,7)]s  for0<p<1.

Proof. (i) Assume that x € H? such that zu € (H?u) N LP(M, 7). Then zuu* € LP(M, ), and
x(uu*) is also in H?, as uu* € D. So zuu* € H? N LP(M, 1) C HP by Proposition 3.2 in [2]. Note

that HPu is a closed subspace in LP(M, 7). We have
[(H?*u) N LP(M,T)], € HPu.

Similarly, we have

[(HPu) N L*(M,T)]2 € H?u. (2.19)
Combining with Proposition 2.4.1, we have
HPu = [HPu N L*(M, 1)), C [(H?u) N LP(M, 7).

Hence [(H?u) N LP(M, )], = HPu, for 0 < p < 1.

(ii) Let € H?. By Lemma 1.5.7, we can find a net {ey}rep of projections in D such that
lim) |lexz — |2 = 0 and 7(ey) < oo for each A € A. From 7(ey) < oo, it is easy to verify that ez €
LP(M,7)N H?, and LP(M,7)N H? C HP by Proposition 3.2 in [2]. Thus exzu € (HPu) N L*(M,T)

for each A € A, whence xu € [(HPu) N L?(M,7)]2, or equivalently,
H?u C [(HPu) N L*(M, 7)]a.
Combining with equation 2.19, we have
H?*u = [(HPu) N L*(M, 7)]2.
O]

Now, we can prove a Beurling-Blecher-Labuschagne Theorem for the semifinite case when 0 <

p<l1.
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Theorem 2.4.4. Let 0 < p < 1. Let M be a von Neumann algebra with o faithful, normal,
semifinite tracial weight 7, and H* be a semifinite subdiagonal subalgebra of M. Let D = H® N
(H®)*. Assume that K is a closed subspace of LP(M,T) such that H*K C K.

Then there exist a closed subspace Y of LP(M, 1) and a family {uy}rea of partial isometries in

M such that:
(i) up\Y* =0 for all A € A.
(ii) uxuy € D and uyuy, =0 for all \,up € A with X # p.
(1it) Y = [HGY]p.
(iv) K = Y & (@524 HPuy)
Here &Y is the row sum of subspaces defined in Definition 1.6.1.

Proof. Let K1 = [KNL?*(M,7)]2. Then K is a closed subspace of L?(M, 7) such that H*K; C K;.
By Theorem 2.3.6, there exist a closed subspace Y7 of L?2(M, 1) and a family {uy}xea of partial

isometries in M, satisfying
(a) upY;" =0 for all A € A.
(b) uyu} € D and upu, =" 0 for all A\, p € A with X # p.
(c) Y1 = [H§Y1]a.
(d) K1 =Y @ (B524 H?uy)

Let
Y =[Y1NLP(M, 7).

(i) From (a), the definition of Y and Lemma 2.1.2, we can conclude that
up Y™ =0 for all A € A. (2.20)

(ii) follows directly from (b).
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(iii) We want to show that Y = [HZY],. First we will show that
[(Hg=Y1) 0 LP(M, 7)]p € [Hg® (Y N LP(M, 7))y

In fact, let x € Y7 and h € HS® be such that he € (H{°Y:) N LP(M, 7). We want to show that
hz € [HZ° (Y1 N LP(M,T))]p,. By Lemma 1.5.7, we can find a net {e)}xea of projections in D such

that ey — I in weak*-topology and 7(e)) < oo for each A € A. By Lemma 2.1.3, we have
li)r\n lexhz — hz||, = 0. (2.21)

Thus, to show that hx € [HZ°(Y1 N LP(M,T))]p, it suffices to prove that exhz € [HG®(Y1 N
LP(M,T))], for each A € A. Fix a A\g € A. Then, for some positive number ¢ with % =1+ %, we

have
li{n llexohexs — exohx|l, < 1i/{n llexoPllglleaz — z|l2 = 0, (2.22)

as x € Y. Moreover, we have ey,h € H§® and exz € Y1 N LP(M, 1), as |lexz|lp, < [lex]lqllz]l2 < oo.
Thus, ey hexx is in HG(Y) N LP(M, 7)) for each A € A. From (2.22), ey hx is in [HZ(Y1 N

LP(M,T))]p for each Ag € A. Therefore, from (2.21), hz € [H°(Y; N LP(M, 7))]p, or equivalently,

[(HoY1) N LP(M, 7)lp € [Hg® (Y1 N LP(M, 7))l (2.23)
Now, we have
Y =[YiNLP(M,T)], (by definition of Y)
= [[H§Yi]2 N LP(M, 7)], (by (¢))
= [(HY1) N LP(M, 1)l (by Proposition 2.4.2)
C [Hg (YN LP(M, 7))l (by (2.23))
C[HSY], CY. (by the definition of Y)

Thus,

Y = [HY ), (2.24)



(iv) We have only to show that

K=Y a&"" (&\gaH uy).

By the definition of Y, we have
Y =[YiNnLP(M, 7).

And from Lemma 2.4.3, we have

HPuy = [H*uy N LP(M, 7))y, ¥V XEA.

Now, we have

K=[KinLP(M,T)],

= (V14> H?upla N LP(M,7)],

AEA
= (V14> Hup)NLP(M,7)],
AEA
= [(ViNLP(M, 7)) + Y (H?ux N LP(M, 7)),
AEA
=[Y + ) HPuylp
AEA

— Y @ (BN HPuy),

where the last equation follows from Definition 1.6.1.
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(2.25)

(2.26)

(by Proposition 2.4.1)

(by Definition 1.6.1)

(by Proposition 2.4.2)

(by (a) and (b))

(by (2.25) and (2.26))

(2.27)

As a summary, from (2.20), (b), (2.24), and (2.27), Y and {u)}rea have desired properties.

This ends the proof of the theorem.

O]

Corollary 2.4.5. Let M be a von Neumann algebra with a faithful, normal, semifinite tracial

weight T.

(i) Let 0 < p < oo. If K is a closed subspace of LP(M, 1) such that MIC C K, then there exists

a projection ¢ € M such that KK = LP(M,T)q.
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(ii) If K is a weak*-closed subspace of M such that MIC C IC, then there exists a projection ¢ € M

such that K = Mg.

Proof. (i) Note that M itself is a semifinite subdiagonal subalgebra of M. Let H>* = M. Then
D = M and @ is the identity map from M to M. Hence H® = {0} and H? = LP(M, 7).

Assume that K is a closed subspace of LP(M, 1) such that MK C K. From Theorem 2.3.6 and
Theorem 2.4.4,

K=Y ®row (@RC)E%HPUA)’

where Y and the {uy}en satisfy the conditions in Theorem 2.3.6 and Theorem 2.4.4.

From the fact that H3® = {0}, we know that Y = {0}. Since D = M, we know that
HPuy = LP(M, 1)uy = LP(M, T)uyuyuy
C LP(M,T)uyuy C LP(M, T)uy = HPuy.
So HPuy = LP(M, T)ujuy and
K=Y & (&\eAH ux) = (SXEA LY (M, T)ujuy)

=LP(M,T) <Z uf\u,\> = LP(M,T)q,
AEA

where ¢ = ), uuy is a projection in M. This ends the proof of (i).

(ii) The proof is similar to (i). O



Chapter 3

Applications for |

| p-norms

Using our results from Chapter 2, we are able to prove a Beurling-Blecher-Labuschagne-like theorem
for the crossed product of a semifinite von Neumann algebra M by a trace-preserving action  when
0 < p < oo (see the definition in Section 3.1.1). We are actually able to fully characterize the H-

invariant subspace of the crossed product.

Theorem 3.1.3. Let M be a von Neumann algebra with a semifinite, faithful, normal, tracial
weight T, and « be a trace-preserving x-automorphism of M. Denote by M x4 Z the crossed
product of M by an action «, and still denote by T the semifinite, faithful, normal, extended tracial
weight on M X, 7.

Let H*, a weak *-closed, nonself-adjoint subalgebra generated by {A(n)¥(z) : z € M, n >0}
in M Xq 7Z, be a semifinite subdiagonal subalgebra of M xq Z. H® is a semifinite subdiagonal

subalgebra of M Xq Z, for which the following statements are true.

(i) Let 0 < p < co. Assume that K is a closed subspace of LP(M X4 Z,T) such that H*K C K.

Then there exist a projection q in M and a family {ux}xen of partial isometries in M X Z
satisfying

(a) uxg =0 for all A € A;

(b) uyu} € M and uyuy, =0 for all \,pp € A with X # p;

(¢) K= (LP(M x4 Z,7)q) @ (G524 HPuy).

50
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(ii) Assume that K is a weak *-closed subspace of M X4 Z such that H®IC C KC. Then there exist

a projection q in M and a family {u)}xep of partial isometries in M X, Z satisfying

(a) uxg =0 for all A € A;
(b) uyu} € M and uyuy, =0 for all \,pp € A with X # p;

(¢) K= (M xqaZ)q) & (SRR H>uy).

In [28], McAsey, Muhly and Saito prove a Beurling theorem for a crossed product. Suppose M
s a finite von Neumann algebra with finite trace T and «, a trace preserving automorphism of M,
such that « fizes each element of the center Z(M) of M. Then let A = M X Zy. Then every
A and A*-invariant subspace K of L?>(M,T) has the form K = vH? for a partial isometry v in the
commutant of right multiplication by M on L?>(M, 7). This follows from Theorem 3.1.3 when 7 is
finite, and p = 2.

McAsey, Muhly and Saito’s result is a corollary of a result by Nazaki and Watatani in [30].
Suppose M is a finite von Neumann algebra with trace T, a faithful, normal, trace-preserving
conditional expectation ® : M — D, and D C M. We let H*® be a mazximal subdiagonal algebra
with respect to ®, and suppose that Z(D) C Z(M). Then, if we let K be a H®-invariant subspace of
L*(M, 1) such that K is of H®-type I (in the sense defined in [30]), there exists a partial isometry
v in the commutant of right multiplcation by M such that KK = vH?. Again, this follows from our
result in the finite case when p = 2.

Similarly, Saito in [39] proves another Beurling-like theorem for a finite von Neumann algebra
M. Let a closed subspace K of L?*(M,T) be invariant under M x, Zy such that there are no
subspaces of K with (M x4 Z)K C K then K has the form Y o0 &V,H? with {V,} a family of
partial isometries with {V,,V,*} mutually orthonogal.

We are also able to prove a Beurling-Blecher-Labuschagne-like theorem for the Schatten p-classes

for 0 < p < 00, as described in Section 3.1.3 , using our results.

Corollary 3.1.4. Let H be a separable Hilbert space with an orthonormal base {ep, }mez. Let H™
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be the lower triangular subalgebra of B(H), i.e.
H>® ={x € B(H) : (xem,en) =0, ¥Yn < m}.
Let D = H® N (H™)* be the diagonal subalgebra of B(H).

(i) For each 0 < p < oo, let SP(H) be the Schatten p-class. Assume that K is a closed subspace
of SP(H) such that H*K C K. Then there exist a projection q in D and a family {ux}rea of
partial isometries in B(H) satisfying

(a) uxg =0 for all X € A;
(b) uyuy € D and uyuy, =0 for all A, p € A with A # p;

(c) K= (SP(H)q) @ (DAZAHPuy).

(1i) Assume that K is a weak x-closed subspace of B(H) such that H¥JIC C KC. Then there ezist a
projection q in D and a family {ux}ren of partial isometries in B(H) satisfying
(a) uxg =0 for all X\ € A;
(b) uyu} € D and uyuj, = 0 for all \,p € A with X\ # p;
(c) K= (B(H)q) & (D33 H>un).
However, if we have that this projection ¢ in D has the characteristic that SP(H)q C HP, then

we can fully characterize, in Corollary 3.1.6, a H*-invariant subspace K C HP when 0 < p < o0

and H is a separable Hilbert space with an orthonormal base.

Corollary 3.1.6. Let H be a separable Hilbert space with an orthonormal base {ep, }mez. Let H™

be the lower triangular subalgebra of B(H), i.e.
H® ={x € B(H) : (xem,en) =0, ¥Yn < m}.
Let D= H® N (H™)* be the diagonal subalgebra of B(H).

(i) For each 0 < p < oo, if K is a closed subspace of HP such that H>®IC C IC, then there exists

a family {ux}aea of partial isometries in H> satisfying
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(a) uyuy € D and uyuy, =0 for all \,pp € A with A # p;

(b) IC = @524 HPuy,

(ii) Assume that K is a weak *-closed subspace of H* such that H*IC C K. Then there exists a

family {uy}rea of partial isometries in H* satisfying

(a) uxuy € D and uyuy, =0 for all \,pp € A with A # p;

(b) K = @8 H®uy,

Therefore, we are able to answer the question given in problem 2.0.1 and fully characterize an
A-invariant subspace of a Schatten p-class: given a subspace K C SP(H) such that AKX C K, we
have that I = (SP(H)q) ©\Z) HPuy when 0 < p < oo, and K = (B(H)q) & (124 H>uy) when

P = 0.

3.1 Invariant subspaces for analytic crossed products

3.1.1 Crossed product of a von Neumann algebra M by an action «

Let M be a von Neumann algebra with a semifinite, faithful, normal tracial state 7. Let a be a
trace-preserving x-automorphism of M (so 7(a(x)) = 7(x), Vo € M™T).

We let [?(Z) be the Hilbert space consisting of complex-valued functions f on Z such that
> mez [f(m)]? < 0o. We denote by {ey, }nez the orthonormal basis of I?(Z) determined by e, (m) =
§(n,m). We also denote by A : Z — B(I>(Z)) the left regular representation of Z on I2(Z), i.e. each
A(n) is determined by A(n)(em) = €mtn.

Let H = L?>(M,7) ® [?(Z). Then H can also be written as @®,eczL?(M,T) ® e,. Consider

representations ¥ and A of M and Z, respectively, on H, defined by

U(x)({@em) = (" (x)f) @ em, VeeM,VeEe LA (M,7), YmeZ

An)(E®em) =@ (A (n)em), VnmeZ
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It can be verified that
A(n)U(x)A(—n) = ¥(a"(x)), VzeM,Vnel

Then the crossed product of M by an action «, denoted by M X, Z, is the von Neumann algebra
generated by W(M) and A(Z) in B(#H). If no confusion arises, we will identify M with its image
U(M) in M x, Z.

It is well known (for example, see Chapter 13 in [22]) that there exists a faithful, normal

conditional expectation ® from M x, Z onto M such that
N
o ( Z A(n)\Il(:cn)> = xo, where xz, € M for all — N <n < N.
n=—N

Moreover, there exists a semifinite, faithful, normal, extended tracial weight, still denoted by 7, on

M x4 7 satisfying
T(y) = 7(®(y)), for every positive element y in M X, Z.

Example 3.1.1. M = [*°(Z) is an abelian von Neumann algebra with a semifinite, faithful, normal

tracial weight T, determined by

T(f) = Z f(m), for every positive element f € [*°(Z).
meZ

Let a be an action on [>°(Z), defined by
a(f)(m) = f(m—1), for every element f € 1°°(Z).
It is not hard to verify (for example see Proposition 8.6.4 in [22]) that I°°(Z) X4 Z is a type I
factor. Thus I°°(Z) x4 Z ~ B(H) for some separable Hilbert space H.
3.1.2 Invariant subspace for crossed products

From the construction of crossed products, we immediately have the following result (also see

Section 3 in [1]).
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Lemma 3.1.2. Let M x, Z4 be a weak x-closed non-self-adjoint subalgebra generated by
{A(n)¥(z) :x € M, n >0}
in M xqo Z. Then the following statements are true:

(i) M Xy Zy is a semifinite subdiagonal subalgebra with respect to (M Xq Z, ®). (Such M Xo Z+

is called an analytic crossed product and will be denoted by H™.)
1) H® = ker(®) N H™ is a weak x-closed nonself-adjoint subalgebra generated by
0
{A(n)¥(z) :z € M, n >0}

in M Xy Z satisfying
Hy® =AQ1)H™.

(iii) H* N (H®)* = M.

Following the notation in Section 3.1.1, our next result characterizes invariant subspaces in a

crossed product of a semifinite von Neumann algebra M by a tracing-preserving action «.

Theorem 3.1.3. Let M be a von Neumann algebra with a semifinite, faithful, normal tracial weight
7, and « be a trace-preserving x-automorphism of M. Denote by M X, Z the crossed product of
M by an action «, and still denote by T the semifinite, faithful, normal, extended tracial weight on
M %, 7.

Let H*® be the weak x-closed non-self-adjoint subalgebra generated by {A(n)¥(x):z € M, n >
0} in M xq Z. H®> is a semifinite subdiagonal subalgebra of M X Z, for which the following

statements are true.

(i) Let 0 < p < oco. Assume that K is a closed subspace of LP(M X4, Z,T) such that H*K C K.
Then there exist a projection q in M and a family {uy}ren of partial isometries in M X Z

satisfying

(a) uxg =0 for all X € A;
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(b) uyu} € M and uyuy, =0 for all \,pp € A with A # p;

(¢) K= (LP(M x4 Z,7)q) @ (G524 HPuy).

(ii) Assume that K is a weak *-closed subspace of M X4 Z such that H*IC C K. Then there exist

a projection q in M and a family {u)}xep of partial isometries in M X, 7 satisfying
(a) uxg =0 for all X € A;
(b) uyuy € M and uyuj, = 0 for all A\, p € A with X # ;

(¢) K= ((MxaZ)q) @ (DR H™ ).
Proof. (i) From Theorem 2.3.6 and Theorem 2.4.4,
K=Y o™ (©3Za H uy),

where Y is a closed subspace of M x, Z and {uy}rea is a family of partial isometries in M x,, Z

satisfying
(a1) up Y* =0 for all A € A;
(b1) uyu} € M and uyuy, =0 for all A\, u € A with A # y;
(1) Y = [HeY],
From (c;) and Lemma 3.1.2, we have
Y = [HY], = [A()HY], C A(1)Y.

By induction, we have that A(—n)Y C Y for every n € N. We already have, from the definition
of H*, that A(n)Y C Y, for every n > 0, and ¢(z)Y C Y. So, Y is a left M x, Z-invariant
subspace of LP(M %, Z,7). From Corollary 2.4.5, there exists a projection ¢ in M such that
Y = LP(M x4 Z,7)q. Therefore, we have

(a) ung =0 for all A € A;
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(b) uzu} € M and uyuy, =0 for all A\, u € A with A # y;
(c) K= (LP(M xq Z,7)q) & (B2 HPuy).
This ends the proof of (i).
(ii) The proof is similar to (i). O
3.1.3 Invariant subspaces for Schatten p-classes

Let ‘H be an infinite dimensional separable Hilbert space with an orthonormal base {e, }mez. Let
7 = Tr be the usual trace on B(H), i.e.
T(z) = Z(xem, Em),s for all positive x in B(H).
1€EZ
Then B(H) is a von Neumann algebra with a semifinite, faithful, normal tracial weight 7. For each
0 < p < oo, the Schatten p-class SP(H) is the associated non-commuative LP-space LP(B(H), ).
Let

A={x € B(H): (xem,en) =0, Vn <m}

be the lower triangular subalgebra of B(#H). From Example 3.1.1, B(H) can also be realized as a

crossed product [*°(Z) x4 Z of [°°(Z) by an action «, where the action « is determined by

a(f)(m) = f(m=1), ¥V fel*(Z)

Moreover, it can be verified quickly that A, as a subalgebra of B(H), is [*°(Z) X4 Z+ (see Lemma
3.1.2) is a semifinite subdiagonal subalgebra of (°°(Z) x, Z (see Example 2.6 in [28]). Thus from

Theorem 3.1.3, we have the following statements.

Corollary 3.1.4. Let H be a separable Hilbert space with an orthonormal base {e, }mez. Let H™

be the lower triangular subalgebra of B(H), i.e.
H>® ={x € B(H) : (xem,en) =0, ¥Yn <m}.

Let D= H>® N (H*)* be the diagonal subalgebra of B(H).
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(i) For each 0 < p < oo, let SP(H) be the Schatten p-class. Assume that K is a closed subspace
of SP(H) such that H®K C K. Then there exist a projection q in D and a family {uy}rea of
partial isometries in B(H) satisfying

(a) uxg =0 for all X € A;
(b) uyu} € D and uyuj, = 0 for all A\, p € A with X\ # p;
(c) K= (5P(H)q) & (SRei H ).
(1i) Assume that K is a weak x-closed subspace of B(H) such that H*JIC C KC. Then there ezist a
projection q in D and a family {ux}ren of partial isometries in B(H) satisfying
(a) uxg =0 for all X\ € A;
(b) uyu} € D and uyuj, = 0 for all \,p € A with X\ # p;
(c) K = (B(H)q) 7" (8528 H®uy).
Remark 3.1.5. Let 0 < p < oco. Assume q is a projection in D such that SP(H)q C HP. Notice
that all finite rank operators are in SP(H). Thus es®e;, where es®e; is a rank one operator defined
forall £ € H by es @ er(§) = (&, er)es, is in SP(H) for all s,t € Z. Hence, for all s,t € Z, we have

(es®er)q € HP. Combining this with the fact that g € D is a diagonal projection in B(H), we may

conclude that ¢ = 0.
The the next result follows directly from Corollary 3.1.4 and Remark 3.1.5.

Corollary 3.1.6. Let H be a separable Hilbert space with an orthonormal base {em }mez-

Let H* be the lower triangular subalgebra of B(H), i.e.
H® ={x € B(H) : (xem,en) =0, VYn <m}.
Let D = H*® N (H*)* be the diagonal subalgebra of B(H).

(i) For each 0 < p < oo, if K is a closed subspace of HP such that H>®IC C IC, then there exists

a family {ux}aea of partial isometries in H> satisfying
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(a) uyuy € D and uyuy, =0 for all \,pp € A with A # p;
(b) K = & \23 HPuy.

(ii) Assume that K is a weak *-closed subspace of H* such that H*IC C K. Then there exists a

family {uy}rea of partial isometries in H* satisfying

(a) uxuy € D and uyuy, =0 for all \,pp € A with A # p;

(b) K = @8 H®uy,

Remark 3.1.7. Similar results hold when H* is the upper triangular subalgebra of B(H).



Chapter 4

Invariant subspaces under unitarily

invariant, locally || - ||;-dominating,

mutually continuous norms

Suppose that (X, X, v) is a localizable measure space with the finite subset property (i.e. a measure
space is localizable if the multiplication algebra is maximal abelian, and has the finite subset property
if for every A € ¥ such that v(A) > 0, there exists a B € ¥ such that B C A, and 0 < v(B) < o).
We let E be a two-sided ideal of the set of complex-valued, Y-measureable functions on X, such
that all functions equal almost everywhere with respect to v are identified. If E has a norm || - ||g
such that (E, || - ||g) is a Banach lattice, then we call F a Banach function space. (See the work of
de Pagter in [33]).

We let M be a von Neumann algebra with a semifinite, faithful, normal tracial weight 7. For
every operator x € M, we define d,(\) = 7(el*l()\, 00)) for every A > 0 (where el®l(\, 00) is the
spectral projection of |z| on the interval (A, 00)), and p(z) = inf{\ > 0 : d,(\) < t} for a given
t > 0. Consider the set Z = {z € M : x is a finite rank operator in (M, 7) and ||u(z)||r < oo}
and let || - [|z(r) : T — [0,00) be such that |z||z;) = ||u(®)| g for all € Z. It is known that || - ||z
defines a norm on Z (see [33]). Denote by Z(7) the closure of Z under || - |7(7).

We briefly recall an extension of Arveson’s non commutative Hardy space for a semifinite von

Neumann algebra. Let H* be a weak*-closed unital subalgebra of M. Then D = H*>* N (H*)*

60
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is a von Neumann subalgebra of M. Assume also that there exists a faithful, normal, conditional
expectation ® : M — D. Then H* is called a semifinite non-commutative Hardy space if (i) the
restriction of 7 on D is semifinite; (ii) ®(xy) = (x)P(y) for every z,y € H>; (iii) H>® + (H*)*
is weak® dense in M; and (iv)7(®(z)) = 7(z) for every positive z € M.

We want to ask the following question about the space Z(7):

Problem 4.0.1. Consider a semifinite subdiagonal subalgebra H* of M and a closed subspace KC

of I(1) such that H*K C K. How can the subspace K be characterized?

It can be shown that when M is diffuse, and | - |z(;) is order continuous, the norm || - [|z;) on
Z(7) is in the family of unitarily invariant, locally | - ||;-dominating, mutually continuous norms
with respect to the tracial weight 7. (See Definition 1.4.1).

Our goal for this chapter is to prove a Beurling-type theorem for a von Neumann algebra with
semifinite, faithful, normal tracial weight 7, and a unitarily invariant, locally || - ||;-dominating,
mutually continuous norm with respect to 7, for example, the Banach function space Z(7) with the
norm | - [|z().

In 1937, J. von Neumann introduced the unitarily invariant norms on M, (C) as a way to
metrize the matrix spaces [32]. He showed that the class of unitarily invariant norms on M, (C) are
in correspondence with the class of symmetric gauge norms on C". Specifically, he proved that for
any unitarily invariant norm «, there exists a symmetric gauge norm ¥ on C” such that for every
finite rank operator A, a(A) = ¥(ay,aq,...,a,), where {a;}1<i<p is the spectrum of |A|.

Since von Neumann’s result, these norms have been extended and generalized in different ways.
Schatten defined unitarily invariant norms on 2-sided ideals of the continuous functions on a Hilbert
space, B(H) (for example, see [40, 41]). Chen, Hadwin and Shen defined a class of unitarily
invariant, || - [[i-dominating, normalized norms on a finite von Neumann algebra in [8]. Unitarily
invariant norms also play an important role in the study of non-commutative Banach function
spaces. For more information and history of unitarily invariant norms see Schatten [40], Hewitt

and Ross [20], Goldberg and Krein [16], or Simon [43].
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Typical examples of noncommutative Banach function spaces include the so called noncommu-
tative LP-spaces, LP(M, T), associated with semifinite von Neumann algebras. Suppose M is a von
Neumann algebra with a semifinite, faithful, normal tracial weight 7. We consider Z, the set of
elementary operators on M (when M is finite, M = 7). We recall the construction of LP(M,T).
When 0 < p < oo define a mapping || - ||, : Z — [0,00) by ||lz|l, = (7(|p|))*/? where |z| = Va*z for
every x € Z. It is non-trivial to prove that | - ||, is a norm, called the p-norm, when 1 < p < oo.
We define the space LP(M, 1) = T for 0 < p < 0o. When p = oo, we set L>®°(M,7) = M, which
acts naturally on LP(M, 1) by right or left multiplication.

In the previous chapters, we extended the work of Blecher and Labuschagne in [6] for a finite von
Neumann algebra to von Neumann algebras M with a semifinite, normal, faithful tracial weight .
Suppose 0 < p < oo, and M is a von Neumann algebra with a semifinite, faithful, normal tracial
weight 7. Let H* be a semifinite subdiagonal subalgebra of M, and D = H*> N (H>)*. Suppose
that K is a closed subspace of LP(M,T) (if p = 0o, K is weak* closed), such that H*K C K. Then
there exists a closed subspace Y C LP(M,T) and a family of partial isometries {uy} C M such that
K=Y @ (@ 2\ HPuy), where Y = [HEY ]y, upxY™* =0 for every X € A, and the uy satisfy other
conditions. (See Chapter 2 for more information.)

In [8], Chen, Hadwin and Shen proved a Beurling-type theorem for unitarily invariant norms
on finite von Neumann algebras. A motivation of the following chapters is to extend the result
in [8] to the setting of unitarily invariant norms on semifinite von Neumann algebras. We define
the family of unitarily invariant, locally || - ||;-dominating, mutually continuous norms on the von
Neumann algebra M with respect to the semifinite, faithful, normal tracial weight 7. Suppose that
M is a von Neumann algebra with a semifinite, faithful, normal tracial weight 7. We let Z be
the set of finite rank operators in (M, 7). A norm « : Z — [0,00) is a unitarily invariant, locally
|| ||[1-dominating, mutually continuous norm with respect to 7 if « is a norm for which the following

conditions hold:

(i) for any unitaries u,v € M and = € Z, a(uzv) = a(x);
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(ii) for every projection e € M with 7(e) < co and any = € Z, there exists 0 < ¢(e) < oo such

that a(exe) < c(e)llexe||1;

(iii) (a) if {ex} is an increasing net of projections in Z such that 7(eyz — ) — 0 for every z € Z,

then a(eyx — x) — 0 for every x € Z;

(b) if {ex} is a net of projections in Z such that a(ey) — 0, then 7(ey) — 0.

Chen, Hadwin and Shen’s family of norms in [8] is a subset of this family of norms. We also show
that the norm | - |z(;) on a Banach function space Z(7) is a unitarily invariant, || - |[;-dominating,
mutually continuous norm.

However, many of the methods used by Chen, Hadwin and Shen no longer apply when M is a
semifinite von Neumann algebra. We use a similar method to extend their theorem as in Chapter

2 for LP(M, 1) spaces. We therefore prove a series of density results for the L*(M, T) spaces.

Lemma 4.3.2. Suppose M is a von Neumann algebra with a faithful, normal, semifinite tracial
weight 7, and that H* is a semifinite, subdiagonal subalgebra of M. Suppose also that o is a
unitarily invariant, locally || - ||1-dominating, mutually continuous norm with respect to . Assume

that K is a closed subspace of L*(M,T) such that H>®IC C K. Then the following hold:
L. KNnM=KnM" nL*M,7)

Lemma 4.3.3. Suppose M is a von Neumann algebra with a faithful, normal, semifinite tracial
weight T, and suppose that « is a unitarily invariant, locally || - ||1-dominating, mutually continuous
norm with respect to 7. Let H*® be a semifinite, subdiagonal subalgebra of M. Assume that K is a

weak*-closed subspace of M such that H®IC C K. Then

w*

K=[KNLY(M,7T)]aNM

Lemma 4.3.4. Suppose M is a semifinite von Neumann algebra with a faithful, normal tracial

weight T, and suppose that o is a unitarily invariant, locally || - ||1-dominating, mutually-continuous
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norm with respect to T. Let H* be a semifinite, subdiagonal subalgebra of M. Assume that S is a

subset of M such that H*S C S. Then
1SN LM, 7)o = [ N LH(M, )]

Following these results, we are able to prove a noncommutative Beurling-Chen-Hadwin-Shen
theorem for unitarily invariant, || - [|;-dominating, mututally continuous norms with respect to 7 on

a von Neumann algebra M with a semifinite, faithful, normal tracial weight 7.

Theorem 4.3.1. Let M be a von Neumann algebra with o faithful, normal semifinite tracial weight
7, and H™ be a semifinite subdiagonal subalgebra of M. Let « be a unitarily invariant, locally ||-||1-
dominating, mutually continuous norm with respect to 7. Let D = H™ N (H*>)*. Assume that K
is a closed subspace of L*(M,T) such that H*K C K. Then, there exist a closed subspace Y of

LY(M, 1) and a family {uy} of partial isometries in M such that
(i) u\Y* =0 for every A € A;
(i) uyu} € D, and upuy, =0 for every A\, € A with X # p;
(111) Y = [H§Y |a;
(iv) K=Y @& (S \ZAH  uy).
We can fully characterize K in the case when K C L%(M,7) is M-invariant.

Corollary 4.3.5. Suppose that M is a von Neumann algebra with a faithful, normal, semifinite
tracial weight T. Let o be a unitarily invariant, locally || -||1-dominating, mutually continuous norm
with respect to 7. Let IC be a subset of LY such that MK C K. Then there exists a projection q

with K = Mgq.

4.1 Operators affiliated with M

Given a von Neumann algebra M with a semifinite, faithful, normal tracial weight 7 acting on a

Hilbert space H, a measure topology on M is given by the system of neighborhoods Us, = {a €
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M : |lap|| < € and 7(pt) < § for some projection p € M} for any €,5 > 0 (for more details see
[31]). We say that a, is Cauchy in measure if, given € and § > 0, there exists an ng such that if

n,m > ng, then a, — a,, is in Us.

Definition 4.1.1. Let M denote the algebra of closed, densely defined (possibly unbounded) oper-

ators on H affiliated with M.

Remark 4.1.2. M is also the closure of M in the measure topology (see [31] for more information,).

4.2 Unitarily invariant norms and examples

In this section, we introduce a class of unitarily invariant, locally || - ||;-dominating, mutually
continuous norms on semifinite von Neumann algebras. We also introduce interesting examples

from this class.

4.2.1 L spaces of semifinite von Neumann algebras

Suppose that M is a von Neumann algebra with a semifinite, faithful, normal tracial state 7. We
then let

2

T = span{zey : x,y € M,e € M,e = e~ = e* with 7(e) < oo}

be the set of elementary operators of M (see Remark 2.3 in [42]). Recall that for each 1 < p < oo,

we define the || - ||,-norm on Z by
|zl = (r(|=[?))"/? for every z € T.

It is a non-trivial fact that the mapping | - ||, defines a norm on Z. We let LP(M, 7) denote the
completion of Z with respect to the || - ||,-norm.

Recall from Definition 1.4.1 that we call a norm « : Z — [0,00) a wunitarily invariant, locally
| - ||l1-dominating, mutually continuous norm with respect to T on T if it satisfies the following

characteristics:
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1. « is unitarily invariant if for all unitaries u,v in M and every z in Z, a(uzv) = a(x);

2. « is locally || - ||1-dominating if for every projection e in M with 7(e) < oo, there exists

0 < ¢(e) < oo such that a(exe) > c(e)|exe||; for every x € T;
3. « is mutually continuous with respect to T; namely

(a) If {ex} is an increasing net of projections in Z such that 7(exx — ) — 0 for every x € Z,
then a(exz —x) — 0 for every = € Z. Or, equivalently, if {e)} is a net of projections in

7 such that ey — I in the weak* topology, then a(eyz — x) — 0 for every x € 7.

(b) If {ex} is a net of projections in Z such that a(ey) — 0, then 7(ey) — 0.

Recall that given a unitarily invariant, locally | - ||;-dominating, mutually continuous norm o
with respect to 7 on Z, we define L*(M, 7) to be the completion of Z under «, namely,

QU

LM, 7)=T".
Notation 4.2.1. We will denote by [S], the closure, with respect to the norm «, of a set S in M.

Lemma 4.2.2. Suppose M is a von Neumann algebra with a semifinite, faithful, normal tracial
weight 7, and let o be a unitarily invariant, locally || - ||1-dominating, mutually continuous norm
with respect to 7. Then for any x € L*(M, 1), and a,b € M,

a(azb) < |[alla(z)|b]].
Proof. The proof is included here for completeness. It suffices to show that for any z € Z, and
a,be M,

a(axb) < lafla(z)|b]]

Without loss of generality, we might assume that ||a|| < 1. By Russo-Dye Theorem, there exist a
positive integer n and unitary elements i, ..., u, in M such that a = (u1 +- - - +uy)/n. Therefore,
alar) = al(ur + -+ +up)z)/n < a(z)

since « is unitarily invariant. So, a(ax) < ||al|a(x) for every a € M.

It may be proved similarly that a(xb) < a(z)||b|| for every b € M. O
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4.2.2 Examples of unitarily-invariant, locally || - ||;-dominating, mutually con-

tinuous norms

Remark 4.2.3. [t is trivial to show that the ||-||,-norms of M with 1 < p < oo for a semifinite von
Neumann algebra M with o faithful, normal, semifinite tracial weight T are unitarily equivalent,

| - ||1-dominating, mutually continuous norms with respect to T on M.

Remark 4.2.4. It is also trivial to show that a continuous, unitarily invariant, normalized, || - ||1-
dominating norm on a finite von Neumann algebra M as given in [8] is a unitarily invariant, locally

| - ||1-dominating, mutually continuous norm with respect to T on M.

Proposition 4.2.5. Suppose that M is a semifinite factor, and o : T — [0,00) is a unitarily
invariant norm satisfying the following condition: if {ex} is a net in M with ex — I in the weak*
topology, then a(exx — x) — 0 for each x € Z. Then « is a unitarily invariant, locally || - ||1-

dominating, mutually continuous norm with respect to 7.

Proof. By assumption, « is unitarily invariant.

Let e be projection in M such that 7(e) < co. Let x = exe be an element in eMe, which
we denote by M.. As |z| < ||z|le, we have that a(x) = a(|z|) < ||z|a(e). Note M, is a finite
factor with a tracial state 7., defined by 7.(y) = 7(y)/7(e) for all y € M,.. By the Dixmeier
Approximation Property, for every e > 0, there exist ¢1,c2,..., ¢, in [0,1] with >, ¢; = 1, and
unitaries uy,ug,...,uy in M, such that ||7.(|z])e — > i ciuszul|| < e. Therefore, a(7.(|z|)e —

> iz ciuizu;)) < eafe). Thus,

=71(|z|) = T(e)Te(|T :—e)aT x|)e
ol = 7(ll) = r(e)re(jal) = Zrvalre(lzl)e)

) n n

< [a(Te(|z])e — Z ciuiru; ) + a(z ciujzu)]
(e
<er(e) + ;EZ) a(ciuizuy)
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Letting € — 0, we find that 7(x) < T(e%a(x) for every x in M,. Namely,

ale
lleze||1 < c(e)a(exe) for all x € 7. (4.1)

where c(e) = ;EZ; Thus, « is locally || - ||;-dominating.

We now show that « is mutually continuous with respect to 7. Actually, we need only to show
that, if {e)} is a net of projections in Z such that a(ey) — 0, then 7(ey) — 0. Assume, to the
contrary, that there exist a positive number ¢ > 0 and a family {e,} of projections in Z such
that a(e,) < 1/n but 7(e,) > € for each n € N. As M is a semifinite factor and « is unitarily
invariant, we may assume further that {e,}, is a decreasing sequence of projections in Z. Let
eo = Anen. Then 7(eg) > € and a(eg) = 0 as eg < e, implies a(ey) < ae,) < 1/n for each n.
This is a contradiction. Therefore, if {e)} is a net of projections in Z such that a(ey) — 0, then

7'(6)\) — 0. ]

Non-commutative Banach function spaces

In this subsection, we follow the notation of de Pagter in [33]. We suppose, as before, that M is a
von Neumann algebra with a semifinite, faithful, normal tracial state 7. In this case, we have the

ideal of the distrubtion function d,, where x is a 7-measurable operator in M. We define d, by
dy(\) = 7(ell(X, 0)) for every A > 0,

where el?l(\, 00) is the spectral projection of || on (X, 00). It is easy to see that d, is decreasing,
right-continuous and d;(A) — 0 as A — oo. This allows us to define a generalized singular value
function

p(x;t) =1inf{\ > 0: dy(\) <t} for a given ¢t > 0 and for every z € M.

Definition 4.2.6. Suppose that (X,3,v) is a localizable measure space with the finite subset prop-
erty. Let E be a two-sided ideal of the set of all complex-valued, X-measurable functions on X with
the identification of all functions equal a.e. with respect to v. If E has a norm || - ||g such that

(E,|| - lg) is a Banach lattice, then E is called a Banach function space.
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We assume that F is a symmetric Banach function space on (0,00) with Lebesgue meausure
(see definition 2.6 in [33]).
Following [33], we let Z = {& € M : z is a finite rank operator in (M, ) and ||u(z)||r < oo}

and define a Banach function space Z(7) equipped with a norm || - ||z(;) such that
Jellz(y = (@) | for every @ € T.

Denote the closure of Z under | - ||z-)by Z(7) We will use the following Lemma to show that the
restriction of || - [[z(;) on Z is a unitarily invariant, locally || - ||;-dominating, mutually continuous

norm with respect to 7.

Lemma 4.2.7. Suppose that yo is an element of T such that yo = >, Bip; where B1, B2, ..., 0n

are nonnegative and p1,...,p, are projections in M such that 7(p1) = 7(p2) = -+ = 7(pn). Then

[p1+ -+ pallzn)
T(p1+4 -+ pn)

lyollz(ry = lloll1-

Proof. Note that yo is an element of Z such that yo = > | Bip; where 7(p1) = 7(p2) = -+ = 7(pn).
Now let By = B for all 1 < j < nand y; = > Bit;pi for 1 < j < n. Then, by definition,

o1k = (Bi+--+Bn)(p1+- - +pn), and also ||ykllzr) = lyollz(r for all 1 < k < n. Therefore,

| > k=1 Ykllz()
> M=l JRILET)
lyollz¢r) = -

>

Bit -+ b
(— - Mp1 + -+ pallze

7(yo)
T(pl =+ .- +pn)H RHI(T)
Ilp1 + -+ pallze

T(p1+ -+ pn)

= llollx
O

Proposition 4.2.8. Suppose that Z(7) is a Banach function space. Suppose that M is a diffuse von
Neumann algebra with a semifinite, faithful, normal tracial state T and with an order continuous
norm ||-||z¢ry. Then the restriction of ||-||lz(r) on T is a unitarily invariant, locally ||- ||1-dominating,

mututally continuous norm with respect to T.
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Proof. Note | - [|z(ry : Z — [0, 00) is a norm. Now we will verify that || - |z, satisfies the following

conditions:
L. |luzv| 7y = ||7|lzr) for all unitaries u,v in M, and every z in Z;

2. for every projection e in M with 7(e) < oo, there exists c(e) < oo such that |[exe|z) >

c(e)|exe|y for all x € M;

3. a. if {ex}aea is @ net in M such that ey — I in the weak™* topology, then |lexz — |77y — 0

for every x € 7.

b. if {ex}rea is a net in M such that [lex||z(-) — 0, then 7(ex) — 0.

(1) We begin by showing that [[uzv||z(r) = [|2|lz(7)-
Given any z and y in Z, we know that if 7(|z|") = 7(|y[") for every n € N, then ||z[|z(+) = [|yllz(r)
from Definition 3.4 in [33]. We have that 7 is unitarily invariant by defintion, so for all unitaries u

and v in M and z in Z,
T(|uzv|™) = 7(v " |x|"0"™) = 7(|x|") for every n € N.

Hence |luzv||z(ry = [|7|lz(7), and || - ||lz(r) is unitarily invariant.

(3) a. We show that if {ex} C 7 is an increasing net of projections such that ey — I in the
weak™ topology, then exz — x in || - [|z(-)-norm for each = € 7.

Suppose that {ey} C Z is an increasing net of projections such that ey — I in the weak™®
topology. By definition, || - [|z(,) is order continuous. So for every x in Z, || Var (I — ey lz¢r) — 0,
and [[(I = ex)ellzir) = NI = ex)alllzir) = I/ (T = ex)alzge) by (1). Therefore, ||z — exzlz(r) — 0
for every x in Z, as desired.

b. We show that if {ex} C T is a net of projections such that |[e)||z(;) — 0, then 7(e)) — 0.

We suppose that {ex} C T is a net of projections such that [lex||z(-) — 0. Suppose to the
contrary, that 7(ey) - 0. There exist an ey > 0, a subsequence {e) } of {ex}rca such that for

every n > 1, 7(ex,) > €. As [leallz¢ry = 0, llea,llz¢ry — 0. Recall that M has no minimal
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projection. By the properties of the norm || - [|z(;), we may assume that {e),} is a decreasing
sequence of projections in Z. Thus there exist an x = Apey, in M such that 0 < x < ey, for every
n, and €y < 7(x) < 7(ey,). Moreover, we have that [ley,||z(-) > [|z]|z(r) for every n, so therefore,

|z[|z(ry = 0. Hence z = 0, which contradicts with the fact that eg < 7(x).

||6||I(T)

(2) We show that for a projection e € M such that 7(e) < oo there exists c(e) = =0)

satisfying [lexel|z(;y > c(e)|lexel|1 for all z € M.

2

Suppose that e = e* = e* is a projection in M such that 7(e) < co. Let x be a positive element in

M. For any € > 0, there exist nonnegative numbers 31, 5o, . .., 8, and subprojections p1,p2, ..., Pn
of e in M such that [lexe — > 1, Bipillz(ry < lle — 220, Bipillllellz¢ry < € and [Jexe — 371, Bipill1 <
lle = >0, Bipillllellh < e. We call " | Bipi = yo. For each m € Nand 1 < i < n , we partition
DPi = @1 +qi2+- - +qik +qk+1 where k; is a positive integer and ¢; 1, ¢i 2, . - ., ¢i k; are projections
in M such that 7(¢;1) = 7(¢i2) = - - = 7(¢ik;,) = 1/m, and 0 < 7(gj g, +1) < 1/m. We can write

k;+1

n
vo=3 B> a;)==n+2,
=1 =1
where 21 = Y1, Bi(5 ¢i) and 20 = 3 Bigki 1.
We let ¢ = >0 252:1 ¢ij. Then, by Lemma 4.2.7,

HQHI T
Il 2 Natllze 2 = 5 il

Also, by the triangle inequality,

n
=l = llyolls — ll=2llx = lyolls = 3 Bi)/m,
i=1

which approaches |lyo|[1 as m — co. Furthermore, by (3) we have

lalzery o Nellzay = et Billgiirillzey ., lellza
(@) — 7(e) 7(e)

as m — oQ.

Therefore,

HeHZ(T)
> .
Iyollz(ry = () llyoll1
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By the choice of yg, we conclude that

lellz¢r)

7(e)

lexellz(r) = lexel|1,

for all z in M.

4.2.3 Embedding from L%(M, ) into M

We would like to show that there is a natural embedding from L%(M,7) into M.
Suppose that M is a von Neumann algebra with a semifinite, faithful, normal tracial weight 7,

and H is a Hilbert space. Recall
T = span{zey : x,y € M,e € M,e = ¢ = ¢* with 7(e) < oo}

is the set of elementary operators of M. Define M to be the algebra of closed, densely defined
operators on H affiliated with M. We recall that the measure topology on M is given by the family
of neighborhoods Us, = {a € M : for some projection p € M, |lap|| < € and 7(pt) < §} for any
€,6 > 0.

Suppose that « is a unitarily invariant, locally || - ||;-dominating, mutually continuous norm

with respect to 7 on M.

Lemma 4.2.9. Let € > 0 be given. There exists dg > 0 such that if e is a projection in I with

a(e) < do, then T(e) < e.

Proof. Suppose, to the contrary, that there exists an € > 0 such that for every dg > 0, there exists
a projection es, in Z such that a(es,) < ¢, and 7(es,) > €. Let o = 1/n for each n € N. Then
there exits a sequence {e, }nen such that for every n € N, a(e,) < 1/n, and 7(e,) > €. This is a
contradiction, as « is mutually continuous with respect to 7 (see definition 1.4.1). Therefore, the

Lemma is proven. [

Lemma 4.2.10. Suppose a sequence {a,} in T is Cauchy with respect to the norm a. Then {a,}

is Cauchy in the measure topology.
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Proof. To prove that {a,} C Z is Cauchy in the measure topology, it suffices to show that for every
€,0 > 0, there exists an N € N such that for n,m > N, there exists a projection p,, , satisfying
||lam — an|pm.nll < 6 and 7((pmn)*) < €. By Lemma 4.2.9, we know that there exists a g > 0 such
that

if e is a projection in Z with «a(e) < dp, then 7(e) < e. (4.2)

For each m,n € N, let {e)(m,n)} be the spectral decomposition of |a,, —a,| in M. By the spectral
decomposition theorem, we have |ap, —an| = [~ Adex(m, n), and 7(|am —an|) = [~ Ad7(ex(m,n)).

Let Ao = &p. Hence Ageyx,(m,n) < |am — anler,(m,n)*. So
a(Noex, (m, 1)) < a(|am — an|) for all m,n € N. (4.3)

Recall that {a,} is Cauchy in a-norm. For e; = A\gdp > 0, there exists N € N such that for all m,n >
N, a(am—ay) < €1. Combining with (4.3), we have that for every m,n > N, Aa(ex,(m,n)+) < €.
This implies that

alexg(m,n)t) < e1/o = do.

Because of (4.2), T(ex,(m,n)t) < € for every m,n > N. Put py,,, = ex,(m,n). Then for every
m,n > N,

llam = anpmnl < Ao = 8o, and 7(py,,) < €.
The proof is complete. ]

Therefore, there is a natural continuous mapping from L*(M, 7) into M.

Let e be a projection in M such that 7(e) < oo, and let M, = eMe. Define a faithful, normal,

tracial state 7. on M, by 7.(z) = 7(16)7'(;1:) for every x in M.

It can be shown that 7. is a finite, faithful, normal tracial state on M.. Suppose that « is a
unitarily invariant, locally || - [|;-dominating, mutually continuous norm with respect to 7 on M.
Define ae = alepe. We define o, : M, — [0,00] by ol (z) = sup{|7(zy)| : y € M, a.(y) < 1} for

every x in M.. It may be shown that «/ is indeed a norm, and we call o, the dual norm of a. (see

/
ae

[8] for more information). We define L (M., 1) = M,



74

We may also define @, : L'(M,,7) — [0,00] by ac(z) = sup{|r(zy)| : y € M,al(y) < 1} for
every = in M, and o, : L*(M,,7) — [0,00] by o, = sup{|7(zy)| : y € M, a.(y) < 1} for every x
in M. L% (M,,7) and L@(Me, 7) are defined to be WEOTE and EOTEI respectively.

Lemma 4.2.11. Let a be a unitarily invariant, || - ||1-dominating, mutually continuous norm with

respect to 7. Then ae, oL, o and @, are unitarily invariant norms on L*(M,T).

Proof. Clearly, ae(uzv) = a(uzv) = a(r) = a.(x) for unitaries v and v and an element z in
M. C M. Therefore, a. is a unitarily invariant norm.
Let u and v be unitaries, and z be an element of L% (M., 7.). Then
al (uxv) = sup{|r(uzvy)| : y € M,a.(y) < 1}
= sup{|7(zuyv)| : y € M, a(y) < 1}
= sup{|7(zyo)| : Yo € M, ae(yo) < 1}
= ac(z)
for every z € L% (M., 7). Therefore, o, is unitarily invariant.

The proofs that @, and o/, are unitarily invariant are similar. O

Lemma 4.2.12. Suppose « is a unitarily invariant, || - ||1-dominating, mutually continuous norm

with respect to T on M. Then
(i) ||z|1 < ae(x) for every x € L% (M., T); and
(it) x| <@ (x) for every x € L‘Te,(./\/le,T).

Proof. (i) Suppose that x is in L% (M., 7) C L'(M,, 7). Let z = uh be the polar decomposition of
x in L'(M,,7), such that u is a unitary in M., and h is positive in L'(M,, 7). As @ is unitarily
invariant (see Lemma 4.2.11),

Qc(z) = e(uh) = ae(h). (4.4)

By definition, @¢(h) > |7(h)| = ||z||1. Hence, combining with Equation 4.4,

]l < ae(z).
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(ii) The proof of (ii) is similar. O
Lemma 4.2.13. For every y € M. and every z € LY (M., 1), o (y2) < |lyllaL(2).

Proof. Suppose y € M, such that ||y|| = 1, and let y = w|y| be the polar decomposition of y in M.,
i.e. w € M, is unitary and |y| € M. is positive. Define v = |y|+i4/1 — |y|2. Then by construction,

v is unitary in M., and |y| = % Consider any z in L'(M,, 7). Then we have that

vz + v*z) < ol (vz) + o (v¥z)
2 - 2

aL(yz) = al(wlylz) = al( for every = in L' (M., 7),

and y in M, such that ||y| = 1. Thus o.(yz) < ||y|laL(z) for every z in L}(M,,7) and y in M. O
Lemma 4.2.14. For every x € M., ae(x) = ae(x).

Proof. First, we show that @ (z) < ae(z) for every z in M.. By definition, |7(zy)| < ae(x)al(y)

e

/

< a(z) for every x in
e(y) (z) y

for every x and y in M,.. Suppose ol (y) < 1. Then |7(zy)| < ae(z)a

M., and y in M, such that o/ (y) < 1. Hence
@) = sup{|7(zy)| : y € Me,al(y) < 1} < ae(z) (4.5)

by definition.

Next, we show that az(z) > ae(z). Suppose z is in M, with a.(x) = 1. Then by the Hahn-
Banach Theorem, there exists a ¢ in L% (M., 7)# such that ¢(z) = ac(z) = 1, and ||| = 1.
Since ¢ is in L% (M., 7)#, there exists & in L% (M., 7) such that ¢(z) = |7(z€)| = 1, and &' (§) =
l€]| = 1. Let & = uh be the polar decomposition of £ in L% (M., ), where u € M, is unitary and
h € L%(M,, ) is positive.

By Lemma 3.8 in [8], there exists a family {ey} of projections in M, such that ||h — hey|[1 — 0,
and exh = hey € M, for every 0 < A\ < co. Also, u € M, so uhey € M.. Thus o (uhey) =
o (uhey) < @ (uh)|len|| < @' (uh) = al(§) =1, as aL(z) = a./(z) for every x € M, by Lemma
3.2 in [8]. So, ae(x)|7(xf)| = |T(xuh)| = lim)_o0 [T(zuhey)| < sup{|T(zy)| : y € Me,al(y) <1} =
@ (x). Therefore

ae(x) < @e(x). (4.6)
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Hence from equations 4.5 and 4.6, ae(z) = @c(x), and the Lemma is proven. O
Lemma 4.2.15. L% (M., 1) = {x € L'(M.,) : @z(x) < oo} is a complete space in ae-norm.

Proof. Tt suffices to show that for every Cauchy sequence {b,} in L% (M., ), there exists b in
L% (M., 7) such that b, — b in @g-norm. Suppose that {b,} is a Cauchy sequence in L% (M., 7).
There exists M > 0 such that @g(b,) < M for every n.

By Lemma 4.2.12,

16n, — bin||1 < @(by, — byy,) for all m,n > 1.

Therefore, {b,} is Cauchy in L'(M,, 7), which is complete. So there exists a by in L!(M,, ) such
that [|b, — bol[1 — 0.

First, we claim that by is in L% (M., 7). Let y € M, such that al(y) < 1. We have that
|7(bny) — T(boy)| = |7((by, — bo)y)| < ||bn — bol|1]]y|lcc by Holder’s Inequality. However, ||b, —
boll1]|y|loc — 0. Also, by the definition of @, we also have that |7(boy)| = lim, 00 |T(bry)| <
lim sup,,_, o @ (bn)aL(y) < M. Therefore, a(b,) < M, and by € L% (M., ).

Now, we show that ag(b, — by) — 0. We know that {b,} is Cauchy in L%(M,,7), so for every

n>1,

7((bn = bo)y)| = Tim_[7((bm — bn)y)]

m—0o0

< lim sup @ (by, — b )i (y)

€
m—00

< lim sup @(b, — by,)

m—0o0
Therefore, (b, — bo) < limsup,,_,o(bn — by,) for every n > 1, and since {b,} is Cauchy in
L% (M., T),

@e(by, —bg) — 0 as n — o0,

and the Lemma is proven. O

Therefore L% (M., 7) is a Banach space with respect to ag-norm.
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Lemma 4.2.16. Suppose that e € M is a projection such that 7(e) < co. Suppose {eane} C T is

Cauchy in a-norm, and eane converges in measure to 0. Then

(i) for every e > 0, there exists a § > 0 such that, if q is a projection in M with 7(q) < 0,

|T(eaneq)| < € for every n;

(ii) given § > 0, € > 0 and N € N, there exists py, a projection in M, such that ||eanep,| < €,

and T(pr) < & for every n > N;
(iii) for every projection q in Z, T(eaneq) — 0 as n — oo; and
(iv) for every b in M, T(eaneb) — 0 as n — oo.

Proof. (i) Suppose that, as above, e € M is a projection such that 7(e) < oo and {eane} is a
Cauchy sequence in a-norm. Let € > 0 be given. By assumption, « is a locally || - ||;-dominating
norm, so there exists c(e) such that a(exe) > c(e)||exel|1 for every x € M. Then, given §c(e), there

exists Ng € N such that for all n,m > Ny,

c(e).

aleane — eame) <

N

Let 6 = minkSNo{m}. Suppose ¢ is a projection in M such that 7(¢) < é. Then for
every k < Ny, |T(eareq)] < |leagellllq|s by Holder’s Inequality, and 7(q) = ||q|l1 < ¢. Hence
|T(eareq)| < |leagel|d < €/2 for all k < Ny by our choice of ¢.

For k > Ny,

|7(eareq)| < |7((eare — eanye)q)| + [ (ean,eq)]

< |leare — eanyellillgll + lleanyellllgl (by Holder’s Inequality)
1

< ﬁa(eake —ean,e)||q|l + |lean,el|d (by Definition 1.4.1)
c(e

<€/2+¢€/2=c¢.

Hence, (i) is proven.
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(ii) Suppose that {ea,e} is a Cauchy sequence in a-norm and eape — 0 in measure. Then, by
the definition of convergence in measure, for any ¢ > 0, 6 > 0 and N € N, there exists p, in M
such that |leanep,|| < € and 7(p;;) < & for every n > N.

(iii) Suppose that {eane} is a Cauchy sequence in a-norm such that eape — 0 in measure.
Then by (i), given € > 0 and a projection ¢ in Z, there exists a d; > 0 such that if 7(¢") < 1,

then |7(eaneq)| < €/2. Let 6 > 0 and ¢; = Then by (ii), there exists N € N such that

7@

|leanepn|| < €1, and 7(p,) < § for every n > N. Thus, for n > N and any projection g € Z,
7(eaneq) = 7(eane(q — q N pn)) + 7(eane(qg N pn)). (4.7)

However, 7(¢ — ¢ N py) = 7(qU py, — pn) < 7(pi) < 6. Therefore,

|7(eane(q — qMpn))| < €/2. (4.8)

from (i). Also,

|T(eane(q N pn))| = |T(eanepn(q N pn))l
< |leanepnlllg N pnllx
< flT(qmpn)

< eT(q) =¢€/2. (4.9)

Then from equations 4.7, 4.8 and 4.9, |7(eaneq)| < € for any given € > 0. Therefore, 7(ea,e) — 0
for every ¢ € M such that ¢ is a projection and 7(gq) < oo.
(iv) Suppose that {eane} is a Caucy sequence in a-norm. Then there exists M > 0 such that

T(eane) < a(f&g”e) < % By considering ebe instead, we may assume that b € Z. By the spectral

decomposition theorem, b can be approximated by a finite linear combination of projections ¢; in
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M, i.e. there exist ¢; € Z such that ||[b—>"" ¢ < e% for any given € > 0. Therefore,
n n
|7 (eaneb) — T(eanez q)| = |r(eane(b — Z a))|
i=1 i=1

n
< r(eane)llslb = ail
i=1

M c(e) e
——e——= < e
M

c(e)

IA

Therefore, the Lemma is proven. O
Proposition 4.2.17. There exists a natural embedding from L*(M, 1) into M.

Proof. By Lemma 4.2.10, there exists a natural mapping from L*(M,7) to M.

It suffices to show that this mapping is an injection. Suppose that {a,,} C Z is a Cauchy sequence
in a-norm such that x,, — 0 in measure. As L*(M, 1) is complete, there exists a € L*(M, 7) such
that a,, — @ in a-norm. Assume that a # 0. There exists a projection e in M such that 7(e) < co
and eae # 0. Thus {ea,e} is Cauchy in a.-norm, ea,e — 0 in measure and ea,e — eae # 0 in
ae-norm. By Lemma 4.2.16, 7(ea,eb) — 0 for any b € M. As, |7(eaneb) — 7(eaed)| < ac(eane —
eae)al(b) — 0, we have

T(eaeb) =0 for all b € 7.

On the other hand, by Lemma 4.2.14 and definition of ag, since eae # 0, there exists some by € M,
such that o/ (by) < 1 and 7(eaeby) > @ This is a contradiction. Therefore, a = 0, and the

mapping is an embedding. O

4.3 A Beurling theorem for semifinite Hardy spaces with norm «

Theorem 4.3.1. Let M be a von Neumann algebra with o faithful, normal, semifinite tracial
weight 7, and H>® be a semifinite subdiagonal subalgebra of M. Let o be a unitarily invariant,
locally || - ||1-dominating, mutually continuous norm with respect to 7. Let D = H® N (H*™)*.

Assume that K is a closed subspace of L“(M,T) such that H*K C K.
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Then, there exist a closed subspace Y of LY(M, 1) and a family {uy} of partial isometries in

M such that
(i) up\Y* =0 for every \ € A;
(i) uzu} € D, and upuy, =0 for every A\, p € A with X # p;
(iii) Y = [HEY ]a;
(iv) K=Y @& (S \ZAH  uy).
First, we prove some lemmas.

Lemma 4.3.2. Suppose M is a von Neumann algebra with a faithful, normal, semifinite tracial
weight 7, and that H* is a semifinite, subdiagonal subalgebra of M. Suppose also that o is a
unitarily invariant, locally || - ||1-dominating, mutually continuous norm with respect to T. Assume

that K is a closed subspace of L*(M,T) such that H*IC C K. Then the following hold:

(i) KNnM=KnM" nL*M,7)
(ii) K = [KN Ml

Proof. (i) It is clear that

KNnMCKAM” nL*M,7).

We will prove that
KNM=KaM" nL*M,n).

Assume, to the contrary, that CNM G mw* NLY(M, 7). Then there exists an x € m“’* N
LY(M, 1), with z ¢ K N M. By the Hahn-Banach theorem, there exists a ¢ € L%(M,7)# such
that p(z) # 0, and ¢(y) = 0 for every y € K N M.

Since the restriction of 7 to D = H® N (H*)* is semifinite, there exists a family {ex} of
projections in D such that 7(ey)) < oo for every A, and ey — I in the weak* topology. This implies

that exx — x in the weak™® topology and in a-norm by condition (iiia) of definition 1.4.1.
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Thus, there must exist a A such that exx ¢ KN M. Also, exx € exL*(M, 7).

Define ¢ : M — C by ¥(z) = p(exz) for every z € M. Then 1 is a bounded linear functional.
We will show that 1 is normal, i.e. for an increasing net f, of projections in M such that f, —
I in weak*-topology, then v(f,) — ¥ (I). By condition (iiia) of Defintion 1.4.1, we have that

alexfy —exI) — 0, for a fixed \. Since p € L¥(M, 7)#, p(erfu) — ¢(exl). However

plenfu) = ¥(fu),

and @(exI) = (I). Thus, ¢(f.) — ¥(I). Therefore, ¢ is a normal, bounded linear functional,
namely, ¢ € LY(M, 7).

There exists a & € L'(M,7) such that ¥(z) = 7(2£) for every z € M. Note that ¢(x) =
plexr) = 7(x€) # 0. Thus, there exists a projection e € D such that 7(e) < oo so that ¥(ex) =
p(exex) = 1(exf) # 0, and ¢ (ey) = p(exey) = T(eyé) = 0 for every y € K N M.

Recall that = € KM . Therefore, there exists a sequence {y,} in N M such that y, — «

in the weak* topology. Note that e € L'(M, 7). Hence,

T(yuke) — T(xe).

However, 7(y,&e) = 0, so 7(xz€e) = 0, which is a contradiction. Therefore (i) is proven.

(ii) Clearly, KN M C K, and K is a-norm closed, so
KNM], CK.

‘We will show that

K = [KN M.

Suppose to the contrary, that [N M], & K. There exists an « € K such that = ¢ [ N M],. We
know that D is semifinite, so there exists a family of projections {e)}rea such that 7(ey) < oo,
and ey — I in the weak-* topology. By Definition 1.4.1, part (iiia), ez — = in a-norm. So, there
exists A such that eyz € K, since z € K, and eyx ¢ [K N M|, as z ¢ [N M],.

By Lemma 1.5.6, there exist an hy € exHe) and an hy € exH%e) such that hiexz € M,

and hiho = ey = hohi. Thus, exx = hohieyz, hiexx € M, and hieyx € K, since H*K C K.
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Also, hy € exH%e), so there exists a sequence {a,} in H* such that a,, — hg in a-norm. Hence,

exx = hohiex, ayhiexx € K N M, and
aphiexx — hohjex

in a-norm.

Therefore, exx € [ N M)],, which is a contradiction. Thus, (ii) is proven. O

Lemma 4.3.3. Suppose M is a von Neumann algebra with a faithful, normal, semifinite tracial
weight T, and suppose that « is a unitarily invariant, locally || - ||1-dominating, mutually continuous
norm with respect to 7. Let H*® be a semifinite, subdiagonal subalgebra of M. Assume that K is a

weak™* closed subspace of M such that H®KC C K. Then

w*

K=[KNLYM,7)]a N M

Proof. First we must show that

K CTKNLaM, an M" .

Let x € K C M. We know that 7 restricted to D is semifinite, so there exists a net of projections
{ex}rea such that 7(ey) < oo and ey — I in the weak* topology. Also, exx — x in the weak*
topology.

To show that

w*

z e KNLOM, D)an M"

it is sufficient to show that ez € [K N L*(M,7)]o N M. We have that eyz is in K, as z € K

and K is H*-invariant. We also know ||exz||o < [lex]lal|z]| < oo. Therefore, exx € L*(M, 1), and

exe € KN LYM,7) C [K N LM, 7)]a. Thus, € KN LM, 7)]a N M" .

Hence £ C [K N LM, T)]a N M

Next, we show that
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It suffices to show that [ N L*(M, 7)]o N M C K since K is weak™-closed.

Suppose, to the contrary, that [ICNLY(M,7)]oaNM G K. There exists an 2 € [[CNL*(M, 7)]aN
M such that ¢ K. Since the restriction of 7 to D is semifinite, there exists a net {ex}aea of
projections such that 7(ey) < oo and ez — z in the weak™ topology.

As z ¢ K, by the Hahn-Banach theorem, there exists a ¢ € My such that ¢(z) # 0 and
e(y) =0 for all y in L. Asz € [KNLYM,7)]o "M and = ¢ K, there exists a A such that
exx € [KNLYM, 7)o N M and ez ¢ K. Since ¢ € My, there exists a £ in L (M, 7) such that
o(z) = 7(2€) for every z € M. It follows that there exists a projection e € D with 7(e) < oo so
that 7(z€e) # 0, and 7(y€e) = 0 for every y € K.

We claim that there exists a z = e € Me such that 7(zz) # 0 and 7(yz) = 0 for all y € K.

Note that e € LY(M,7) since ¢ € L*(M,7) and 7(e) < co. By Lemma 1.5.6, there exist
hs € eH*®e, and hy € eH'e such that hzhy = e = hyhg and &ehg € M. There exists {k,} in H>®

such that k, — hy in || - ||;-norm. So,

li_)m |T(ex€) — T(x€ehsky)| = li_)m |T(z€ehshy) — T(x€ehsky,)|
< 1t ol l€chal hs — kol
=0.

There exists an N € N such that 7(z€ehsky) # 0, since 7(z€) # 0. We let z = ehgkny € M. Then,
z = ze € Me such that 7(zz) = 7(x€ehsky) # 0, and 7(yz) = T(yéehskn) = 7((ehskn)y&) = 0 for
every y € K.

Since z € [KNLY(M, T)]o N M there exists {z,} in KN LY(M,7) such that z,, — x in o norm,
and ez, — ex in a-norm. Note ey = \/eyy*ev = ey/eyy*eev. Therefore, ex,, — ex in || - ||1-norm,
as |ley|l1 = |leveyyFeell1, aley) = a(ev/eyy*ee), and « is locally || - ||; -dominating.

We also have that |7(xz — x,2)| = |7((x — 2p)2)| < |le(x, — 2)|]1]|2||- Finally, since {z,} is in

KNLYM,7) C K, 7(xnz) = 0. Hence, 7(xz) = 0, which is a contradiction.

Therefore, [K N Lo (M, 7)]a N M" C K.

Thus, K = KA LM, 1)a N M" . 0
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Lemma 4.3.4. Suppose M is a semifinite von Neumann algebra with a faithful, normal tracial
weight T, and suppose that « is a unitarily invariant, locally || - ||1-dominating, mutually-continuous
norm with respect to 7. Let H* be a semifinite, subdiagonal subalgebra of M. Assume that S is a

subset of M such that H*S C S. Then
1SN LM, 7)o =[S N LY (M, 7)]a.

Proof. Clearly, SN L*(M,7) € §* NL¥(M,7) so, [SN LM, T)]a C [SY N LYM, 7).

We will show that S N LM, 7) C [S N LY(M,7)]a. Let z € §* N LM, 7). We know that
there exists a net {e)} in D of projections such that 7(ey) < 0o, and ey — I in the weak™* topology.
Thus, eyz — x in the weak™ topology.

We will show that exz € [SNL*(M, 7)]4 in order to show that € [SNL*(M, 7)]s. By Lemma

4.3.2, we have that

(SN LM, 7)]a "M C[SA LM, D)o N LM, 7).

Since z € §* N L*(M, 1), there exists a net {x;} in S such that z; — « in the weak*-topology.

Therefore exz; — ey in the weak*-topology for every A € A. We note that a(exz;) < a(ey)| ;|

and H*S C S. Therefore exx; € SN LY(M,7), and exz; € [S N L¥M, 7)o N M Thus, eyx €

[SN LM, T)|aN M. Tt is clear that ext € L*(M,7). By Lemma4.3.2, [S N L¥(M, 7)]o N M N
LM, 1) =[SN LY M, 7)o N M. So exx € [SNLYM,T)]q-

Therefore, z € [S N LY(M, T)]q, whence 5 N LYM,T) C[SNLY¥M,T)]s. Hence,

(S N LYM, T)]a = [S N LM, 7)]a.

Now, we prove Theorem 4.3.1.

Proof. Let K1 = KNM *. K1 is a weak™ closed subspace of M such that H*K; C K;. Then
by Theorem 2.3.5, there exist a weak™ closed subspace Y1 C M and a family {uy}rea of partial

isometries in M such that
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(a) upY;" =0 for every X\ € A;

(b) uzu} € D, and uyu;, = 0 for every A, 1 € A such that A # p;

(c) Vi = HZ "
(d) K1 =Y1 @™ (S \ZAH ™ uy).

Let Y = [Y1 N L¥(M, 7)]a.
(i) We know that there exists {a,} C Y;* such that a, — a in a-norm for some a € Y;*. From (a),
and the definition of Y7, a,u; — au; in a-norm. Thus, we may conclude that u)\Y™* = 0 for every
AeA.

(ii) follows from (b).

(iii) We will show that Y = [H{°Y],. We have that

Y = [Vi 0 L (M, 7)]a (by definition of V)
= [H&V" N LM, 7)a (by (c))
= [Hg?Y1 N LY (M, 7)]a (by Lemma 4.3.4)
— [HE(V N LM, D)]a A M) N LEM, 1)]a (by Lemma 4.3.3)
C [HE (Y1 N Lo (M, 1)Ja N M) A LYM, 7)]a (by Theorem 1.7.8 in [35])
= [HE([Ys N LP (M, 7)o 0 M) A L (M, 7)]a (by Lemma 4.3.4)
= [Hg* (Y " M) N LY(M, 7)]a (by defintion of Y')
C [Hg"Y]a
cY.

Hence, Y = [H§°Y], as desired.
(iv) Finally, we will show that I =Y @™ (@524 Huy).
Recall that Y = [Y; N LY(M, 7)]a.

We claim that [H§°Y; N LY(M, 7))o C [HG® (Y1 N LY(M, 7))]a.
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Also, by Lemma 4.3.2, H%) = [H*®uy N LY(M, T)|q for every A € A. Now,

K=[KinL¥M,7)]a

*

=[V1 + Z HOOUALU N LM, 7)o (by definition of K1)
AEA
= [Y1+ ) H®uy N LM, 7)o (by Lemma 4.3.4)
AEA
= Vi NLYM,7) + Y H®up N L*(M,7)]a (by (a) and (b))
AEA
AEA

=Y @"" (®\ZAH uy)
where the last equality comes from Definition 1.6.1. O

Corollary 4.3.5. Suppose that M is a von Neumann algebra with a faithful, normal, semifinite
tracial weight T. Let o be a unitarily invariant, locally || - ||1-dominating, mutually continuous norm
with respect to 7. Let IC be a subset of L*(M, 1) such that MK C K. Then there exists a projection

q with K = Maq.

Proof. We note that M can be considered as a semifinite subdiagonal subalgebra of M itself.
Hence, we let M = H®, and it follows that D = M and @ is the identity map on M. Also,
H§® = {0} and H* = L*(M, 7).

Let K be a closed subspace of L%(M,7) such that M C K. From Theorem 4.3.1,
K=Y @row (@g\oeu/)\HauA)u

where u Y™ = 0 for every A € A, upu} € D, and upujy, = 0 for every A, u € A such that A # u, and
Y = [HEY ]
It is clear that because H3® = {0}, Y = 0. Also, since D = M, we have that
H%y = LY(M,T)uy = L*(M, T)uruyuy

C LYM,m)usuy € LYM, T)uy = H%y.



Therefore, H%uy = L*(M, T)ujuy. Specifically, we find that

K=Y o™ (BXEAH ur) = (BAEA LY (M, T)ujuy)

LM, 7)( Z ujuy) = L*(M,1)q
AEA

where we let ),y ujux = ¢, and ¢ is a projection in M. This ends the proof.
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Chapter 5

Applications for unitarily invariant,

locally || - ||;-dominating, mutually

continuous norms

In Chapter 4, we were able to prove a Beurling-Chen-Hadwin-Shen theorem for a semifinite von
Neumann algebra M. We seek to extend those results to semifinite factors, crossed products of a
von Neumann algebra by an action [, and Banach function spaces, as described in Chapter 4.

When M is a factor, we can weaken the conditions on .

Corollary 5.2.1. Suppose M is a factor with a faithful, normal tracial weight 7. Let o : T —
[0,00), where T is the set of elementary operators in M, be a unitarily invariant norm such that
any net {ex} in M with ey T I in the weak™ topology implies that a((ex — I)x) — 0. Let D =
H> N (H*®)*. Assume that K is a closed subspace of L“(M, 1) such that H*K C K. Then, there

exist a closed subspace Y of L*(M,T) and a family {ux} of partial isometries in M such that
(i) un\Y* =0 for every A € A;
(it) uyuy € D, and uyu,, for every A, € A with X # p;

(111)) Y = [H§Y ]a;

(iv) K=Y @ (0524 Houy).
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Similar to our result in Chapter 3 for LP spaces, we prove a Beurling-Chen-Hadwin-Shen theorem
for the crossed product of a von Neumann algebra M by a trace-preserving action [ with a unitarily

invariant, locally || - ||;-dominating, mutually continuous with respect to the trace 7.

Corollary 5.3.2. Suppose that M is a von Neumann algebra with a semifinite, faithful, normal
tracial weight T. Let o be a unitarily invariant, locally || -||1-dominating, mutually continuous norm
with respect to T, and B be a trace-preserving, *-automorphism of M. Consider the crossed product
of M by an action 3, M xgZ. Still denote the semifinite, faithful, normal, extended tracial weight
on M xgZ by T.

Denote by H*® the weak *-closed nonself-adjoint subalgebra in M xg Z which is generated by
{An)¥(x) : 2 € M,n>0}. Then H*® is a semifinite subdiagonal sublagebra of M xg 7Z.

Let IC be a closed subspace of L*(M xgZ,T) such that H*K C IC. Then there exist a projection

q in M and a family {ux}ren of partial isometries in M xg Z which satisfy
(i) uxg =0 for all X € A;
(ii) uyuy € M and uyuj, = 0 for all \,p € A with X\ # p;

(iii) K = (Loa(M x5 Z)q) @ (2523 HYuy).

As B(H) is a factor and can be realized as the crossed product, we can also weaken the conditions

on o when M = B(H). Additionally, we can fully characterize the H* invariant subspace.

Corollary 5.4.2. Suppose H is a separable Hilbert space with an orthonormal base {em }mez, and

let
H*® ={z € B(H) : (zem,en) =0,Yn < m}
be the lower triangular subalgebra of B(H). Then D = H® N (H®)* is the diagonal subalgebra of
B(H).
Suppose o : T — [0,00), where T is the set of elementary operators in M, is a unitarily invariant

norm such that any net {ex} in M with ey 1 I in the weak* topology implies that a((ex —I)x) — 0.
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Assume that K is a closed subspace of H® such that H*®K C IC. Then there exists {ux}rea, @

family of partial isometries in H* which satisfy
(i) uxuy € D and uyuy, = 0 for every A\, pu € A such that \ # p;
(ii) K = S \Z\H  uy.

Additionally, we prove a result for a Banach function space £ with norm || - [7(;) and provide

an answer for Problem 4.0.1.

Corollary 5.1.1. Suppose that Z(7) is a Banach function space on the diffuse von Neumann algebra
M with order continuous norm |- ||z(). Let D = H*N(H>)*. Assume that K is a closed subspace
of Z(1) such that H*K C K. Then, there exist a closed subspace Y of Z(7) and a family {uyx} of

partial isometries in M such that

(i) up\Y* =0 for every \ € A;

(11) uyuy € D, and upyuy, for every A\, € A with X # p;
(iir) Y = [HGY |z(r);

(iv) K=Y @rov (9524 HXMuy,).

5.1 Invariant subspaces for non-commutative Banach function spaces

We briefly recall our discussion of a non-commutative Banach function space. Let E be a symmetric
Banach function space on (0, co) with Lebesgue measure. As before, we let M be a von Neumann al-
gebra with a faithful, normal tracial state 7 and Z = {x € M : x is a finite rank operator in (M, 7)
and [|u(7)||g < co}. We may then define a Banach function space Z(7), and a norm || - |z() by
lzl|z¢r) = ()| & for every x € Z(1). We let H* be a semifinite subdiagonal subalgebra of M, as

described in Chapter 4. The following is an easy corollary of Theorem 4.3.1 and Proposition 4.2.8.
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Corollary 5.1.1. Suppose that Z(7) is a Banach function space on the diffuse von Neumann algebra
M with order continuous norm |- ||z(). Let D= H*N(H>)*. Assume that K is a closed subspace
of I(1) such that H*K C K.

Then, there exist a closed subspace Y of Z(7) and a family {uy} of partial isometries in M such

that

(i) up\Y* =0 for every \ € A;

(i) uzu} € D, and upuy, =0 for every A\, p € A with X\ # p;
(iii) Y = [H5Y |7(7);

(iv) K=Y @&rov (a52% HEXMDu,).

5.2 Invariant subspaces for factors

We also have the following corollary from Theorem 4.3.1 and Proposition 4.2.5.

Corollary 5.2.1. Suppose M is a factor with a faithful, normal tracial weight 7. Let o : T —
[0,00), where T is the set of elementary operators in M, be a unitarily invariant norm such that
any net {ex} in M with ey T I in the weak™ topology implies that a((ex — I)xz) — 0. Let H® be a
semifinite subdiagonal subalgebra of L*(M,T). Let D = H>® N (H>)*. Assume that K is a closed
subspace of L(M,T) such that H*K C K.

Then, there exist a closed subspace Y of L*(M, 1) and a family {ux} of partial isometries in

M such that

(i) up\Y* =0 for every \ € A;

(i) uzu} € D, and upuy, =0 for every A\, p € A with X # p;
(111)) Y = [H§Y ]a;

(iv) K=Y @row (@524 Houy).
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5.3 Invariant subspaces of analytic crossed products

Suppose that M is a von Neumann algebra with a semifinite, faithful normal tracial weight 7.
We let 8 be a *-automorphism of M such that 7(3(x)) = 7(x) for every x € M™T (i.e. S is
trace-preserving).

Let [?(Z) denote the Hilbert space which consists of the complex-valued functions f on Z
which satisfy >, ., [f(m)|* < oco. Let {en}ncz be the orthonormal basis of {*(Z) such that
en(m) = 6(n,m). We also denote the left regular representation of Z on I*(Z) by X : Z — B(1*(Z)),
where A\(n)(em) = emin-

We let H = L?(M,7) ® [*(Z), or equivalently, H = @®,czL?(M,T) ® ep,. The representations

¥ of M and A of Z may be defined by

U(x)({®@em) = (87" @ em, for all z € M, ¢ € L*(M,7) and m € Z

An)(E®em) =& X (A(n)en) for all n,m € Z.
It is not hard to verify that
An)¥(z)A(—n) = V(" (x)) for all x € M and n € Z.

We may define the crossed product of M by an action 3, which we denote by M %3 Z, to be
the von Neumann algebra generated by ¥(M) and A(Z) in B(H). When there is no possibility of
confusion, we will identify M with its image W(M) under ¥ in M x5 Z.

In Chapter 13 of [22], amongst others, it is shown that there exists a faithful, normal conditional

expectation, ®, taking M xg Z onto M such that
N
<I>< Z A(n)\If(xn)> =z where z,, € M for every — N <n < N.
n=—N

There also exists a semifinite, normal, extended tracial weight on M xg Z, which we still denote

by 7, and which satisfies

7(y) = 7(®(y)), for every postive y € M xg Z.
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Example 5.3.1. Let M =1[°°(Z). Then M is an abelian von Neumann algebra with a semifinite,

faithful, normal tracial weight T which is given by

T(f) = Z f(m), for every positive f € 1*°(Z).

meZ

We let B be an action on 1°°(Z), which we define by
B(f)(m) = f(m—1), for every f € I°°(Z) and m € Z.

It is known (see, for example Proposition 8.6.4 of [22]) that I°°(Z) xg Z is a type I factor.

Therefore, for a separable Hilbert space H, I°°(Z) x5 Z ~ B(H).

The next result follows from our construction of crossed products. Recall the following from

Lemma 3.1.2 (see also section 3 of [1]).

Take the weak *-closed, non-self-adjoint subalgebra M x5 Z, of M x5 Z which is generated by
{A(n)¥(z) : 2 € M,n > 0}.
Then the following hold:

(i) M xgZ is a semifinite subdiagonal subalgebra with respect to (M xgZ, ®). We will denote

such a semifinite subdiagonal subalgebra by H* and call H* an analytic crossed product.

(ii) We denote by HS® the space ker(®) N H>*. Then H{° is a weak *-closed nonself-adjoint

subalgebra which is generated in M g Z by
{A(n)®(z) : z € M,n >0}

and satisfies

HE = A(1)H™.
(iil) H N (H®)* = M.

We are able to characterize the invariant subspaces of a crossed product of a semifinite von

Neumann algebra M by a trace-preserving action 5.
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Corollary 5.3.2. Suppose that M is a von Neumann algebra with a semifinite, faithful, normal
tracial weight T. Let o be a unitarily invariant, locally || -||1-dominating, mutually continuous norm
with respect to T, and B be a trace-preserving, *-automorphism of M. Consider the crossed product
of M by an action 3, M xgZ. Still denote the semifinite, faithful, normal, extended tracial weight
on M xgZ by 7.

Denote by H> the weak *-closed nonself-adjoint subalgebra in M xg Z which is generated by
{A(n)¥(z) : 2 € M,n>0}. Then H*™ is a semifinite subdiagonal subalgebra of M x5 Z.

Let IC be a closed subspace of L*(M xgZ,T) such that H*K C KC. Then there exist a projection

q in M and a family {ux}ren of partial isometries in M xg Z which satisfy
(i) uxg =0 for all A € A;
(i) uyuy € M and uyuy, =0 for all A, € A with A\ # p;
(i) K = (L*(M 5 Z)g) @ (2524 Houy).
Proof. From Theorem 4.3.1, we know that
K = Y @™ (@24 Huy)

such that Y is a closed subspace of M x3 Z and a family of partial isometries, {uy}, in M xgZ

which satisfy
(a) upY* =0 for all A € A;
(b) uru} € M and uyuy, =0 for all A\, u € A with A # p;
(c) Y = [H{Y]a.
By Lemma 3.1.2 and (c), it is clear that
Y = [H{Y]a = [A1)H*Y ], C A(1)Y.

We can show, by induction, that A(—n)Y C Y for any n in N. From the defintion of H>,

we know that A(n)Y C Y for every n > 0, and ¢ (z)Y C Y for every z € M. Therefore,
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Y C L¥(M xg Z) is left-M xg Z-invariant, and from Corollary 4.3.5, there exists a projection

q € M with Y = LM xg Z,T)q. Therefore,
(i) ung=0 for all A € A;
(i) uuy € M and upuy, = 0 for all A, p € A with A # p;
(iii) K = (La(M x5 Z)q) @ (324 Huy)

hold, and the corollary is proven. O

5.4 Invariant subspaces for B(H)

Let ‘H be an infinite dimensional separable Hilbert space with orthonormal base {e, }mez. We let
7 = T'r be the usual trace on B(#), namely
T(z) = Z (xem, em) for every x € B(H) with z > 0.
mez
With this 7, B(H) is a von Neumann algebra with a semifinite, faithful, normal tracial weight 7.
We let

A={x € B(H): (xem,en) =0 VYn < m}

be the lower triangular subalgebra of B(H).
Recall from Example 5.3.1 that the crossed product of [*°(Z) by an action 3, denoted [*°(Z) X gZ,

where the action (§ is determined by
B(f)(m) = f(m—1) for every f € I°(Z),m € Z

is another way to realize B(H).
It is easy to see that A is [*°(Z) xg Z4, a semifinite subdiagonal subalgebra of I°°(Z) x5 Z (see
Lemma 3.1.2).

The following corollary follows from Corollary 5.3.2
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Corollary 5.4.1. Suppose H is a separable Hilbert space with an orthonormal base {emy }mez, and
let

H>* ={x € B(H) : (xem,en) =0, Yn<m}

be the lower triangular subalgebra of B(H). Then D = H* N (H®)* is the diagonal subalgebra of
B(H). Suppose a: L — [0,00), where I is the set of elementary operators in B(H), is a unitarily
invariant norm such that any net {ex} in B(H) with ey T I in the weak™ topology implies that
a((ex —Iz) — 0.

Assume that K is a closed subspace of B(H) such that H¥IC C KC. Then there ezists a projection

q in D and {upx}aea, a family of partial isometries in H> which satisfy
(i) uxg =0 for every A € A;
(ii) uxuy € D, and uyu;, = 0 for every A\, u € A with \ # p;
(iii) K = (B(H)q) &7 (@528 Houy).
The following is a corollary of Corollary 5.3.2 and Proposition 4.2.5.

Corollary 5.4.2. Suppose H is a separable Hilbert space with an orthonormal base {em }mez, and
let

H>* ={x € B(H) : (xepm,en) =0, Vn<m}

be the lower triangular subalgebra of B(H). Then D = H® N (H®)* is the diagonal subalgebra of
B(H).

Suppose o : T — [0,00), where L is the set of elementary operators in B(H), is an unitarily
invariant norm such that any net {ex} in B(H) with ex T I in the weak™ topology implies that
a((ex — I)z) — 0.

Assume that K is a closed subspace of HY such that H*®K C IC. Then there exists {ux}rea, @

family of partial isometries in H® which satisfy

(i) uyu} € D and uyuy, = 0 for every A\, u € A such that X # yu;
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(ii) K = S\ZAH uy.
Remark 5.4.3. The result is similar when H* is instead the upper triangular subalgebra of B(H).

Remark 5.4.4. Recall that any unitarily invariant norm « gives rise to a symmetric gauge norm

U on the spectrum of |A|, {an}i<n<n, where A finite rank operator. Then Corollary 5.4.2 holds
for .
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