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FOREWORD

This dissertation is composed of two parts. In part one, we consider diffusive shock
acceleration of protons and the associated generation of hydromagnetic waves at planar
stationary shocks. The second part is an effort to provide insights into the preferential

resonant heating and differential streaming speeds of ions in the extended corona.

There are obvious differences between these two problems. but there are fundamental
physical principles that link them. The resonant ion ion-cvclotron wave interaction.
which causes 10ns to diffuse in pitch-angle in the wave frame. 1s the primary physical
mechanism common to both parts. lons can diffuse back and forth across a shock many
times and for each round-trip traversal of the shock they gain energy. lons are scattered
in pitch angie upstream and downstream of a shock front due to interactions with waves
in the solar wind. possibly modified by the 1ons and magnetic turbulence associated with
the shock. The wave energy can grow at the expense of the 1on energy. while ions gain
energy due to multiple encounters with the shock. In part two. we assume that wave
energy at the cyclotron resonant frequencies is always available and that ions only gain
energy from the waves. Resonant ions scatter to uniformity in pitch-angle while

conserving kinetic energyv in the frame moving with the waves.

In both parts, the ion distribution function is calculated from an energetic particle
transport equation. although the forms of the transport equation used in each part are

significantly different. reflecting the different phyvsical phenomena. In Part 1. the wave

v
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intensity is determined from a wave kinetic equation; the ion distribution function and
wave intensity are calculated self-consistently. In Part [I. the cold. electron-proton
plasma dispersion relation is used to determine the maximum speed of an 1on species
resonant with anti-sunward propagating. left hand circularly polanzed waves: whereas. in
part | we assume 1ons interact with parallel propagating waves traveling in both
directions. In shock acceleration. ions are energized by multiple traversals of a shock.
possibly mirroring from gradients in the magnetic field in the vicinity of the shock front.
[n contrast. in Part II. ion radial acceleration 1s achieved through magnetic mirronng of

the transverselv-heated ions in the radially diverging solar magnetic field.
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ABSTRACT
RESONANT WAVE-ION INTERACTIONS IN THE HELIOSPHERE:
I. INTERPLANETARY TRAVELING SHOCKS
[I. ION HEATING AND ACCELERATION IN THE EXTENDED CORONA
By
Bruce E. Gordon

University of New Hampshire. December. 2002

In Part [ we present a revised version of the self-consistent theory of ion diffusive
shock acceleration and associated generation of hvdromagnetic waves at a planar
stationary shock. Coupled wave kinetic and energetic particle transport equations are
solved numerically and compared with an analytical approximation similar to that
denived by Lee [1982, 1983]. The analyvtical approximation provides an accurate
representation of both the proton distribution and the wave intensity. Excellent
agreement between the predicted wave magnetic power spectral density adjacent to the
shock as a function of frequency and the wave spectrum measured by ISEE 3 at the
November 11 - 12, 1978. interplanetary traveling shock is achieved. A comparnson is
also made between the predicted total wave energyv density and that observed upstream of
Earth’s bow shock by the AMPTE/IRM satellite for a statistical study of approximately
400 near-to-nose events from late 1984 and 1985. The correlation between the observed
wave power and the prediction is very good with a correlation coefficient of 0.92.
However, the average observed wave magnetic energy density is approximately 63% of

that predicted. suggesting possible wave dissipation, which is not included in the theory.

XV
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In Part [l we present a semi-analytical solution of the gyrophase-averaged ion
transport equation for ion distribution functions in the extended corona. We adopt the
essential features of the kinetic shell model [Isenberg. 1997: 2001a. b. c: Isenberg et al..
2000. 2001] and thus. we describe the ion distnibution as comprised of cyclotron-resonant
and nonresonant parts. We include gravity, the ambipolar electric field. adiabatic
deceleration. and magnetic mirroring. but keep the solar wind and wave phase speeds
constant. The cold. electron-proton plasma dispersion relation is used to determine the
wave-ion resonance condition. The actual. analvtical forms of the ion distribution
functions obtained are clearly not Maxwellian or bi-Maxwellian. Our solutions describe
some of the non-thermal phenomena trequently observed in the extended corona:
anisotropic temperature distributions. and difterential streaming between protons and
minor ion species. However, we fail to model the observed radial temperature

dependence of protons and O™ ions.

XV1
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PART I

COUPLED HYDROMAGNETIC WAVE EXCITATION AND ION ACCELERATION
AT INTERPLANETARY TRAVELING SHOCKS AND EARTH'S BOW SHOCK

REVISITED
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CHAPTER 1.1

INTRODUCTION

We revisit the phenomenon of diffusive shock acceleration of solar wind ions and the
accompanying growth of hydromagnetic waves. [ons can diffuse back and forth across a
shock many times. and for each round-trip traversal of the sheck they gain energy. lons
are pitch-angle scattered upstream and downstream of the shock front due to interactions
with waves in the solar wind. possibly modified by the 1ons themselves. and magnetic
turbulence associated with the shock. The ions couple to the waves via ion-cyclotron
resonance. Scattering of the ions by the waves provides the diffusion mechanism. The
wave energy can grow at the expense of the ion energy while ions gain energy due to

multiple encounters with the shock.

The evidence for high energy ions resulting from interactions with interplanetary
traveling shocks and planetary bow shocks has its origins in the 60°s. Observations made
by the Vela satellite [4sbridge et al.. 1968] showed that a small fraction of the incoming
solar wind 1ons were reflected by Earth’s bow shock with an energy increase of about a
factor of five. An analysis by Sonnerup [1969] based on ion reflection from the shock
front predicted an increase in energy consistent with these observations. Using ISEE 1
data, Bame et al. [1980] showed that the solar wind is siowed and deflected away from

Earth’s bow shock. Their observations suggested that the solar wind deceleration is the

t9
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result of momentum transfer from the reflected bow shock ions to the solar wind via an

interaction with long period (tens of seconds) waves.

Armstrong et al. [1970] examined several interplanetary shock events. and paid
particular attention to the event of 20 February 1968. Their results showed a close
temporal correlation between the enhancement of ion fluxes and the passing of a shock
front. Acceleration of protons by repeated crossings of the front of a nearly
perpendicular shock was deduced by Sarris and Van Allen [1974] from Explorer 33 and
35 data. They observed energization of protons up to about | Me\" after encountering the
shock. lon distribution functions were determined by Gosling et al. [1981] based on
[SEE 2 and 3 data. They found a power law distribution in velocity for ion energies up to
about 40 keV and an exponential dependence on velocity for ion energies greater than
about 200 ke\'. Scholer er al. [1983] examined [SEE 3 data for three interplanetary
shocks and conciuded that multiple ion-shock encounters are required to account for the
observations. They also deduced a power law phase-space distribution function with a
spectral index of about 4 for the 11-12 November 1978 shock. Tan er al. [1986] used
IMP 8 and ISEE 3 data to show that ions with energies of a few keV" are the seed
population for the 40 keV energetic ions. but that higher energy ions, presumably from
flares or coronal mass ejections. are required to seed the ions with energies greater than

200 keV'.

Concurrently with the observations of energetic ions. enhanced hydromagnetic waves

were observed upstream of Earth’s bow shock. Greenstad: et al. [1968], using Vela 3A
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data, reported magnetic oscillations with amplitudes up to about 12 nT (1 nT = 10”
Tesla) and periods of between 4 and 30 seconds. Other early evidence for upstream
waves came from Fairfield [1969] who, using Explorer 34 data. reported waves with
amplitudes comparable with the background magnetic field of a few nT and periods in
the 20 to 100 s range. Fairfield [1969] also showed that the wave amplitude decreased
by only a factor of about two from the bow shock to a distance upstream of about 15 R,
(Re = Earth Radius = 6400km ). ISEE 3 data provided a good correlation between the
existence of 35 keV to 1600 keV upstream ions and 30 s period upstream waves
(Sanderson er al.. 1983]. They observed that in the absence of waves the ions had beam-
like anisotropies. but with waves present the pitch-angle distributions broadened. Wave
growth was accompanied by progressive broadening of the ion pitch-angle distribution.
Their observations of upstream ions with pitch angles near 90° is evidence that
significant pitch-angle scattering is taking place. since ions with pitch angies near 90" do
not propagate upstream. Hoppe er al. [1981] observed that the upstream waves often
steepen and can form shocklets [Hada et al.. 1987]. which often break into whistler mode

wave packets.

A survey of interplanetary shocks observed by ISEE 3 from August 1978 to March
1980 was made by Tsurutani et al. [1983]. They found that enhanced wave intensities
were detected for almost all of the interplanetary shocks examined. Long period waves,
around 20 s, were found up to 10R¢ from the shock. These waves propagated within a
cone of about 15° around the ambient magnetic field. substantiating our assumption in

Chapter 1.2 of nearly parallel (or anti-parallel) propagation. Kennel et al. [1986] also
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reported nearly parallel wave propagation for the 11-12 November 1978 shock event.
Kennel et al. [1986] deduced that these upstream waves must have been produced by 1-
10 keV upstream 1ons which were observed flowing away from the shock. These ion
energies and wave frequencies are consistent with those required by ion-cyclotron

resonance.

In an early theoretical model of diffusive shock acceleration. Fisk [1971] applied the
energetic particle transport equation [Parker. 1965] to shock-associated ion
enhancements by assuming a power-law dependence in velocity. He suggested that low
energy ions are scattered to higher energies by magnetic irregularitics converging at the
shock front. Scholer and Morfill [1975] used a Monte Carlo technique to model the
propagation of solar flare ions including the effect of an interplanetary shock.
Theoretical work by Axford et al. [1977]. Krvmskii [1977). Blandford and Ostriker
[1978]. and Bell [1978] showed that multiple traversals of a shock by ions lead naturally
to ion distributions with a power-law dependence on momentum. A comprehensive

review of diffusive shock acceleration can be found in Jones and Ellison [1991].

Early theoretical work by Barnes [1970] showed that streaming energized 1ons
generate waves through ion-cyclotron resonance and that the instability is “quenched by
pitch-angle scattering.” Bell [1978] developed a self-consistent description of ion
acceleration and wave generation for the case of a negligible background wave spectrum.
Lee [1982, 1983]. following the work of Skilling [1975] and Bell [1978]. produced a self-

consistent theory to describe the diffusive acceleration of ions and the accompanying
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amplification of hydromagnetic waves at the Earth’s bow shock and at interplanetary
traveling shocks. respectively. Quasi-linear theory was employed to calculate the
coupled ion acceleration and wave growth. A finite shock size with a lateral free escape
boundary was assumed for the bow shock. but an infinite planar shock was used to model
the traveling shock. The theory. incorporating a finite connection time to the shock, was

later applied to Jupiter's foreshock by Smith and Lee [1986].

Although the predictions of Lee [1982. 1983] generally agreed with observations at
both Earth’s bow shock and interplanetary traveling shocks. a comparison between the
theory and specific observed events was not performed. However, an extensive test of
Lee s self-consistent theory was performed by Kennel et al. [1986] for the interplanetary
traveling shock event of 11-12 November 1978. Kennel et al. [1986] extracted 13
separate predictions of Lee s 1983 theory. For most of the predictions there was
generally good agreement between the theory and the observations. but there were two
exceptions. Firstly, the theory of Lee [1983] predicts wave enhancements with zero
average helicity. but Kennel er al. [1986] observed waves of definite helicity. Kennel et
al. [1986] attributed the prediction of equal growth ot left and right-hand circulariy
polarized waves, resulting in no net helicity. to the assumption by Lee [1982. 1983] of a

linear dependence of the anisotropic part of the distribution function on u = cosé . where

6 is the ion pitch angle. Secondly. the observed wave power spectrum presented by
Kennel et al. [1986] peaks and then decreases as frequency decreases. This low-

frequency behavior was not predicted by the self-consistent theory of Lee [1982. 1983].

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In another test of the theory. Tan et al. [1989] compared the inferred diffusion tensor
component parallel to the ambient magnetic field for several interplanetary traveling
shock events to that predicted by Lee [1983] and found an almost one-to-one
correspondence. Also. Trattner et al. [1994] compared observed enhanced wave energy
densities upstream of Earth’s bow shock with the prediction based on the energetic
particle energy densities. and found a positive correlation and fair agreement. However.
this result used the wave intensities predicted by Lee [1982] which were based on the

restrictive form of the 1on anisotropy.

There are four main objectives of this paper: (i) Lee [1982. 1983] assumed a linear
dependence of the anisotropic part of the distribution function on . as in an earlier work
by Jokipii [1971]. in order to obtain an expression for the ion anisotropy. This
assumption is not valid for arbitrary wave intensity. Here. we obtain the correct
dependence of the distribution function on g by solving the pitch-angie diffusion
equation under the assumption of effective scattering. This correction changes
quantitatively but not qualitatively the analytical theory of Lee [1982. 1983] for the wave
intensity and the ion distribution function. For the planar geometry appropriate to
traveling shocks, we present the revised analytical theory of Lee. We also show that the
total wave magnetic energy density derived through quasi-linear theory agrees with the
result of the fluid theory of McKenzie and Vélk [1982]. (ii) For the planar geometry, we
solve the coupled wave kinetic equation and proton transport equation numerically and
compare the results with the analytical approximation. The numerical solution also

depicts the higher frequency behavior of the wave intensity. inaccessibie with the
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analytical approximation. (iii) In Chapter 1.3 we compare the predicted magnetic power
spectral density adjacent to the shock with the results of Kennel er al. [1986] for the 11-
12 November 1978 interplanetary traveling shock. (iv) Also. in Chapter 1.3, we compare
the new prediction for the enhanced wave magnetic energy densities upstream of Earth’s
bow shock with the observed enhancements for the statistical survey of Trattner et al.

[1994]. In both comparisons very good agreement between theory and the observations

ts found. A detailed discussion is presented in Chapter [.4.

Ion acceleration at Earth’s bow shock 1s more complicated than at interplanetary
traveling shocks where ion acceleration at a stationary planar shock is a reasonable
approximation at the lower ion energies which dominate wave excitation. lon
acceleration at Earth’s bow shock is affected by short connection time of magnetic field
lines to the shock, ion drift across the small lateral extent of the shock. and ion diffusion
across field lines to the weak flanks of the shock or to regions disconnected from the
shock. These loss processes dominate the form of the energetic ion energy spectrum
which 1s observed to be exponential in energy [Ipavich et al.. 1979. 1981] rather than the
standard power law dependence of stationary planar shock acceleration. In addition, the
unstable waves at Earth’s bow shock are those propagating sunward so that these must be
included with the predominantly antisunward propagating ambient waves. Also near its
nose the bow shock is a strong shock. so that ion injection processes at the shock front

may require a range of injection energies [Scholer et al.. 1992].
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For these reasons we present the basic coupled theory for ion acceleration and wave
excitation only for stationary planar shocks with waves propagating in the antisunward
direction. which applies only to interplanetary traveling shocks and ion energies up to
~ 100 keV'nucleon. However. one interesting and important result for the wave
excitation is the predicted ratio of the local enhanced wave magnetic energy density and
the energetic particle energy density [McKenzie and Volk. 1982]. which emphasizes the
direct coupling of ion streaming and wave growth. and is independent of the detailed
structure of the ion distribution function and ion loss mechanisms. As long as the
enhanced wave spectrum dominates the ambient wave spectrum. then this result may be

applied to the diffuse ions and enhanced wave intensities observed in Earth’s foreshock.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 1.2

BASIC THEORY

1.2.1 Denivation of the Pitch-Angle Distribution Function
and the Spatial Diffusion Coefficient

The theory describing the nonrelativistic energetic ion distribution function follows
closely the derivation of Lee [1982. 1983]. but incorporates the change described in the
Introduction. We consider an infinite, planar shock with upstream normal in the ¢.
direction. In the shock frame, the z-component of the upstream solar wind velocity is -\".

The upstream ambient magnetic field is B, = B,¢,. where ¢, e¢. = cosy > 0.and B

may be positive or negative.

We assume that the 1on phase-space distribution function in the upstream plasma
frame is approximately gyrotropic and given by
flevd w= f o)~ gtod ). (1)
Here, ¢ is time, / is arc length along e,. v is ion speed. vu = vee,. the omnidirectional

distribution function is given by
l i
St v.d == [fred wau, (2)

and g(t,v,l, 1) is the non-gyrotropic part of the ion velocity distribution.

10
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We also assume that scattering is sufficiently strong that |g(¢,v./, u) << £, (r.v.). We will

address the validity of this assumption in Chapter 1.3.

The distribution function. f(r. v./, u) . satisfies the pitch-angle diffusion equation

wd-Lia-pp, L (3)
a cu_ cu

where we neglect ¢f/ct. since for strong scattering |/ A << [oudr/ dl. We also neglect
gradients in B,. Assuming wave propagation parallel or antiparallel to B, . the pitch

angle diffusion coefficient D is given by Jokipii [1971] and Lee [1971. 1982, 1983] as

@ Qo
el (4)

==

D = 2mee | e ;
where QU = gB,[mc) is the nonrelativistic gyrofrequency. and g and m are the ion charge
and mass. respectively. [n evaluating the argument of the wave intensity. /(). in
equation (4). we neglect the wave frequency. . with respect to  in the cvclotron

resonance condition. @~ Q - kv = 0. This is equivalent to neglecting the Alfvén speed.
', = w’k . with respect to the particle speed. Energetic ion speeds are greater than the

solar wind speed. which at 1 AU is about an order of magnitude larger than ;.

The wave intensity, (k) =1_(k) +/_(k). is proportional to the energy density per unit

wavenumber, £. in the magnetic field fluctuations

j/dk = (5B e 5B). (5)

11
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1,(k) is the intensity in waves propagating in the +¢, direction with & >0 (k <0)
corresponding to right (left)-hand circularly polarized waves for B,>0 and the reverse
polarizations for B, <0. [_(k) is the intensity in waves propagating in the —¢, direction
with k>0 (k <0) corresponding to left (right)-hand circularly polarized waves for B, >0

and the reverse polarizations for B, <0 [Lee. 1983].

Substituting equation (1) into equation (3) and performing the u -integration gives

u o, : 24
= SRRV, S-S T I (6)
e | * cu

where we have neglected |2/ d| with respect to I(f,,/(ﬂ. and C(t./) 1s a constant of

integration. Setting x equal to =1, we obtain C(v./) =} v df, ¢/. which yields

cu 24anb

el

Equation (7) will be required in section 1.2.2 to derive the wave growth or decay rate.

Integrating equation (7) vields

1 &, -
[y“j ! du’. (8)

where we have set the constant of integration to zero since f g(u)du =0. This form for

the distribution function is less restrictive than the linear dependence of g on u assumed

by Lee [1982, 1983].

12
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Next, we write the expression for the parallel streaming, or differential flux, S . and its

relation in the diffusive limit to the parallel spatial diffusion coefficient K as

d
=2, 9
3 (9)

1 .
S =3 [duwug(w)=-K

Substituting equation (8) into equation (9), rearranging terms. and integrating by parts

vields {Earl, 1974]

K :;az': jd‘uléy- . (10)

(2724

1.2.2 Derivation of the Wave Growth Rate and Solution for the Wave Intensitv

The equation for the growth or damping rate of waves propagating in the =¢,

direction due to the energetic ion distribution is given by Lee [1982] as

27 g : Q o
v = r— i = |dvr” dutl - 4 ) -—)— (1h
: i m! J. ' “ e cu

under the assumption b':l << lwl <<|Q. and that the waves are non-dispersive. Generally

the wave growth rate 1s maximized for parallel propagation [Gary er al.. 1981; Hada et
al.. 1987], which also supports our consideration of parallel-propagating waves only.
Substituting equation (7) into equation (11) and performing the u —integration yields

V¥V cosy cA.

-3 12
& k) & (12)
where
4r Vv L Q
A, (k.2) = = ——t—0mcos y [dvo’ (1 -——)f (v.2), (13)
. k= V¥V, cosy 1Al ko™ 7
13
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where we have used &/ d = cosw. appropriate to the geometry upstream of the shock.

The wave kinetic equation upstream of the shock is [Lee, 1983]

a.
-(F*V, cosy)—= =21 . (14)

Substituting equation ( 12) for the growth rate into equation ( 14) vields

a.

I. cA. -
— = . (15
c !

|2

Defining y =(}" - 1", cosw)’(}" =", cosy ) equations (15) may be solved implicitly for
I and [ as
A 1LY = gt =40 -1 (16a)
L=r@fy. (16b)

where [ (k.z — x) = I (k).

We now simplify equation (16a) with an approximation appropriate for interplanetary
traveling shocks. Interplanetary hydromagnetic waves at relevant frequencies of 10 -
107" Hz in the vicinity of 1 AU are observed to propagate predominantly away from the
Sun [Matrhaeus and Goldstein, 1982; Tu and Marsch, 1991], which is also the e, (or e,)
direction for an outwardly propagating traveling shock. Examining equations (12) and
(13) and using the fact that &,/c=<0. it can be seen that upstream waves propagating
away from the shock front in the solar wind frame are unstable and waves propagating

toward the shock are stable. Since the unstable waves also dominate the ambient wave

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



spectrum, we may take /_(k.z) = 0. With this simplification equation (16b) vanishes and
% factors out of equation (16a) which reduces to

k)= T (k.2)x A_(k.2)~ (k). (17)

1.2.3 Comparison With Fluid Theorv

We will now show that equations (13) and (16a) yield an expression for the enhanced
wave energy density consistent with a fluid theory for the wave-particle interaction. The

solution for the wave intensity in the limit of large enhancement. A. >> L. s

4 ¥

4 I do
z 4 IQ)m cos v fa’z'z"-’ l——A: - f(r.z). (18)
R

[(/\'..’)=A’(k.2)=’ T T,
k= 1 —l4COSU/ {al

where we continue to take ~¢, to be the unstable direction. Noting that /rk.z) is an even

function of k. we substitute equation (18) into equation (5) to obtain

4771 |Qm . g
($05B)=2—:-,—'|q;coswj-z- I e | -—— f(v.o). (19)
V'~T, cosw LT ‘ kv

Changing the integration variable to x = I/ £, and noting that the wave magnetic energy

density is #, = (5B e 6B)(87)" . equation (19) becomes

b |Qm S CooQie)
W, :—,-—",'Ql——coswj‘dt Idvtv’i l=—— fi(v.2) (20)
"= 1, cosy 5oade N v

Performing two integrations by parts on equation (20), and noting that f (v - x.z)=0,

we obtain

g 2mm
P 3(F -V, cosy)

x 1 L"
coswjdznﬁj”(,(zr):—,—,—L-—Wncosu/, (21)
; 3V-VF,cosy °

15
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where ' is the energy density of the energetic particles.

The same result is obtained from the fluid theory of McKenzie and Vilk [1982]. For
the case of a steady-state plasma with no source term. supporting waves propagating in

the one unstable direction and generalizing their expression to arbitrary . their wave

energy equation (B.8) from the appendix is

-

Py P

c
RN
<

¥

:';[pu (3C -21", cos u/)]z U—=-1 Cosw . (22)

o

where p_ is the pressure of the energetic particles. p, is the wave magnetic pressure. and

U is the magnitude of the --component of the plasma velocity. The left side of equation
(22) 1s the divergence of the wave energy flux. which is the sum of the wave Poynting
flux and the kinetic energy flux. The two terms on the right side are the rate of work
done by the background plasma on the Alfvén waves and the rate of production of Alfvén
wadve energy due to the cosmic-ray streaming instability. respectively. Integrating
equation (22) gives

2p (U=, cosy)=1F,p cosy. (23)
The relation between pressure and energy density for nonrelativistic ions is

W . (24)

r

b

pb.=
Combining equations (23) and (24). noting that p, = ¥, and replacing U by V',

immediately yields equation (21).

16
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1.2.4 Solution of the Ion Transport Equation

We now examine 10n acceleration at interplanetary traveling shocks with the wave

intensity restricted to equation (17). The omnidirectional distribution function. f;. of the

shock accelerated 1ons is found by solving the nonrelativistic. time-independent, one-

dimensional transport equation [Parker. 19635]

. ‘0 (‘: . m\ l(:[ 0 ,5("_-'«») ~
pi-—q I\i —-—;zvi:;\v‘—é—o(:). (25)
T oy <l 3 v 410,

Equation (25) 1s valid in the frame of the shock under the conditions that v >> I and that
the particle distribution is nearly isotropic. The right side of equation (25) is the ion
source term with ions injected at the shock with speed v, where N is the ion injection
rate (ions cm s '), and 4(z) is the Dirac delta function. The first two terms on the left
are the convective derivative and the diffusion term. respectively. The last term on the
left side s the adiabatic acceleration term due to the convergence of the flowing plasma.
}tz) 1s the average wave-frame velocity component in the =-direction where. I /- <0)=
-byand F(z>0)= -(r - I, cosu/)s -1, We take the upstream wave frame to be that
of the unstable waves, and the downstream wave frame to be the plasma frame. We
assume that the flow velocity changes discontinuously at the shock so that

Az =-(1"-1,)d(z). Here. K is the spatial diffusion tensor component in the z-

direction

K=K cos’y+K_sin’y. (26)

17
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We neglect diffusion perpendicular to the magnetic field (K _) compared to parallel

diffusion ( K, ). which is given by equation (10).

The wave intensity appears explicitly in equation (4) for D, . and so is implicit in
equation (10) for K. . Equations (10), (17). and (25) constitute a set of complicated
integro-differential equations for the wave intensity and the omnidirectional distribution
function. Obtaining a closed form approximate expression for A simplifies the solution
of this set of equations. To perform the integral in equation (10). following Lee {1982,
1983]. we simply replace /(¥ uv') by (44 1) in equation (4). The cyclotron
resonance condition is k = Q/vu. Replacing k by Qf4/vu is equivalent to evaluating
the wave intensity at the smallest wavenumber resonant with the given ion energy. We
expect the wave intensity to be largest at small wavenumber. A given ion 1s actually
resonant with waves for a range of wavenumbers about k£ = {/vu due to nonlinear
resonance broadening [F6lk. 1973: Jones et al.. 1973 Goldstein. 1976] and the scattering
rate is dominated by the maximum intensity in this range. Thus. our replacement
represents approximate inclusion of very effective resonance broadening in the scattering
process. With this simplification. equation (10) vields

K =m:c:z‘3(8mf)_: [I.(Quv.z). (27)
where we have used /7 (k.z) = I (~k.z) [Matthaeus and Goldstein, 1982: Tu and

Marsch, 1991].

We define a new vanable, J

18
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S(Qv.z)= J‘[‘(Wv,:’)d:' (28)

and write equation (25) for = > 0 as

%

Ko==+V—-=0. (29)
- s
where K, =m'c’v’ cos” y/8m" . (30)
The general solution to equation (29) is
folJ2) )= Aoy~ Beexp[- V'K (v)] (31)

with a similar solution. with Iy replacing §”' . for - < 0. To ensure that

fololz = x).v)—> 0 we set 47r2)= 0. To ensure a finite distribution for = < 0 we set
Sfols(z <0),v) = Clv). Toevaluate Brr) and Crvy we integrate equation (25) with
respect to = across = = 0 and impose continuity of the distribution function at = = 0. We

then obtain

-

"o . .
Sl = 7 ﬁﬁ,,, — exp[-1"K] @K]S(v-1,). (32)
aAN SAENE A

The step function, S(7-,). has been explicitly included to ensure that the distribution

function 1s zero for velocities less than the injection velocity. The power law spectral

index is B = 3r/(r - 1). where r =} '}’ is the wave frame compression ratio across the

shock.

We may solve for the wave intensity at the shock, 2(0) = 0, by substituting equation

(32) into equation (13), and then using equation (17) to give:

19
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-4

+ (k) (33)

' 287QImNY 22 cosy 1 1Q
A <o, 0= L —_};

(B-4B-2W" Kk

pAQYmNY, cosy | | vl Q i
10>l .0 - 222 o= =
v, B~ 4

&+ﬁu) (34)

A finite result for the integration in equation (13) is obtained only for # > 4. which
corresponds to a plasma compression ratio less than 4 (neglecting wave frame
corrections). consistent with the upper limit for a nonrelativistic (C, C, =7%) shock. A
comparison between the predicted wave intensities. equations (33) and (34). and the
observed wave intensities from Aennel et al. [1986] for the 11-12 November 1978 shock

1s presented in Chapter 1.3.

1.2.5 Approximate Analvtical Solution for the Wave Intensitv and Omnidirectional
Distribution Function

In this section we determine closed form expressions for the wave intensity and
omnidirectional distribution function at a traveling shock using the revised approximate
analytical scheme of Lee [1983]. We check the success of this approximation against the
numerical solutions in Chapter 1.3. From here on we consider only protons since they

dominate the excitation of waves.

Following Lee [1983], we make the following simplification inside the integral in
equation (13)

A
JARRORYA LS. k“,zé | (35)

20
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This replacement is based on the assumed rapid decrease of f (S.v) with increasing v so
that the integral is dominated by the integrand evaluated near the lower limit of
integration; the specific velocity dependence of f,(J.v) is less crucial. The =-
dependence of A_(.. v) is now determined by f;(Z(z),|<¥k]). Substituting the right hand
side of equation (35) into equation (13) vields

4x°V |Qumcos g :
A (k. = T Dm0V ] -Q} LR Jaer' 1= e
Q&

! s

(36)

where the lower limit of integration satisfies [(¥k| > v, . The approximation is

appropriate only for this range of . The integral in equation (36) can now be performed

explicitly and gives

71, |CYm cosw IP'
A k)= (SIS kD). (37)
' (ﬂ HB-DV' K A

Combining equations (17). (32). and (37) allows the wave intensity to be written as

[ (k.S(2)=nikyexp[—V K QKT+ 17(h). (38)
dafcosy b, vl Nm|Q

k)= -+ — 39

e B-HB-r [ &k o7

Substituting equation (38) into the differential form of equation (28). €. c==/_ . and
integrating we find

K = Infin - I)exp(1 VK, ) ~ n]- ). (40)
Substituting equation (40) into equation (38) vields

Il(n=+17)

= . (41)
n-1° -nexp[-I°V K, (2])z]

[ (k.=
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As - — 0 we recover equation (33) for the wave intensity at the shock. As - — x

equation (41) reducesto /. =/".

Substituting equation (40) into equation (32) we obtain the omnidirectional

distribution function

s
N

. -p
-

B2V g
FESIT

(MY vy -1 (Y v)]exp[/ (YW 'K, ()] - (€Y v)

i

Stv-v,). (42)

Sytvo) =

Equation (42) exhibits the correct hmiting behaviors: f, (. 0) vields the standard power
law in velocity for diffusive shock acceleration. and /(.= = x)— 0. Equations (41)

and (42) have the same form as derived by Lee [1983]. but with a modified form of (k).

The ratio of equation (39) to the function from Lee [1983] corresponding to 7k) is
given by (8 3)B(f -4). This ratio approaches 8 3 in the limit of large £ and is of
order 10 for typical interplanetary traveling shocks at | AU and therefore represents a

substantial quantitative correction to Lee 's results.

9
t9
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CHAPTER 1.3

NUMERICAL CALCULATIONS AND COMPARISON OF PREDICTIONS TO
OBSERVATIONS

1.3.1 Numerical Solution for the Wave I[ntensitv and the lon Omnidirectional Distribution

Function

We now describe the method used ro soive numerically for the wave intensity and the
omnidirectional distribution function. Combining equations (13). (17). and (32) produces

an integral equation for the wave intensity

d N P o T TR o
,llf‘ﬂszdl'i:coswjdm_ L exp ~I"K, I 0dst = 1k (43)
C T ,

[ (k:z)= P
R

0 v

where v = Max(v,.|CYk|). Defining the following dimensionless variables.
u=1v, . s=|z'ok Q r=z1Q 1
I(s.x)= Ik n’l"mz‘,’;ﬂ\" cosy.
M= 4;r%qN,6, dQfnm cosy (44)
enables equation (43) to be written as

. T T - _
I(s.x) = S—- J'duu"_’{ 1 —ls‘_:/= exp) -Mu Il(u.x')d:c’ B I°(s). (45)
0 A - 0 Z

In equations (44) and (45). m is the proton mass. ¢ = e is the proton charge. n is the

proton density of the ambient plasma, and L', = Min(s.1). The analytical approximation

23
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for the wave intensity, equation (41), is at best valid for s = 1, but the numerical solution

is valid for s >1.

We assume the following form for I (k) in order to carry out the solution of equation
(45)
Il <k)y=1, (46a)
FOd >k =1 (H/E)7. (46b)
where L, = 27/k, corresponds to the correlation length of the turbulence. Setting the

total integrated power equal to @B, * we obtain

[ =— . (47)

The wave intensity for x = 0 1s known exactly from equations (33) and (34). Also. the
wave enhancement. 4_(s.x) = 0. for s — 0 since few high energy protons are available
to excite waves at small s. These boundary conditions provide the starting values used to
evaluate both integrals in equation (45). The integrals in equation (45) are approximated
by summations employing a simple rectangular rule. A two-dimensional array of wave
intensities, 7,/ = I(iAs. jAx). is constructed, where As = 0.01 and Ax = . Once
intensities are computed for s = 10, x is set to the next larger value, and the process of
stepping over s begins again. The upper limit for s of 10 was chosen because the limits
of validity of the theory will determine a maximum acceptable vaiue of s between | and
10 as we discuss later. At every step of the calculation, intensities at all previous (i.e.

lesser) values of s and x are known. These previous values of intensity are used in the
24
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summations to calculate the intensity at the current values of s and x. The sensitivity of
the calculation to the size of As and Ax was investigated and it was found that finer
increments did not improve the results. In the process of calculating the wave intensities,
the omnidirectional distribution function, equation (32). is also calculated at

corresponding discrete values of v.

Figures L. through 1.9 display calculations using the following common set of
parameters appropriate to the solar wind at | AU: B, =5nT.n=4d4cm™ . a=1.L.=0.1
AU. For these values }', = 55kms. We assume that 1% of the incident protons in the
solar wind are injected with v, =" at the shock. which we take to be parallel (¢ = 0).
We take C = 50 kms as a reasonable representative value for the sound speed in the
solar wind. A value of }"= 140 kmvs satisfies the Rankine-Hugoniot conditions for a
parallel shock with = 7. implying a wave-frame compression ratio of r = 7-4. This
shock ts above the Mach number range of the “switch-on™ shock [Priest. 1982]. We have
chosen parameters which give a large value of B in order to emphasize the wave

enhancement relative to the background wave intensity.

Figure 1.1 depicts dimensionless wave intensities plotted versus s = I:'Qk ! Q for
several values of x. According to equation (44). the wave intensities are normalized to
7rVAnwé AN cosy O = 0.0089%erg  cm~. The wave intensity spectra converge to the

background wave intensity far from the shock and for very small s as mentioned above.

because few protons are accelerated to sufficiently high energies to excite waves at small

()
wn
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s. The results are only valid in the MHD regime. lo| <<|Cd. The vertical dotted line in
Figure 1.1 at lvok/ QI = 2 indicates a high-s limit. beyond which the results are not
expected to be valid. The limiting value of 2 was determined by taking |o/Q| =172 as
an upper limit. setting @ = &}, . and noting that , I, = 4 for this set of parameters.
The choice of jw/ Q] =1 "2 is consistent with the assumption that the wave phase speed is

approximately equal to the Alfvén speed. which may be verified from the dispersion
relation for ion-cyvclotron waves. As can be seen from equation (45). when the

enhancement dominates and s is large. the leading factor s ~ determines the dependence

of I(s.x) on s as indicated by the dashed line.

s* asymptote

\ 0 high s limit
e | \_://*\m )
- ¢oce o -
[(s.%) 100 )
-1 000 \
T oc N
¢ GCt N
x N
R ces - ‘; T Y
s ={vk ' QQ

Figure 1.1 Dimensionless wave intensities (numerical solution) versus
s =|v,k/ Q) at the indicated scaled distances from the shock (x = =IQ/17).

In Figure 1.2 we present a plot of the analytical solution. equation (41). We restrict
the domain of the wave intensity to s < | because the analytical approximation is

certainly not valid for [Y| < v, . The curves are qualitatively similar to those in Figure
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1.1. For m(k)>> I >> I . the analytical expression for the enhanced wave intensity may
be approximated by

I(k.2) = B; cos’ UIIQpI(S,TV'Z)_l Ikl1 (48)
This simple functional dependence on k is evident in the x = 10, 100. and 1000 scale-

length curves in Figure 1.2.

[(s.x) =

A vz s A A~ s ~ e

s=lvk Q

Figure 1.2 Dimensionless wave intensities (analytical solution) versus
s =,k € at the indicated scaled distances from the shock.

To investigate the validity of the approximation described in Chapter 1.2 and used by
Lee [1982. 1983] to obtain closed form expressions for the wave intensity and
omnidirectional distribution function, we compare in Figures 1.3 and 1.4 plots of the
wave intensity calculated numerically and analytically at distances from the shock of x =
10 and x = 100, respectively. Since the analytical approximation [Lee, 1982, 1983] is
valid up to at most s = 1, it is not surprising to see the worst agreement at larger s. The

numerically calculated wave intensities are greater than those determined using the
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analytical approximation at large s for all values of x. The larger the value of x, the larger
the difference as s — 1. This is reasonable behavior since the approximation in equation
(35) relies on f; decreasing for velocities larger than the lower limit of integration. We

shall see that precisely where the agreement is poor this condition is not satisfied.

IS - numencai
- \\\ ~ . h\\\
[(S..\‘ = 10) R analyueal -

o

1 0l o

s =10k /K

Figure 1.3 Numerically and analytically caiculated wave intensity at a distance
from the shock of x = 10.
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Figure 1.4 Numerically and analvtically calculated wave intensity at a distance
from the shock of x = 100.

Figures 1.5 and 1.6 depict the proton omnidirectional distribution function.
normalized by ,B.’\«’(4m'gl' )" =1.34-10""s'cm™. at the indicated distances from the
shock based on the numerical calculation and the analytical approximation. equation
(42). respectively. The power law dependence of fyrv on v is evident at x = 0. The rapid
downturn in the numerically calculated f; as v — v, is reasonable since the low energy
proton diffusion coefficients are small, resulting in larger spatial gradients and few low
energy protons at large distances from the shock. As mentioned above, the analytical
approximation depends on the integral in equation (13) being dominated by the integrand
near the lower limit of integration. This is equivalent to requiring that f; decrease with
increasing velocity. It can be seen in Figure 1.5 that at large x and small v this

approximation breaks down, so that large discrepancies exist between the analytical and
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numerical solutions. The dotted vertical line in Figures 1.5 - 1.7 indicates a lower limit
for the validity of our theory of diffusive ion transport. We return to its determination

later.

coe: 10 S
N
106 -
Solv.x) oo
T 1000

.
v,

Figure 1.5 Dimensionless omnidirectional distribution function (numerical
solution) versus ¢ ©, at the indicated scaled distances from the shock.

f(0.X) o ccct 1000
Jo

ant

Figure 1.6 Dimensionless omnidirectional distribution function (analytical
approximation) versus v /v, atthe indicated scaled distances from the shock.

Figure 1.7 compares the omnidirectional distribution function calculated numerically
to that determined by the analytical approximation at x = 100. There is excellent

agreement for v > 2o, and worsening agreement for smaller values of . This behavior is
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consistent with that exhibited in Figure 1.4 for the wave intensity comparison at x = 100.
Since protons and waves are coupled through the cvclotron resonance condition, the
breakdown in the analytical approximation of the wave intensity above |4 = 0.94¢) ¢,
corresponds to the breakdown in the approximation of the proton distribution below

v =2, . This restrniction of v > 2, for the vaiidity of the analytical approximation at x
= 100 1s coincidentally the same as the fundamental restriction for diffusive ion transport

indicated by the vertical dotted line.

analyucal low ¢ limut

-

_fU(Z‘.x =100) < see ,-aumerical
x 12 N
~
™~
— A
v T,

Figure 1.7 Analytically and numerically calculated distribution functions at a
distance from the shock of x = 100.

One of the basic assumptions used to simplify the solution of the pitch-angle diffusion
equation and legitimately apply equation (25) is that [g(v.z. z) << fi(v.z). We
determine g at the shock by combining equations (4), (8). (41), and (42). We may use
equations (41) and (42) since the analytical approximation is exact at the shock. For
simplicity we compare g(v.= = 0,u4) to f,(v,z=0) firstas a function of u forv/v, =5

(Figure 1.8). then as a function of v for u = 1(Figure 1.9). In Figure 1.8 we plot
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gtv.z =0, u) for 12 0 only. but note that it is an odd function of 4. Figure 1.8 shows
that at the shock g(.z = 0, &) is not a linear function of u as assumed by Lee [ 1982,
1983] but still maximizes at ¢ =1. Equation (25) requires that the ion distribution is
nearly 1sotropic (]gi << fo). We note from Figure 1.9 that . v, 2 2 is required to satisfv
< /,. This fundamental limitation of the theory is indicated by the dotted vertical line

in Figures 1.5-1.7.

g(z=0.u)
folz=0)

[P

Figure 1.8 Ratio of the anisotropic part of the proton phase-space distribution, g.
to the omnidirectional distribution function, f;. at v, = 5 as a function of u.
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v,

Figure 1.9 Ratio of the anisotropic part of the proton phase-space distribution, g.
to the omnidirectional distribution function. f;.. at # = [ as a function of v v _.

1.3.2 Wave Intensity at the 11-12 November 1978 Shock

We now compare the predicted wave intensity spectrum to the wave observations by
[SEE-3 at the 11-12 November 1978 shock as presented by Kennel et al. [1986]. Wave
spectra are usually measured in units of (2T~ Hz) as functions of wave frequency in the
spacecraft frame. Therefore. in order to make a meaningful comparison we rewrite
equations (33) and (34) as functions of frequency using the Doppler condition

271 =|keV,|. (49)

where we have neglected |l compared with [k eV, |. The angle between B, . or k. and

V.. 1sabout 25° [Tsurutani et al., 1983, Kennel et al.. 1984]. We make the
transformation from intensity to power spectral density. P, through Pdf = 2-10'° Idk.

The factor of two arises because fincludes both signs of k and the factor 10

. . 2 g
accomplishes the conversion of G" to nT*.
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We determine the ion injection rate, N, from

’

. -8
o
£:(0.0) =#’§,—,| — . (50)
drv b’ v,/

with f,(0.1800km s)=2 107 s'em™ as specified by Kennel et al. [1986]. We use the
following parameter values specified by Aennel et al. [1986]: B, = 6.85nT .

I'=238km s.f=43.n=4cm” . and y =41'. Wealso take v, = I".

Figure 1.10 shows the comparison between the predicted wave power and ISEE-3 data
reproduced from Figure 1.9 of Kennel et al. [1986]. The observed wave power was
obtained during the time segment 00:25:40-00:28:15 UT on 12 November 1978, a period
of 155 s which ended one second before the shock passed over ISEE-3. The prediction

involves no free parameters.

Leoe - - S e S -
. prediction high frequency iimit
s
= e =~
;-
z observauons
5 .
-— C
- ~N
g -
& . .
3 AN
- h .
kg .
Z N
J9 0. C 05 (S 1

frequency (Hz)

Figure 1.10 Predicted wave power spectral density at the shock compared to
observations. The measured wave power spectral density is from Figure 1.9 of
Kennel er al. [1986].
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There is fairly good agreement between the predicted wave intensity and the
observations in the frequency range between about 0.03 Hz and 0.3 Hz. There is roughly
an order of magnitude discrepancy between the predicted and observed intensity at low
frequencies. The power-law form of the prediction follows from the power-law
dependence of the proton velocity distribution at the shock. The frequency of observed
peak intensity corresponds to proton energies of about 10 keV. A drop in wave power at
lower frequencies would have to correspond to a cutoff in the proton distribution above
the resonant energy. However, the proton distribution at the shock 1s observed to be a
power law in velocity out to at least 200 keV' [Scholer et al.. 1983 ] corresponding to a
resonant frequency of about 6- 10~ Hz. We suspect that the observed decrease at low
frequencies 1s due to Fourier transforming the data recorded over a period of time too
short to contain all the low frequency power. Tsurutani et al. [1983] present the power
spectral density for the 11-12 November 1978 shock event averaged over a 25 minute
interval prior to shock passage and do not find a dramatic decrease in power at low
frequency. although 1t is lower overall than our prediction which is the maximum power

{determined at the shock).

At the beginning of the time interval of 155 s used by Kennel et al. [1986] with a
shock speed of about 600 knvs the shock front was about 250 L, from ISEE-3. Upstream
waves at that distance from the shock are predicted to be significantly lower in power
than waves at the shock. To account for this variation. we average the predicted wave
spectra from 250 L, up to the shock and compare this average power spectral density to

the observations in Figure 1.11. The wave magnetic power was determined numerically
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at every position except at the shock. The fit, which involves no free parameters. now
predicts an average power spectral density lower than that observed. but is much better
between 0.03 and 0.3 Hz. indicating that the theory may even be valid at frequencies

beyond our rather liberal upper limit, indicated by the dotted vertical line.

Regardless of whether we use the predicted power at the shock. or power averaged
over the observation period for comparison with observations, there is also a significant
discrepancy between the predicted and observed spectra at frequencies above
approximately 0.5 Hz. Since we restrict v > 27, the theory is not valid at frequencies
higher than about 0.1 Hz. indicated by the dotted vertical line in Figures 1.10and 1.1 1.

Therefore. we don't expect good agreement at high frequencies.

1000
: averaged prediction
tugh frequency limit
100
observations
10

L e e e

00> 003 0.1 03 03 |
frequency (Hz)

Figure 1.11 Average predicted wave power spectral density compared to observations
for the November 11 - 12, 1978. shock.
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1.3.3 Wave Enhancements Upstream of Earth's Bow Shock

A statistical study of 620 magnetic fluctuation enhancements associated with diffuse
ion events upstream of Earth’s bow shock was performed by Trattner et al. [1994] using
data recorded by the AMPTE/IRM (Active Magnetospheric Particle Tracer Explorers/Ion
Release Module) satellite. The study was based on two periods from September 1984 to
December 1984. and from September 1985 to December 1985. These time periods were
selected because they corresponded to times when the highly elliptical orbit of
AMPTE 'IRM brought the satellite upstream of Earth’s bow shock. Designation of an
upstreamn event required that the proton flux at 40 keV" had reached a plateau for at least
10 minutes. A wide range of the region upstream of Earth’s bow shock was sampled to
produce the data set. Figure 1.4 of Tratner et al. [1994] provides information about the

satellite’s location during the two four-month periods.

For each event. the diffuse proton energy density was computed by integrating the
differential energy spectrum from 8.4 ke\' to 230 keV'. lon energies per charge were
determined by the SULEICA (Suprathermal Energy lonic Charge Analyzer) instrument
built by the Max-Plank-Institut fiir extraterrestrische Physik and the University of
Maryland. Solar wind speed and ion number density were measured by the 3-D plasma
instrument. The Alfvén speed was inferred from the background magnetic field and ion
number density measurement. Magnetic field measurements were made with the tri-axial
fluxgate magnetometer built by the Technical University Braunschweig [Liihr et al..
1985]. The magnetic field sampling rate was 32 s and the wave power spectral density

was derived by performing a Fast Fourier Transform on the time domain data. Total
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magnetic fluctuation energy density was calculated separately for each event by
integrating the spectrum from the high frequency end down to the low frequency
minimum. determined as the point where the wave intensity drops to the background
level. The shock normal direction at the intersection of the bow shock with the magnetic
field line at the spacecraft was determined using a 10 minute average of magnetic field
direction with an assumed bow shock geometry modeled by a paraboloid of revolution

[Fairfield. 1971].

Tratner et al. [1994] compared the measured field fluctuation energy density for each
of the 620 events with that predicted by Lee [1982] based on the observed energy density
of the diffuse protons. That prediction was flawed by the assumption that g(v.u) x 4.
Equation (21) 1s appropriately general concerning the form of g( v, 1). but is based on
large wave enhancements ( 4, >> []') and a planar shock geometry. The condition
A. >> [ is appropnate at Earth’s bow shock particularly near the nose where it is
strongest. The planar shock geometry would appear to be inappropriate. However. the
generalization of wave kinetic equation (14) involves (V, - 17,6,)eV/ x —¢, e Vf. for
the unstable wave intensity. Since the waves are excited by the diffuse protons. it is
reasonable to assume that V/ and V/ are parallel. Then we have
(V.e.~1.e,)eé |Vl x (¢, o¢,)|Vf,|. where . here is the unit vector in the sunward
direction and —e_ is the unit vector in the direction of the gradient. This expression is

identical in form to equation (14) or (15) and may be integrated to vield expressions
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analogous to equation (18) and (21). The form of equation (21) generalized to the bow

shock is

_— Vi(e, e )

1
i .. (51)
3V (e.oe )~V (e, 0e,)

Note that this integral of the wave kinetic equation is independent of the functional form

of f,. which does depend crucially on the 3-D structure of Earth’s bow shock.

bow/shock ~

Earth ‘\

Figure 1.12 Schematic diagram of Earth’s bow shock with the approximate
directions of the solar wind. shock normal. magnetic field and energetic particle
spatial gradient at a specific point on the shock. The dashed lines are energetic
particle contours.

The unit vectors in equation (51) are depicted in a schematic diagram of the bow shock

in Figure 1.12. Although e, is unknown, it is likely to lie between e, and e, . the

outward unit vector normal to the shock surface. The fact that the waves and ions

decrease in intensity with distance from the shock would appear to imply that e, and e,
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are parallel. However. as a flux tube and its accelerating ions is advected across the
shock from the point where the field is tangent to the shock surface, the diffuse ion and
excited wave intensity builds in the flux tube and results in intensity contours shown
schematically in Figure 1.12 as dashed lines. The resulting gradient on the dawn side
where the ion intensities are greatest and spatially extended (also above and below the

plane of Figure 1.12) then lies approximately between ¢. and e,. In order to circumvent
the ambiguity introduced by the uncertainty in the direction e,. we take ¢, = ¢, but
restrict consideration initially to those events (~3400) near the nose of the bow shock with

e.e¢, >cos25".

In Figure 1.13 we present a scatter plot for the events near the nose of the bow shock.
For each event the measured s 1s plotted versus the predicted #’s based on equation

(51) and the measured values of H,.. I',,. I'yand ¢,. The correlation is clearly very good.

A linear regression fit to the data produces a correlation coefficient of 0.92. which
strongly supports the coupling of the waves and particles in this process. The good
correlation is independent of the magnitude of the event and its location relative to the
shock. The best linear fit to the data passing through the origin is shown in Figure [.13.
[ts slope of 0.63 indicates that the observed g on average is ~63% of that predicted. We

have also constructed scatter plots for near-nose events with e = ¢.. and for all events
with e, = e, and e, = ¢.. They exhibit slightly lower correlation coefficients in the

range 0.85 - 0.88 and similar best-fit slopes. indicating that the results are not sensitive to

the uncertainty in e,. and possibly the assumption that the gradients of / and f; are
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parallel. We discuss possible explanations for the discrepancy between the observed and

predicted magnetic fluctuation energy densities in the next chapter.

AMPTE/IRM
|

g
=
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T

-
(3]

Wa(obs) [10™"" erg/em?]

e
o

0.0 0.5 1.0 1.5 2.0

Wp (pred) [107"" erg/em’]

Figure 1.13 Observed magnetic energy density plotted versus the predicted
magnetic energy density for a subset of the events studied in the survey of

Trattner et al. [1994].
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CHAPTER 1.4

DISCUSSION AND CONCLUSIONS

The self-consistent theory of Lee [1982. 1983] for the coupled 1on acceleration and
wave excitation at shocks assumed a distribution function that depends linearly on the
cosine of the pitch-angle. u. to describe the proton anisotropy. That ansatz is not
necessary. nor is it in general correct as shown in Figures 1.8 and 1.9. We derived the
correct u-dependence by solving the pitch-angie diffusion equation under the
assumption of strong scattering. The equivalent assumption, that the proton anisotropy is
a small perturbation compared to the omntdirectional distribution function. 1s not correct
under all conditions. but is approximately true over much of the range of speed " and 4.
The resulting anisotropic part of the proton distribution determines the correct wave
growth or damping rate. which in turn determines the self-consistent wave intensity
Itk.z). and proton omnidirectional distribution function fyrv.z. We solved the equations
for these quantities numerically for representative parameters. In addition. the new

approximate analytical expressions for f,(7.z) and /(%.-)are qualitatively similar in

form to those derived by Lee [1982. 1983}, but quantitatively different.

The analytical approximations, given by equations (41) and (42). agree with the

numerical solutions at small distances from the shock and over most of the aliowed range
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of k or v. The discrepancy in [(k.z) between the analytical approximation and the

numerical solution increases as the distance from the shock increases or as v,k/Q — 1.

which is the most optimistic limit of validity of the approximation. Similarly. the

discrepancy in f(7.z) between the analytical approximation and the numerical solution

increases with increasing distance from the shock or as v/, — 1., where v, is the

injection speed.

The basic theoretical formalism developed here 1s invalid in the small ¢, high & limit

or two reasons. Firstly. the energetic particle transport equation. equation (25), formally
fort Firstly. th getic particle transport equat quation (25), fi Iy

requires ' >> }" = v, Secondly, in both the cyclotron resonance condition and the wave

dispersion relation, we assumed |o| << [Q]. The second condition requires vy >> I, .
which 1s less restrictive than the first condition since 1" > I',. Thus. we suggest
optimistically that the numerical results for fyrv.z) are valid for v 227, .
Correspondingly. the numerical results for /rk.z; are certainly valid for |4 < 0.3 ¢, .

Given the high probability of very effective resonance broadening in the scattering

process. the numerical results for /(£.z) may be valid for larger values of | as depicted

in Figure 1.1.

The self-consistent theory of Lee 1982, 1983] and the current theoretical treatment

approximate K by employing an effective resonance broadening. The replacement of

I(Ql/vu) by K(|QYed/vu) allows the integration of equation (10). thus providing a closed

form solution for Ky, and in part obviates the need for a non-linear treatment of particle
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scattering by waves [V6lk, 1973, Jones et al. 1973, Goldstein, 1976]. Excellent
agreement between the measured spatial diffusion coefficients [Tan et al.. 1989] and
those predicted by the theory of Lee helps support this simplification. It would be
informative to re-compute spatial diffusion coefficients using the revised theory and

again compare those to the observationaily determined values [Tan er al.. 1989].

The predicted wave power spectral density at the shock (Figures 1.10 and 1.11) agrees
quantitatively very well with the observations of the 11-12 November 1978 event
[Kennel et al.. 1986] between 0.03 and 0.3 Hz. The theory predicts that the wave
intensity should decrease monotonically with increasing frequency which is supported in
part by the observations. The deviation at low frequency is presumably due to the short
measurement period of 155 s just ahead of the shock. Figure 1.9¢c of Tsurutani et al.,
[1983] is also a plot of power spectral density at the November 11-12 shock but for a
measurement period of 25 minutes prior to shock passage. Their data do not exhibit a
drastic rollover at low frequency. but are a little fower in overall magnitude presumably
because it is an average of wave energy over a ten-fold longer time period than the
Kennel et al. [1986] results. The observed power spectral density in Figure 1.10 is
uniformly lower than that predicted. again because the observed wave energy is averaged
over a 155 s time period during which time the power is increasing to the shock. Much
improvement in agreement is achieved when the average predicted power spectral density
is compared to the observations (Figure 1.11). The predicted wave intensity deviates

from the observed intensity at high frequency, too. This is expected as the theory
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formally breaks down forld| > 0.5|Q}: v,. The vertical dotted line in Figures 1.10 and

1.11 indicates this high frequency limit.

Kennel er al. [1986] and Tsurutani er al. [1983] identify waves of definite helicity
present during the 11-12 November 1978 shock event. Tsurutani et al. [1983] show
evidence that the waves have predominantly right-handed helicity with varving degrees
of ellipticity. This behavior is supported by Kennel et al. [1986]. However. Kennel et al.
[1986] also show that the “*handedness™ of the helicity changes with time. suggesting an
average helicity close to zero. We predict vanishing average helicity due to the even
functional dependence of 4.¢k.z) on k. evident in equation (13). The predicted lack of a
net helicity 1s not due to the original assumption of Lee [1982. 1983] that g = u as
suggested by Kennel et al. [1986]. When a net helicity is observed. it may be due to non-
stationarity or large anisotropies at low particle speeds. complications not addressed by

the current theory.

Our prediction (21) for the wave magnetic cnergy density Hs in terms of the proton
energy density W), upstream of a planar stationary shock is in agreement with the fluid
theory of McKenzie and Vilk [1982]. A linear relation between these two quantities at
Earth’s bow shock was established by Mébius et al. [1987] and Trattner er al. [1994].
We have generalized equation (21) to incorporate approximately the spatial structure of
Earth’s bow shock: the result is equation (51). Equation (51) is a local relation between

W and W, resulting from the local energy transfer from protons to waves due to pitch-
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angle scattering in the wave frame. The dominant effect of the shock spatial structure is a

softer (exponential) energy spectrum. to which the form of equation (51) is insensitive.

Figure 1.13 presents a scatter plot of the observed H’s versus that predicted by
equation (51) for each of the events in the statistical survey of Trarner et al. [1994]
which was magnetically connected to the bow shock within 25° of the subsolar point
(~400 events). The correlation coefficient is excellent (0.92). However. on average the
observed value of H’s is 63% of the predicted value. There are two possible explanations
for the discrepancy: wave damping or a measured proton energy density which is larger

than the actual value.

Damping of the excited waves is not included in the theory we have presented.
However, the excited wave amplitudes at Earth's bow shock are often comparable to the
ambient field strength [Hoppe et al.. 1981] and subject to linear Landau damping. which
is enhanced by wave refraction oblique to the ambient magnetic field [Barnes. 1966.
Hada et al., 1987]. as well as several nonlinear processes. Nonlinear Landau damping
may be impontant [Lee and Vélk, 1973). Oblique compressive modes steepen to form
shocklets [Hoppe et al.. 1981, Hada et al.. 1987]. which heat the solar wind plasma.
Mode-mode coupling to wave modes at frequencies outside the measurement bandwidth

can also occur, yielding less wave energy in the cyclotron-resonant frequency range.

In addition, it should be pointed out that the result depicted in Figure 1.13 depends on

the absolute values of both W3 and #,. Absolute calibration of instruments. especially
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particle detection instruments, depends on detector efficiencies and are notoriously
difficult to obtain. Based on experience, the remaining calibration uncertainties can be

considered to be as high as 30%.

A significant discrepancy exists between the current theoretical expression for the
wave enhancement at - = 0 and that derived by Lee [1983] (see section 1.2.5). For
typical traveling shocks at | AL, the ratio of these wave enhancements is about 10. We
might expect a similar discrepancy when comparing the current expression to the
comparable earlier result for Earth’s bow shock. It is then interesting to compare the

numerical coefficient of ', H’ from the current theory. which equals 1 3. with that of
Lee [1982. 1983]. The numerical coefficient of W'y W' from Lee [1983] for

interplanetary traveling shocks is 3 84(f - 2) <<1 3 for any realistic value of §.
However. the predicted wave magnetic energy density as derived by Lee [1982] for
Earth’s bow shock and presented in Tratner er al. [1994] compares quite well with the
observations. This good agreement was due to a fortuitous numerical error made in
evaluating the integral associated with equation (37) of Lee [1982]. The resulting
numerical coefficient of W, - # = (.36, obtained with f = 4.26 . is close to the current
value of 1/3. Based on Lee s [1982] equation (37), Trattner et al. [1994] plotted the
observed wave magnetic energy density versus that predicted and obtained a slope of 0.6
with a correlation coefficient of 0.89. However, if corrected, equation (37) of Lee [1982]

would result in a prediction that would not match the observations.
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The coupling of quasi-linear theory and i1on shock acceleration is the theoretical
foundation of part one of this dissertation. which has been used successfully to describe
energetic particle energization and hydromagnetic wave generation associated with
interplanetary traveling shocks and planetary bow shocks. There still remains a need for a
detailed survey of the characteristics of upstream waves and particles at interplanetary
traveling shocks observed over the last 20 vears. Here we have considered only the event
of 11-12 November 1978. Systematic comparisons should be made between theoretical
predictions and observations of the ion distributions and wave enhancements for a large
sample of events. A complication arising from the investigation of traveling shocks for
comparison with the current theory 1s that they have longer scale lengths than Earth’s
bow shock and therefore provide even more time for wave damping. However, an
ameliorating effect is that interplanetary traveling shocks are generally weaker. so that

nonlinear effects should be smaller.

Other heliospheric shocks may lend themselves to a description by self-consistent
quasi-linear theory. The shocks bounding corotating interaction regions (CIRs) in the
solar wind are a possible example. Shocks form at CIRs where high speed solar wind
overtakes slower speed wind. Tsurutani et al. [1982] reported enhanced MHD
fluctuations upstream of CIR shocks accompanied by the acceleration of ions to energies
greater than | MeV. Fisk and Lee [1980] solved the particle transport equation including
adiabatic deceleration and showed that protons may be accelerated to ~1 MeV by
diffusive shock acceleration at the forward and reverse shocks bounding the CIR. Their

results produced distribution functions that are exponential in velocity, consistent with
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observations. However, they assumed a form for the spatial diffusion coefficient
proportional to ion speed and radius from the Sun which did not include a sheath of

magnetic fluctuations upstream of the shocks excited by the accelerated protons.

In spite of the success of quasi-linear theorv in predicting upstream wave
enhancements. many examples of non-linear phenomena exist whose descriptions are
inaccessible with quasi-linear theory. Using ISEE-2 data. Spangler et al. [1988]
observed correlations between density fluctuations and the square of the magnetic field
fluctuations 1n Earth’s foreshock. suggesting a modulational instability of MHD waves in
a high p plasma. In this context B = kinetic pressure magnetic pressure. Scholer and
Burgess [1992] using a 1-D hybnd simulation ot a collisionless shock showed that
upstream waves could steepen sufficiently to re-form the shock provided that reflected
1ons were also present. Scholer et al. [1993] using a 2-D hybrid simulation of a quasi-
parallel collisionless shock confirmed this view of shock reformation. Short large-
amplitude magnetic structures (SLAMS) are observed in the quasi-parallel region of
Earth’s foreshock [Mann and Liihr, 1992; Schwartz et al.. 1992]. These magnetic
structures possess magnetic field amplitudes up to several times the ambient field
strength and left-hand polarization in the plasma frame. Dubouloz and Scholer [1993]
performed a 1-D hybrid simulation of a hot ion beam injected into a cold background
flow and observed the growth of ULF electromagnetic waves. As these waves grow in
amplitude they scatter the beam ions. Beam ion clumps form that have a fraction of
counterstreaming particles which de-stabilize the left hand ion beam mode. This process

produces magnctic field structures resembling SLAMS. Claflen and Mann [1998]
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performed test particle calcuiations of superthermal proton trajectories moving in regions
of large magnetic fluctuations. They showed that these SLAMS prevent reflected protons
from escaping into the region upstream of the shock and that the reflection of protons by
the SLAMS increases the proton energies which then contribute to downstream heating.
These interesting nonlinear wave-wave and wave-particle phenomena are beyond the
scope of quasi-linear theory. However. an extension of the self-consistent theory of ion
acceleration and wave excitation that includes possible wave dissipation mechanisms

should be investigated.
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PART II

RESONANT WAVE-ION INTERACTIONS IN THE EXTENDED CORONA:

HEATING AND ACCELERATION OF PROTONS AND HEAVY ION SPECIES
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CHAPTER 2.1

INTRODUCTION

Observations over nearly three decades show that ion distributions in the solar wind
exhibit non-thermal features such as: preferential heating of heavy ions [Ogilvie er al.,
1980. Rosenbauer et al.. 1981. Bochsler et al.. 19835: Goldstein. 1996; Kohl et al.. 1997
Cranmer et al.. 1998, 1999a. 2000a: Goldstein and Neugebauer. 2001 Neugebauer et al..
2001; Reisenfeld et al.. 2001]. differential ion-proton streaming [Rvan and Axford. 1975.
Neugebauer et ul.. 1994, 1996, 2001: Gomberoff and Hernande:z. 1992; Goldstein et al..
1993 Goldstein. 1996: Esser et al.. 1998; Cranmer et al.. 1999a; Esser and Edgar.

2001 ]. temperature anisotropies in the distribution cores [Marsch cr al., 1981, 1982a,
1982b: Marsch and Goldstein. 1983 Marsch. 1984. 1991: Bochsler et al.. 1985:
Astudillo et al.. 1996: Kohl et al.. 1997. 1998: Cranmer et al.. 1999a. b, 2000a: Orman et
al.. 2001: Tanabe. 2001]. and proton and heavy ion heat conduction tails and secondary
beams [Feldman et al.. 1973; Ogilvie et al.. 1980, 1993. Marsch er al.. 1981. 1982a. b;
Neugebauer. 1981, 1992: Marsch and Goldstein. 1983 Livi and Marsch. 1987, Marsch.
1991, Gomberoff et al.. 1995. Hammond er al., 1995, Goldstein. 1996); see Marsch
[1991] for reviews. It is reasonable to suggest that these non-thermal features are caused
by resonant ion-cvclotron wave interactions that enhance particle velocity components

perpendicular to the ambient magnetic field and accelerate particles parallel to the field

W
(3]
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[Hollweg and Turner. 1978, Dusenbery and Hollweg. 1981; Marsch et al.. 1981, 1982a,
b: Rosenbauer et al.. 1981; Isenberg. 1984, 2001a. 2001b. 2001c; Tanaka, 1985; Esser et
al.. 1987. Demars and Schunk. 1990: Gomberoff and Elgueta, 1991. Gomberoff and
Hernandez. 1992: Astudillo et al.. 1996: Cranmer et al.. 1997. 1999a, 1999b; Marsch and
Tu. 1997 Tu and Marsch 1997, 2001; Leamon et al.. 1998; Marsch. 1998: Hollweg.
1999a. 1999b. 1999c. 2000: Hu and Habbal. 1999 Kaghashvil:. 1999: Li et al.. 1999: Li
and Habbal, 1999: Ventura et al.. 1999; Cranmer, 2000: Cranmer et al.. 2000a. 2000b:
Isenberg et al.. 2000, 2001: Hollweg and Markovskii. 2001: Ofman et al.. 2001].
Observations of increasing 1on magnetic moments at distances of many solar radii
[Marsch er al.. 1981, 1982a. 1982b: Marsch. 1983. 1984, 1991: Marsch and Livi, 1987:
Marsch and Tu. 2001] suggest that ion-cvclotron interactions continue in the solar wind

far from the collisional regime in the low corona: see also Cranmer [2001].

Some heavy ion species have much higher observed kinetic temperatures in the
direction perpendicular to the ambient magnetic field [ Dodero et al.. 1998: Cranmer et
al.. 1999a; Antonucci er al.. 2000: Ofman et al.. 2001] than protons and flow outward
from the Sun with bulk speeds that exceed the average proton speed [Kohl. 1998]. Data
unambiguously demonstrating ion-proton differential streaming were obtained with the

solar wind plasma experiment aboard the Ulysses spacecraft. Neugebauer et al. [1994,

1996] examined the dependence of I, =V, -V and I, ‘I’ on heliocentric distance.

r. and heliographic latitude using data obtained while Ulysses ranged between 1.15 and

5.4 AU from the Sun. Here. I, and I, are alpha particle and proton bulk speeds in the
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heliocentric frame, and ', is the Alfvén speed. They show that V,. decreases
approximately as r ' and that I, I, is of order unity and is approximately constant for

much of the radial distance studied. suggesting that the differential alpha-proton speed is
regulated by local interactions with waves. The combination of wave-ion interactions.
which preferentially enhance ion velocity components perpendicular to the ambient
magnetic field. with the net radial force (comprised of the electrostatic force, gravity. and
the murror force) may act to preferentially accelerate ions. Since the mirror force is
proportional to 1on mass and the square of the ion perpendicular velocity; if ions are more
than mass proportionally hotter than protons. they will be preferentially accelerated.

Moreover. the waves themselves accelerate particles along the ambient magnetic field.

Recent observations of the solar corona obtained with the UVCS (UltraViiolet
Coronagraph Spectrometer) and SUMER (Solar Ultraviolet Measurement of Emitted
Radiation) instruments aboard SOHO (Solar and Heliospheric Observatory) [Ko/hl et al..
1997, 1998: Cranmer et al.. 1999a. b] reveal compelling evidence of greater-than-mass-
proportional heating of O ions compared with protons. Oxygen. clearly, and possibly
proton distributions exhibit T_ > T temperature anisotropies. where _ and | indicate
directions perpendicular and parallel to the ambient magnetic field direction. respectively:
see also Dodero et al. [1998] and Anronucci et al. [2000). Cranmer et al. [1999a] suggest
that Coulomb collisions are sufficient to couple particles and are responsible for the
observed 1on UV lines low in the corona. but resonant wave-particle interactions are the
likely cause of anisotropic ion heating in the collisionless regions of the corona and fast

solar wind. They conclude that the required high-frequency resonant waves must be
54
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generated over distances of many solar radii since these waves damp rapidly but
perpendicular heating is observed to continue. Turbulent cascades of wave energy from
low frequencies to high resonant frequencies or instabilities are suggested as possible
mechanisms to produce the required high frequency waves over extended distances; see
also Hollweg [1986]. Hollweg and Johnson [1988). Isenberg [1990]. and Markovskii
[2001]. Axford and McKenzie [1992. 1996] and McKenzie and Axford [2001] suggest
that high frequency waves might be launched as a result of reconnection events occurring

in the corona thus obviating the requirement of a turbulent cascade.

Double beams consist of a core distribution of prctons traveling at essentially the solar
wind speed and a secondary distribution traveling faster than the core by approximately
the Alfvén speed. Using data acquired with the electrostatic analyzer aboard Imp 6.
Feldman er al. [1973] first reported the existence of proton double beams in the solar
wind and suggested they might simply be interpenetrating plasma streams having
different bulk speeds. More recently. Feldman et al. [1993. 1997] and Hammond et al.
(1995} speculate that double beams might form due to reconnection-driven impulsive
jets. Alternatively. recent theoretical models suggest that proton double beams can result
when non-resonant forces (gravity. ambipolar electric field. and magnetic mirroring) are
combined with resonant interactions between tons and both inward and outward

propagating Alfvén waves [Tam and Chang. 1999; Isenberg. 2001c].

Rosenbauer [1981] and Marsch er al. [1981. 1982a, b] present examples of proton

double beams from Helios data which include examples of core temperature anisotropies

w
w
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of T_ >4T,. In a comprehensive review of the kinetic physics of solar wind particles.
Marsch [1991] presents Helios observations of alpha particle double beams in slow
(speed < 400 knv's) solar wind and proton double beams in intermediate (400 kmy's <
speed < 600 kmvs) and fast (speed > 600 kmys) solar wind for 0.3 <r <1 AU. The
velocity difference between secondary and core proton peaks is close in magnitude to the
local Alfven speed. with the secondary peak moving faster than the core distribution. In
contrast. velocity distributions of slow solar wind. where collisions are more important.
are usually 1sotropic and seldom show secondary proton peaks or high velocity tails
[Marsch et al.. 1982a. b. Marsch. 1991. Goldstein. 1996]. Roughly 25%, of solar wind

proton distributions observed with Helios had clearly resolved secondary peaks.

Observations of proton double beams associated with the heliospheric current sheet
were obtained from Ulysses data [ Hummond et al.. 1995]. High-speed wind containing
secondary proton beams also exhibited enriched helium abundances. suggesting that the
beams are formed in the corona where abundances are determined. rather than
interplanetary space. Speeds of secondary beams relative to core distributions of protons
are not observed to exceed 2}°;. The beamvcore relative velocity is observed to decrease

as r increases, as does F,(r), suggesting an on-going wave-particle interaction.

Despite the variety of non-thermal solar wind features. until fairly recently most
attempts to model 1on heating and solar wind acceleration have assumed a form for 1on
distribution functions rather than calculate them directly. Early theoretical attempts by

Hollweg and Turner [1978] and Dusenbury and Hollweg [1981] integrated resonant
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wave-particle interactions with non-resonant forces but assumed Maxwellian ion velocity
distributions to close the fluid equations. The earlier effort considered outward-
propagating. left-hand polarized (LHP). non-dispersive waves and achieved reasonable
values of iV, -V, Vyand [V, -V, =} at | AU, in qualitative agreement with
observations. However. the alpha particles were treated as test particles. so their
contribution to the energy and momentum balance was neglected. Dusenbery and
Hollweg [1981] predicted greater-than-mass-proportional ion heating when wave
dispersion was included. The first energetically self-consistent model of a three-fluid
supersonic solar wind [/senberg and Hollweg 1983 ] incorporated outward, parallel-
propagating. LHP. non-dispersive waves and assumed a cascade of wave power from low
non-resonant frequencies to high resonant frequencies. They achieved ion flow speeds
higher than proton flow speeds at 0.3 AU, but only with the inclusion of excessively steep
wave power spectra. [senberg [1984] improved this model by including wave dispersion
and thermally anisotropic velocity distribution functions. A steep wave power spectrum
was again required for predictions to match observations. but the inclusion of an
anisotropic distribution function coupled with non-dispersive waves resulted 1n higher

alpha-proton differential speeds.

In the first paper tc apply these ideas to the corona. Hollweg [1986] considered a self-
consistent calculation of a turbulent cascade of wave power from low frequencies to high
frequencies. Hollweg obtained either: a high solar wind speed and low coronal base
pressure, or with different parameters. a higher coronal base pressure, but slow solar wind

speed. No combination of parameters was able to provide a set of predictions in complete

~

wn
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agreement with observations of the time, although it now appears that the coronal base
pressures are in fact quite low [Esser et al.. 1999; Kohl et al.. 1999]. Hollweg and
Johnson [1988] again considered a turbulent cascade of wave energy and predicted hot
coronal protons (T >3 X 10° K) near 3R, (R, = solar radius) that were not observed at the
time of publication but have since been reported by Kohl et al. [1998] from L'VCS SOHO
data. Isenberg [1990] extended the theory of Hollweg and Johnson [1988] to include
alpha particles in the dispersion relation. and also predicted hot coronal protons near 3R..

Isenberg [1990] was the first to show both V', >V, and T, > 4T, in the corona. thus

anticipating the U'VCS SOHO results.

Further improvements in fluid models were made by Hu er al. [1999]. and Hu et al
[2000]. Hu et al. [1999] determine self-consistently the evolution of the wave spectrum
and ion distribution functions for a three-fluid model consisting of electrons, protons. and
alpha particles interacting with dispersive. LHP. parallel-propagating ion-cyciotron
waves: see also Hu and Habbal [1999]. Hu et al. [2000] perform a similar calculation
with O™ as the fourth fluid and conclude that the greater the number of species in the
dispersion relation the greater the preferential heating of heavy 1ons, but low abundance
heavy ions have little effect on proton acceleration. In both works they obtain ion speeds
larger than the proton bulk speed and 7,7, ~ mym, within a few solar radii. in general
agreement with observations of ion differential streaming and kinetic temperatures
observed with SOHO. However, the models fail to reproduce the observed values of

T.'Tynear | AU.
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Marsch and Tu [1997] and Tu and Marsch [1997)]. following a suggestion of Axford
and McKenzie [1992. 1996]. developed two-fluid models based on the assumption that
the Sun launches a spectrum of high-frequency waves which become proton resonant in
the corona. The wave spectrum 1s postulated to contain sufficient energy to heat coronal

holes and drive the high-speed solar wind: see also Czechowski et al. [1998].

Most attempts to predict phenomena such as preferential acceleration and heating
cvoked fluid models and used either standard velocity distributions or empirically
determned functions to close the fluid equations. Hollweg [1999a. b. ¢. 2000] created
kinetic theory approaches that used particle proxies for the resonant and non-resonant
portions of the solar wind. These models were generally successful in reproducing the
observed proton cffective temperatures close to the Sun [Kohl et al. 1998]. and greater
than mass-proportional heating of O°". They also. through the action of the mirror force.
gave differential 0" -proton streaming. However. they fail to reproduce the monotonic
rise of the O° ™ temperature throughout the entire observed range of r [Kohl et ul.. 1998
Cranmer et al., 1999b]. Tam and Chang {1999] developed a model of kinetic wave-
particle resonant interactions in the solar wind with ions subject to an ambipolar electric
field, gravity, Coulomb collisions and mirroring by the ambient magnetic field. Their
model follows the evolution of the ion distribution function within an inhomogeneous
magnetic field. incorporates local ion heating, and the ambipolar electric field is
calculated self-consistently. They show for the first time that proton double beams can

form when cyclotron interactions with both inward and outward waves are included.
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Isenberg [2001a, b] and Isenberg er al. [2000 and 2001] obtain a numerical solution of
the gyrophase-averaged guiding center equation for protons resonantly interacting with a
spectrum of non-dispersive outward-propagating ion-cyclotron waves. Their calculations
follow the kinetic evolution of coronal protons in response to the waves. gravity. the
ambipolar electric field. and mirroring in a radially diverging magnetic field. They
determine the evolution of the proton distribution function self-consistently. Strong
perpendicular heating and rapid acceleration are predicted but the velocity distributions
are unstable to the growth of inward-propagating waves. which are included in Isenberg
[2001c]. The main effect of including inward propagating waves was the creation of a
halo distribution of protons in the antisunward half of velocity space. Isenberg [2001c]
showed that this halo population is necessary for the acceleration of the bulk proton

distribution. but unrealistically high speed halo protons result.

Including wave dispersion. see Isenberg and Lee [1996). Isenberg [2002] predicts ion
perpendicular cooling. rather than heating, and solar wind outflow speeds slower than that
observed. He suggests that preferential acceleration of alpha particles. which constitute
20% of the solar wind momentum flux. may strengthen the inertial force on the protons.
thus providing the additional acceleration necessary to predict reasonable fast solar wind

speeds.

To date, attempts to determine ion velocity distributions based on kinetic theorv [ Tam
and Chang. 1999 Isenberg. 2001a, b, c; Isenberg et al., 2000, 2001] have been

exclusively numerical, focused on the proton distributions, and have successfully
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demonstrated the non-Maxwellian nature of the distnibutions driven by resonant wave-ion
interactions. These numenical treatments have provided insights into the reasons for

observed temperature anisotropies. and some models have predicted reasonable values of

fast solar wind speeds.

In this work we develop a mostlyv-analvtical kinetic theory approach to determine the
distribution function of an arbitrary ion species under the assumptions that the solar wind
and wave speeds remain constant. We couple kinetic theory with the cold. electron-
proton disperston relation to determine the ion-cvclotron resonance condition and assume
that 1ons are only resonant with outgoing waves. See also the recent reviews by Hollweg
und Isenberg [2002] and Cranmer et al. (2002] for alternate discussions of the physics
underlying the resonant interactions with protons and heavy ions. These assumptions.
particularly the use of constant solar wind speed. are serious. but the importance of
applyving kinetic theory to solve the problems described herein. and the significant results

achieved. we believe. justifies our approach.

Following Isenberg et al.. {2000, 2001]. the 1on distribution function is taken to
consist of two functions that describe the cvclotron-resonant (f ) and non-resonant (/-)
ions ot a particular species. We use the cold. electron-proton plasma dispersion relation

to determine the boundary line in velocity space that separates the resonant from the

relation and Figure 2.1 depicts schematically the division of ions into resonant and

nonresonant fractions. We include the effects of gravity, the ambipolar electric field. and
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magnetic mirroring. We use the fact that cyclotron resonant pitch-angle scattering
conserves ion kinetic energy in the wave frame. Our most important assumption is that
pitch-angle scattering distributes resonant ions uniformly and instantly along arcs in
velocity space (Figure 2.1). Further. we assume that sufficient wave power [ Yoon and
Zibell 1990: Bird et al.. 1991: Gomberoff et al.. 1996: Verma et al.. 1996. Leamon et al..
1998; Cranmer et al.. 1999b; Hu et al.. 1999: Ventura et al.. 1999: Cranmer 2000:

Orman et al.. 2001] to provide efficient pitch-angle scattering is always available.

0

Resonant Nonresonant

Cos [~tip-ti) v

v

%4

,’:u Y =15~ Cpir
Figure 2.1 Schematic diagram of resonant ion energy shells (circular arcs
centered on the wave speed ). In general, there is a continuum of energy shells.
and the dark arc represents a generic delta function ion distribution. The straight
arrows represent the wave-frame i1on speed v, where v 1s constant on a given shell.
The remaining velocity variables are defined in chapter 2.2.
We obtain exact analytical solutions for the distribution function of the nonresonant

portion of ions and predominantly analytical solutions for the distribution function of the

resonant portion of ion velocity space. We establish the approximation scheme to solve
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the transport equation analytically for the resonant-ion distribution function in section
2.2.6. In chapter 2.3, we present contours of the ion distribution functions in velocity
space for protons and heavy ions. These contours clearly show the non-thermal nature of
the ion distributions and exhibit expected effects of the large-scale forces (gravity,
ambipolar electric field. and magnetic mirroring) as radial distance increases. With the
incorporation of the cold. electron-proton dispersion relation. we obtain differential ion-
proton streaming and temperature differences between protons and heavy ions that favor
the 1ons [Kohl et al. 1997, 1998 Cranmer et al.. 1999a. 2000a]. In chapter 2.4. we
discuss possible future refinements. We describe in the Appendix the numerical method
used to determine the resonant-ion distribution function in the small region ot solution

space inaccessible to an analytical solution.

The simple. analytical forms of the distribution functions presented here provide
additional insights into the effects of cvclotron-resonant heating of ions compared with

purely numerical calculations or calculations using assumed distribution functions.
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CHAPTER 2.2

THEORY

2.2.1 Basic Egquations

We begin with the stationary. gvrophase-averaged particle transport equation
[Skilling. 1971: Kulsrud, 1983: Isenberg. 1997] assuming a radial ambient magnetic field.

B(r)= B, (r)é -(where we take B >0). constant radial solar wind. and constant wave

speed:

*(l—y:)i“.‘i q p!(‘l—lu:)D(‘Y. (1

The wave frame. in which ions scatter in pitch-angle only. has velocity U= 1", = Tp,.
where I, 1s the solar wind speed and ', is the wave phase speed. In equation (1),
f(r.v, u) is the distribution function of a particular ion species. U and u are ion speed
and cosine of pitch angle in the frame moving with speed L', D is the pitch-angle
diffusion coefticient, G is the universal gravitational constant, and M is the solar mass.
The terms of equation (1) from left to right describe convective transport. the
deceleration of ions by an “effective™ gravity (scaled by parameter a which we estimate

below), adiabatic deceleration, magnetic focusing, and pitch-angle diffusion.
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The effective gravitational field 1s a combination of the sunward gravitational field

and the ambipolar electric field £ . We may estimate the magnitude of £, from the
steady-state. spherically-svmmetric momentum equations for electrons. ignoring electron

mass,

P,
O=-———-enF (2a)

a
and for protons.
cr, p GM

p"\'u [—:" == (‘:’f’ *en’nEr - p ’.: . (:b)

Here. n ts number density. p ts thermal pressure. p is proton mass density, ¢ 1s the
magnitude of the electron charge. and the subscripts ¢ and p indicate electrons and
protons. respectively. Since we assume a constant solar wind speed. we take the left side
of equation (2b) to be zero for all . Subtracting (2b) trom (2a). and assuming electrons

and protons contribute equally to the pressure, vields an electric field magnitude given by

eE, = (1 2YGMm_r™ . where m, is proton mass. The r~* dependence of the clectric field

agrees quantitatively with the self-consistent electric field calculated by Tam and Chang

[1999)]. The effective gravitational force may be written — GMm » (1 - qm, 2em ).

where g. and m, are 1on charge and mass. Thus. the ambipolar electric field partially

counteracts gravity and we may include its effect by taking a = (1-qimy 2em,).
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Despite taking ©,,; to be constant in equation (1) for analytical simplicity. we must
consider wave dispersion to establish if a given ion is resonant with ourward-propagating
proton-cvclotron waves. lons diffuse in pitch-angle by scattering on waves only if they
are in cvclotron resonance. We consider transverse waves propagating radially outward
from the Sun which obey the approximate dispersion relation for a cold. electron-proton
plasma as given by Sriv, [1992]

/-

S \
(;—Uz -s(k1/2,) :%4_@:4/%7) ’4(“:4/9/’)-_ ' (3)

Here. wand k are the wave frequency in the solar wind frame (taken to be the same as the
average proton frame) and wavenumber. respectively. The Alfvén speed s

'y =B, {(471p) = Qn = ¢Bi. myc (here. we take Q, > 0. see Figure 2.2) is the proton
gyrofrequency. and c is the speed of light. Figure 2.2 depicts both branches ot the
dispersion relation for waves with ' > 0 [left hand circular polarization (LCP) is given
by the upper sign in equation (3) and right hand circular polarization (RCP) by the lower

sign]. An ion of species i with radial velocity component v, is cvclotron resonant with a
wave specified by (k. @) when

(k) = kv, ~ Q, (4)
is satisfied. Here. Q, = ¢,Bwmc is the ion cyclotron frequency. and U, is the ion radial

velocity component in the solar wind frame. Equation (4) describes a family of straight
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lines. where the three lines shown in Figure 2.2 are specific to He™ (Q/, =0.5) as an

example.

)
1

K

Crs Trsk

Figure 2.2 Electron-proton. cold plasma dispersion relation. An ion of a
particular species with velocity component ' is cvclotron resonant with the wave
specified by (k. w) when wik) = kv + Q, 1s satisfied. This resonance condition is
illustrated for He™~ where the maximum velocity of an 1on resonant with LCP
waves 1s designated by /.. The minimum velocity of an ion resonant with RCP
waves 1s given by Tyx.

An 1on species resonant with left-hand waves will have a maximum resonant velocity

in the average proton frame. I'y,. determined by the slope of the line tangent to the LCP

portion of the dispersion curve as shown in Figure 2.2, and given by

”\! o) 2 2 -l’
— =K, +(2+K )4 +K;) -, (5a)

4

where
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i / . [q, '][ﬁ\’T:

K, =L1/2;_(1_,1)“'\4—/.+ A +84 ‘/;J (5b)

and /£ = (gs/m,)/(esrm,). The ratio Fy/}7, 1s a monotonically decreasing function of
increasing A, approaching | for a massive 1on (4 — 0) and vanishing for protons (£ = 1).
There is also a minimum resonant velocity ( U_, ) for right-hand waves. determined from
the steeper tangent line shown in Figure 2.2. These resonances require extremely fast
ions. so we consider resonances with left hand waves only. and take I'y, to be the
maximum resonant velocity. Clearly. from Figure 2.2, there is no minimum resonant
velocity for left-hand waves. See Dusenbery and Hollweg [1981]. Mursch et al. [1982b].
Mckenzie and Marsch [1982]. Hollweg [1999a. b. ¢. 2000], Cfanmer et al. [2002]. and

Hollweg and Isenberg [2002] for similar discussions of wave dispersion.

2.2.3 Radial Boundarv Conditions on f{r. i, u)

Given the sharp distinction between resonant and nonresonant ions, we divide velocity
space 1nto two regions (Figure 2.1) designated by (-) for non-resonant ions
(D=0.7v.>1, +V, )and (-) for resonant ions (D = 0. v/ <}’ +V,,). where U, is the
radial component of ion velocity in the Sun frame. This distinction requires that equation
(1) be solved separately for /- and /__ subject to an appropriate boundary condition at

v, =¥ +V,, .which we consider in section 2.2.5.
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Since v, is taken to be constant, resonant ions scatter in pitch-angle along circular

arcs in velocity space described by [Kennel & Engelmann. [966]

v+l =0, (6)
where o is constant. Here. ¢, is the radial component of ion velocity in the wave frame
and v _ is the velocity component perpendicular to B.. We start the calculation at
heliocentric radial distance r = r, where the ions are collisionless and have had sufficient
time to scatter uniformly along the accessible arcs (which correspond to segments of’
spherical shells in three dimenstonal velocity space) shown in Figure 2.1. Forr >/, we
assume that the pitch-angle diffusion time scale (~ D) is much less than the wind
propagation time scale (~ r I,). Thus we take /_ to be independent of x4 for r > r,. with

f(r.v)= fuv). We consider two choices of £, (v): f(v) x o( -, ). section 2.3.1.

and a continuous extended function which we specify in section 2.3.2. The impulsive
function (represented by the dark arc 1n Figure 2.1) has the advantage of simplicity. while

the extended function is more general.

For simplicity we take f-(ry) = 0. For heavy ions with thermal velocities less than Iy,
this choice is reasonable. For protons (F'y, = 0). this choice 1s formally valid only for
fotvy xa(v-v,,). Forthe extended form of fo(?). this choice is inconsistent with the
formal requirement that the solar wind speed equal the average proton radial velocity.
However, in equation (1) we take };. to be constant and since we neglect the inertial term

which allows I, to equal the average proton velocity. I, does not remain equal to the

average proton velocity even if they are equal at r = ro. as in the case f,(v) xd(v-v,,).
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Since this calculation makes a number of serious assumptions. its primary virtue in
illustrating the essential behavior of the ion distributions in the solar wind frame is its
simplicity. To that end we take f.(ry) = 0. Supporting this choice, we show in Chapter
2.4 that the radial evolution of f1s somewhat insensitive to the condition imposed at r =

r.

2.2.4 Solution for f_(r.v". 1)

Since tons with ¢/ > 1" = 1", do not interact with waves. it 1s best to rewrite

equation (1) in the Sun’s frame and set { "= 0. Defining a new independent vanable

x=vr laGM. (7
equation (1) becomes
& Iy g .
ro=—=+2aGM x-=|=—-vxr-—=—=0 (8)
4 ST g T & T

A
We may solve equation (8) for f. by the method of characteristics. where the

characteristic curves are specitied by

dr v/ _odx
ro 2aGM(x—1'2)  vlxr %)
Equation (9) vields two integrals
E= /20" —aGMr ™, (10a)
C=uxr. (10b)

Each integral specifies a family of surfaces in (¢".x.r) space. The intersection of two of

these surfaces specifies a characteristic curve along which E. C, and f- are constant. £ is
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proportional to total ion energy and C is proportional to ion magnetic moment
(m,z’i 2B,) since x x vir and B, x r . Nonresonant ions move along these

characteristic curves conserving their total energy and magnetic moment. In Figure 2.3

we plot four characteristic curves (solid lines) in (7'].x.r) space and their projections
onto planes r = r; (short dashes) and v, =1 -1, (long dashes). The characteristic

curves originate at ¢, =1 ~1", and form a family of curves for a continuum of values of

[2%)

rr.>landx 2 0.
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Figure 2.3 Charactenistic curves of £ in (X.7.r) -space. Projections of characteristic
curves mnto the » = r. plane are ellipse segments (short dashes) and projections ot

characteristic curves into the ~ - boundary plane (long dashes) are hyperbolac. An 1on

entering the (—) domainat v =} ~1", and x > | never retumns to the (-) domain.

Projections of characteristic curves onto the r = r, plane are ellipse segments that
provide the circulation paths for nonresonant ions in velocity space as described in detail

in section 2.2.5. The equation of the ellipses may be found by combining equations (7).

(10a). and (10b) vielding
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(x-12)y b +v/ a=1. (1)
where @ =2E~v1 . b =a” 4I’f .and v- = aGM 2C. The maximum (x') and
minimum (") values of x on a given ellipse segment shown in Figure 2.3 are

determined from equation (11) by setting v, = I +V,,. We obtain

. - . - [,
=1 2=Q0 )y 2Ese =P+ )] - (12a)

Aa3

Y'=12-(20 ) RE- 0T (0, =T (126)

so that the clhipses are svmmetric about v = ' -

The projections of the characteristic curves onto the ¢ =17 -1, plane are
hvperbolae given by equation (10b). with their endpoints determined by equations (12a)
and (12b). Itis evident from these hyperbolae that » — > as x — 0. a hmit which only
occurs it ' > 1. Clearly from the projections in the » = r,, plane the limit x — 0 occurs
tor o0 21" -1, : hence the radial velocity may approach a termuinal value as r — = .
Setting x = 0 in equation (11) gives ¢ = ¢, = v 2E . Thus ion terminal velocities. which
are governed by £, cover a range of values from ¢/ =1’ -1’ to oo as 1s evident from

the intersection points of the ellipses with the o axis.
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2.2.5 Boundary Conditionat v =1"_ 1",

To establish the boundary condition at v =" I’ we write the first equality in

equation (9) as

(14

Clearly dtv. dr >0 if x > ':: the mirror force exceeds the effective gravity and ions are
. - ! - 7
accelerated. lons are extracted from the region T, < I+ V\. and accelerated nto the

region vl> ’\\. +1 \+ by the murror force. The extraction preserves the distribution

-y

function: thus torx > 'z f oroxe/ =8 -1 = roxe =8 -1,

In contrast. d*. dr < Oif x < ‘. the effective gravity exceeds the mirror force and

.

lons are slowed from ¢/ > 1" +1' 1o v, <I' +1,. These ions become a source of
resonant 1ons. unrelated to the density of resonant ions alreadv uniformly distributed 1n
pitch angic on shell segments: therefore. f (rox.v/ =1 -~ )=t (oo =8, <17,
Thus there is a circulation of 1ons with ' : < x < | along characteristic curves as shown in
Figure 2.3 from the (-) domain. through the (-) domain. and back to the (-) domain with 0
<x<': lons in the (-) domain with x > | can circulate into the (—) domain but theyv
never return to the (-) domain. They escape the effective gravity and resonant

interactions with the waves, and approach v, >1° ~1, as r - x.
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2.2.6 Soluticn of the Transport Equation for fo(r, )

For r > r . we assume that D is sufficiently large that s is independent of u.
Accordingly. we integrate equation (1) from u = -1 to u = -y, - Vi) v = 0. where
following the integration we let 0 — 0. As evident from Figure 2.1. we integrate over the
circular arcs. Since the upper limit of integration 1s a tunction of v'. care must be
exercised in integrating terms involving ¢f ¢ct. The purpose of introducing o'is to ailow

integration across the boundary between the () and (-) domains:

toru=—v, -V,) v~o.D=0.and r= fr.v v =1 -1 There results
']_I‘m"lw (f'g(,'—:'l-»vp’—’”“-
R o
{ T —‘U (f G.\l 'l ' Im - l v LI’ I zm: - {—\I ‘I:v" ”l,’ )-
- 1= ——-a— < |- s l-=1- -
i v r- 2 & r 3 o A
. GM1 v (T, =)
-/ -f)-a——=-=jl-———— =0 (15)

To obtain a semi-analytical solution to equation ( 15). we apply an approximation vahd
where the wave speed 1s much larger than the thermal speed and extend the formalism to
radial distances where the approximation is not formally valid. We change variables to
=70 -(Upi - Fy)and assume & << I ~Fy. tp - Fy. After expanding equation ([5) in ¢
and keeping lead terms only. we obtain an equation that preserves the essential physics

but is much simpler:
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3 " aGM Le T aGM e, -1, )
—d —e -2 ——'—q‘ - - - — (f.-F)=0. (16)
ar r r-ce _ r .

Terms neglected in this expansion are not essential to the structure of the equation. Thus.
the solution of equation (16) appears to reveal the qualitative structure of the 1on

distribution even when the small ¢ approximation is not formally valid.

We rewrite equation ( 16) in a particularly simple form with the change of variables

x=(1-0),a@GM) " (17a)
1= (=g
and v=(rop)te e (17b)
giving
t t. ) .
nw=—-x(l-x)—~-2x-Inf -1rr=0. (18)
‘v A

whereg =, I, and Q=1 ©,. The varable v depends only on - and serves as our
radial vanable. The variable x. as defined by equation (17a). specifies resonant 1on
energy shells (v 1s constant on a given shell for a given r). and serves as our velocity
coordinate: v is identical to v as defined by equation ¢ 7y only when ¢’ =17 ~17,.
However. equation (1 7a) incorporates the small v_ (small £) approximation so that(1- Q)
T = 2. establishing approximate equivalence of it and equation (7) for all . We
take g to be independent of r. but the range of r considered will guide us in choosing
values for g. Very close to the Sun. g >> | and at about | AU. ¢ = 0.1 [Hollweg. 1999a.
1999b, 1999c. 2000: Isenberg et al.. 2000. 2001: Isenberg 2001a. b. c]. To evaluate Q.
we write O = (Fy ) (vpn Fy) with (Fy ) given by equation (5a). The dispersion

relation depicted in Figure 2.2 suggests a reasonable. limited range for the wave phase
76
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speed of Fy < vy < Iy, but since we take Uy 10 be constant. we use the average of 'y,
and I, to represent v, hence. the value we use for 0, depends on the ion species
through 'y, and represents the average phase speed sensed by an ion species over its

resonant range. For protons ¢ I’y = “:. and for a massive ion t» F'; = 1. This choice for

Upe always results in Q < 1.

We solve equation (18) by the method of charactenistics. where its characteristic
curves are specified by
dvx(l-xy=dvxy = -dt (2x-1Inf -1 (19)
The first equality in equation ( 19) vields
=v(l-x). (20)
where A 1s a constant that specifies a particular characteristic curve. Forx >z /. =1,
as described in section 2.2.5, so that 7 (v, x) 1s constant along each characteristic curve.
Forx <1 2.1. =/ . using the second equality in equation (19) we may write along a

characteristic

dv drf.

- = — : (21)
v Q=1 =10

Rearranging equation (21). eliminating x with equation (20). and applying the integrating

-

factor (1 - 4)»" we obtain

S = vd-Do -4 =D =T =-A)7 J‘d_\'"_\'"’; A=y ot (22

where x"=1- A(1")"' from equation (20) and the integration must be performed along

a characteristic curve specified by A.
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We require the correspondence between /. and f_ to solve equation (22). At some

radial distance. r'. ions cross . = V'~ V|, with x =" and then return to
v, =V -V, ata greater radial distance " with X = x"< X" as shown in Figure 2.3.
Since f- is constant on characteristic curves in the (~) domain (Figure 2.3) and f'is
continuous for x > ':, we mayv write
St =V oy = el = =P = rxriel = =T Interms
of x and 1. this continuity condition may be wrnitten as

Foat My = o). (23)

To determine the relationship between the primed and double-primed variables. we

rewrite equation (10b) using equation (17b) and obtain

rgr=QribegQr \,m/(%QHl—q(_ﬁ " (24)

X 3

Combining equations (24). (20). and (13) vields

IR C R S DA (23a)
and X'= .4,\'"—[ . (25b)
Replacing /. (3".x") in equation (22) by £ [\"’(,\"’ S D T ]}'ields the

integral equation

fxy=v(r=A) U =-A) f (1= 4) -

\

_\':(_\' -4y Jd_\"’_\""" (24 -3") /1. [\'"(_\"' I rm"“ 'NQ', Av"T . (26)

!

78

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Equation (26) 1s the implicit solution for f (v, x) when x < 2. In the Appendix we
discuss the structure of f_(y. x) and the method used to solve equation (26) numerically.
Also in the Appendix and Chapter 2.3, we show that f (1. x) may be determined for a
large fraction of the solution space ( > 1. x < !2). and that much may be understood

about the entire distribution function without having to solve the integral equation.
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CHAPTER 2.3

RESULTS

We must specify a form for f,(X) to enable computation of f (1.x). Inthe
following subsections we consider separately the results of first taking f, proportional to
a delta function and second letting f (x') equal an extended function of x. The delta

function form of /, has virtue because of its simplicity. whereas the extended /. is clearly
more general. Either choice of f, provides useful insights into the evolution of 1on

distribution functions. ion-proton differential streaming, and the radial dependence of ion

temperatures. In Chapter 2.4. we show that the sensitivity of f (V..X) to the form of

/.. (x) diminishes as r increases.

2.3.1 Delta Function 4,

At r = r, the delta function boundary condition concentrates protons at the point

(v' =1V _.,v =0) and each heavv ion species ontd its unique energy shell in velocity
, R ) q £) )

™

4

space (dark arc in Figure 2.1). Shell endpoints occurat (V' .0) and (V' + V', ,v ).

where I, 1s given by equation (5). and the maximum v. of ions on their delta function

shell at rq 1s ©_ (see Figure 2.4). We determine T, from equation (6) with
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' —Vy and v=1v . yielding v =2v I, (1-1, 2v_ ). where }%y =0 for

= :_-
e, —"ph

protons. As ion mass/charge ratio increases. /'y and U, ,increase. Therefore. combining

the kinetic shell model with the cold. electron-proton plasma dispersion relation builds-in

at r, higher perpendicular temperatures and higher streaming speeds of heavy ions

compared with protons. We show in following subsections that regardless of the form of

fotx) these non-thermal features persist for r > r..
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Figure 2.4 Constant energy shells at » = r,, for protons. alpha particles. and O™
ions. The maximum value of ©_isv_,.which occurs whenv', =17, .
where ©,, is ion radial velocity in the solar wind frame. The values of ©_, for

each ion species are indicated by the dashed. horizontal lines. and the values of
}",, are indicated by the dashed. vertical lines. v , =}, =0 for protons.

I, =1500km's and I, =150kms.

A parameter related to U, . which defines the x value of the initial energy shell
unique to each species and which we use extensively to distinguish features of the

solution for f . is xy. Using equation (7) to transform the expression for Z‘in to x, vields
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%, =Cg Q- 0)a. (27)
where C, =1".r, GM is constant. but q. Q. and « are species dependent and x, = 0 for
protons. The definitions of ¢ and Q appear after equation (18). We showed in section
2.2.5. whenx > !5 . ions must focus forward from the (-) domain into the (+) domain.
From equation (20). we note that for any value of 4. x = 1 asr r, - = . Therefore.

three cases must be considered separately: x <!;. l-<x <landx >1.

X, < JA

We depict the small-r evolution of the proton delta function shell in the (' .x) plane
in Figure 2.5 by sketching the delta function shell at three values of rr. for I, = 1500
km's. and I, = 150 km s. The influence of the effective gravity averaged over a shell
dominates magnetic mirroring for small x. The delta function shell is continually
reformed at increasing v as r increases: thus. the intersection point of this shell and the
+ - boundary (x») increases as r increases. When rr. = 1. the shell is a poimntat (/7. 0).
Setting x = x; = '4. in equation (20) and using this set of parameters gives r.r, = 1.06. and
when x; ="'z, rry = 1.15. Once x> =": -~ 4. (0 — 0) ions immediately circulate through
the () domain and return to the (-) domain to scatter along the lower shell at x: = ;- ¢,
This process is indicated by the two closely spaced arcs in Figure 2.5. As }; increases.
the radial distance where x- reaches !> decreases. The value of x at every point on a shell
is the same as the value of x at the intersection of that shell and the + - boundary and

represents the energy of that shell through equation (17a).
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Figure 2.5 Evolution of the proton delta function shell at selected values of rr...
The lowest arc and the upper arc of the paired arcs represent the delta function
shell at different values of . At r = r, protons are at the point (/.. 0). For the
parameter set I', = 1500 km's and /', =150 km's once r r, = .15 protons
achieve x = 'z, which allows mirroring forward into the (~) domain. Atx =
protons immediately circulate through the (+) domain and return to the (-) domain
to scatter on the lower of the paired arcs (x)).

The entire 1on distribution 1s described by a delta function in v until v = ' . with -
dependent amplitude. Once v exceeds ':. the 1on distribution will consist of a continuous
part plus a delta function shell of constant amplitude. For x <': we determine the -
dependent amplitude of the delta function by setting / (v. x) equal to the first term in

equation (26) (f- = 0) and n(r) = J’d"'zyﬂ . where n(r)=ny(r, r)’ is ion number density.

and n, 1s the number density at r,. See the Appendix section A.l where. consistent with

the small ¢ approximation, we show that equations (8) and (18) conserve number flux.

thus vielding n(r)=n,(r, r)>. Performing the integration subject to the small ¢

approximation (v =v_, -}, ) gives
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Syvx<t =[x, =r- 1)]n0r0:(z'p,, -1,)0lx—(x, =v-1). v] 27(aGM)*. For
protons Xo = 'y, = 0, so the factor v/(x; = v - 1) renders /(1. x) for protons doubly

singularaty = 1.

We further examine the radial evolution of fin Figure 2.6. The ellipses (dashed
curves) shown in Figures 2.3 and 2.6 are projections of the characteristic curves of /- into

the (¢).x) plane. Curve 2 is the delta-function shell (highest energy in the wave-frame.
v =X, )and curve | 1s the shell populated by ions just returning to the (-) domain from
the (-) domain (lowest wave-frame energy shell.x = x.). Atr=r.. x = 1. so from

equation (20) 4(y =1y =1-x,. Setting 4 = | - x,,. in equation (20) vields

(ry=l=(l-x, r r) e (28a)
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Figure 2.6 Projected characteristics of £ (ellipses) and boundary curves (1 - 3) in
(. ..x)space. Within the region bounded by curves | - 3, f1s continuous. and outside the

region f = 0. Curve 2 1s the delta function shell. curve 1 is the shell formed by 1ons just
returning to the (-) domain from the (-) domain and curve 3 is a boundary that indicates
the progress of ions along the elliptical paths. Points a - d mark the progress of ions
along correspondingly-labeled ellipses. 1, = 1500 kms. I, = 150 km s. and r = 6R..
The dark curves (2 and 3) indicate the singular part of the velocity distribution.

During the time ions circulate through the (+) domain. x. increases: ions are continuously

extracted at the — - boundary at(x, > )<, ). circulate along their elliptical trajectories
through the (+) domain. and return to the —:- boundary at (1-x,.r >r ). An ion returning

to the (—-) boundary at x; and r was extracted at the (+/-) boundary at | — x; and .. So

equation (28a) may be written asl—x, =1—=(1-x, ). r,) """ ""¢" Similarly. equation
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(10b) may be written as(l - x, )r = x,r. Combining these two equations by eliminating r,

vields the implicit equation for x, ()

X (1 =x )P = (L= x Y ) e (28b)

where from equation (28a) we require r r, 2[2(1-x,)]'"" * o ensurex > :,.

The equation of either curve | or 2 is found by combining equations (6) and (7)
vielding

X =—=(r 2aGM)[V, ~v, -0 )] <07 2aGM . (29)

o
where we transformed from the wave frame to the Sun trame using ¢, =17 ~v_ -1 .

Equation (29) is a family of parabolas that represent a continuum of resonant ton energy
shells. each specified by a different value of © at a given value of r r... where on a specitic
shell ¢ 1s constant. The value of  for curve [ (2) is determined by setting x = x; (x:) and

v’ =1 +1",. where x: and x; are given by equations (28a and b). Doing this vields

T

v*, =2aGMx, -~ =(v,, —1,)". Since r,. is constant on a shell. x- . is also constant on

ne

that same shell. as previously stated.

As rand x. increase. the radial distance required for an ion to completely circulate
through the (+) domain increases. At a given r there will be a continuous variation of
relative progress of ions along their respective ellipses. ranging from zero advancement at
(¥, =T, .x,) to completed circulation at (}, +}7,.x,). The locus of points ('..x)that
mark the extent of circulation of ions along the ellipses forms a continuous curve in the
(+) domain (curve 3). Thus, curve 3 is a boundary that identifies the radial velocity of

nonresonant ions at a specific r for each value of x at extraction and represents the
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singular part of the nonresonant ion velocity distribution. Therefore. any point in the
region to the right of curve 3 is not accessible to 1ons at the specified value of ». The ion

distribution 1s continuous inside the region bounded by curves | - 3 and vanishes outside

the region bounded by these curves.

We determine the analvtical form of curve 3 from equations (10b). (17b). and (20).

giving

=X =x) (1= X)) @0 ) (30)
Here. x locates the intersection of curve 3 with an ellipse that intersects the - - boundary
at x’ [equation (12a)]. and ?'(.X) is determined from equation (11). Intersection points
along curve 3 labeled a — d mark the progress of ions along correspondingly-labeled
ellipses. where the location of each point is determined from equation (30). In Figure 2.6
the parameters are the same as those used in Figure 2.3, An 1on extracted at clhipse “a”
will just complete its circulation through the (+) domain at this r: hence intersection point
a is located at the lower ends of both ellipse “a" and curve 3 and at the - - boundary.
lons that follow ellipses “b™ and “¢™ have moved less “distance™ along curve 3 and ions
are just being extracted at ellipse "d" at this value of . Asr - <. x. = 0 and x, - |.

so all ions eventually return to the (-) domain.

Contours of f(v..v_) for protons are shown in Figure 2.8, where fis plotted for
r=3R, in Figure 2.8a and r = 5R, in Figure 2.8b. To find f(v..v_). we must first solve
equation (26) for f_(y.x). then transform from (x.y)to (r.v..v_) through equations (6)

and (17). To determine f.. we invoke the continuity of fat the +/- boundary and the
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constancy of /- along characteristics. All values of fare normalized to the maximum
value calculated. so that the maximum value of fin a contour plot is 1 and f'is
dimensionless. The grayscale of the contour plots is shown in Figure 2.7. The contours
are differentiated by 10 shades of gray. where if a value of f falls below 0.1. the region

appears white. A detailed description of the structure of /(1. x)and the methods used to
obtain the analytical and numerical solutions for / appear in section A.2 of the

Appendix.

O e
Cyr et dean

Figure 2.7 Contour plot gray scale key. Any values less than 0.1 are white.

v v, IV,
Figure 2.8a Proton distribution function contours in velocity space for r = 3R..
I, =1500km/s. I =150kmvs.

¥
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Figure 2.8b Similar to Figure 2.8a except here = SR,. A comparison ot figures
a and b illustrates the shift of the contours of f toward I, and the reduction in
perpendicular velocity due to the ongoing effect of adiabatic cooling as r
Increases.

In Figure 2.8¢ we plot contours of a bi-Maxwellian distribution with 7 T =35 for

comparison to the computed proton distribution functions. Comparing Figure 2.8¢ to
either Figure 2.8a or 2.8b shows that the ion distribution function we calculate is clearly
not Maxwellian. The general shape and proportions of the contours of f shown in Figures
2.8a and 2.8b are similar to those obtained by Isenberg [2001a] and Isenberg et al. [2000.

2001].
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Figure 2.8c. Contour lines of a bi-Maxwellian velocity distribution with
I =5T.

tn

The dark curve outlining the distribution in Figures 2.8a and 2.8b represents the delta
function shell. Since the delta function shell provides a sharp boundary between regions

of zero and nonzero f. ', labels the minimum value of ©. for the distribution. The large

value of f_nearv. ‘I =1 results from the flow of ions into the (-) domain from the (-)

domain due to the dominance of the effective gravity at small_. The rapid decrease of
f_as v, - v, becomes more dramatic as r increases due to ongoing magnetic mirroring

and the more-rapidly decreasing effective gravity. The effective gravity slows ions to

lower o, while the mirror force combined with pitch-angle scattering of ions by waves
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increases U, . Also.r increases as r increases as is evident when comparing Figure 2.8a

m

with Figure 2.8b. This motion of extremes of energy shells in opposite directions in
velocity-space causes shells to converge toward a single energy shell. This effect is
analogous to the creation of the “pile up” shell described by /senberg [2001a] and

Isenberg et al. [2000, 2001].

Continuity of fat the ~ - boundary is apparent by the continuity of contour lines across
the (- -) boundary. The circulation point on the (- -)boundary (v F =1.23 i1n2.8a
and ©_ 1 =0.951n 2.8b) moves to lower as r increases because of the relative
decrease of the magnitude of the effective gravity compared with the mirror force. The
extent in ¢ _of the entire distribution 1s decreasing as r increases due to ongoing adiabatic
cooling and the width in ¢ of the resonant part of the distribution decreases as r increases

due to the increasingly dominant mirror force compared with the decreasing effective

gravity.

We plot proton parallel and perpendicular temperatures as a function of radial distance
scaled by the solar radius in Figure 2.9. The perpendicular to parallel temperature
anisotropy. also given as a function of 7/R,. 1s plotted in Figure 2.10. Perpendicular and
paraliel ion temperatures as a function of r mayv be calculated by taking moments of
ftr..v_.r). By definition

T =mv- 2k, (31a)

and T =mi(w -V k. (31b)
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where  denotes an average. }/ is average parallel flow speed. and k3 is Boltzmann's

constant. The average of a generic quantity i 1s found from n v = J‘d ‘vw f . where n is

ion number density. Since we calculate fat discrete points in velocity space. summations

replace the integrations.

The proton distribution occupies the point (0.0) in the solar wind frame in velocity

space at ri,: therefore. T _(r.) = 0. The perpendicular temperature rises to a maximum of

approximately 1.8 x 10" K by approximately 2.5R,. then slowly drops as r increases. This
rapid rise in temperature 1s artificial due to our choice of boundary condition. Although
the values of T are of the correct order of magnitude. they are too small by a factor of
roughly two. and the decrease of T_with increasing r disagrees with observations [Koh/
et al.. 1998: Cranmer et al.. 1999b] that indicate that proton temperatures remain fairly
constant in the range |.5R, <r <4R.. The parallel temperatures are quite low and after an
early rise. decrease as r increases. which agrees qualitatively with Hollweg. [1986].
Dusenbenry and Hollweg. [1981]. Li et al., [1999]. Isenberg et al.. [2000. 2001 ]. and
Hollweg and Isenberg. [2002]: consequently. the calculated temperature anisotropy is
very large. However. observations [Koh! et al.. 1998. Cranmer et al.. 1999b. Antonucci
et al.. 2000] show the proton temperature anisotropy is of order 10 out to many R,. but
never as large as we calculate. Since I, actually decreases as r increases, we expect that
a modified theory using a reasonable }’4(r) would cause the temperature anisotropy to

decrease much more rapidly than we calculate here.
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Figure 2.9. Proton perpendicular (a) and parallel (b) temperatures as a function
of heliocentric radial distance scaled by R..
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Figure 2.10. Proton temperature anisotropy as a function of r. R..
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V<xo<l1
The condition x; > "> cannot be met for protons. since for protonsx, = 0. The size of

va is strongly influenced by the size of I',. so given a sufficiently large I',. v, for any
other ion species may easily exceed 2. We analyze this case for He ™ when I, = 750
km's and I, = 150 knv's. vielding x, =0.82. Our choice for I, is smaller by a factor of
at least 2 than typical values of I, at r ~ 2R,. but we use it since it vields x, < |. For
heavier ions. or He™™ with larger I',. the condition x. < | may not be reasonable. From
Figure 2.11. plotted for He™". we note that x.. > | for I, > 850 kms. The size of I, may
easily exceed 850 Ams at r = 2R,. and the increase of x, with increasing I, 1s more
pronounced as mass charge increases. so obtaining a value of x. < | for heavy ions seems

unlikely. However. the results for the case “: < x. < | possess interesting characteristics.

so we choose to discuss it.

o

XG

I, (10 km. 5)

Figure 2.11 x, versus } 7, for He*". For I”, >850km's . x. > 1. and for
I', <600 kmy's. x. <'z. x. =0 for protons for all I';.
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The behavior of the ion distribution when Y < x, <1 is substantially different from

the case when x, < ':. and is illustrated in Figure 2.12. In Figure 2.12a, we show the
delta function shell (curve 2) and delta function boundary in the (—) domain (curve 3) at

r.ro = 2. Figure 2.12b depicts the distribution at the radial distance where the lowest

point of curve 3 first intersects the (- -) boundary: here. x =1 -xqand ' = x, .

Substituting these values into equation (30) gives r r, = x, (1 -x,)=4.6 for this case.

For r r.. <xa(l -xs).fremains singular on curves 2 and 2 with identical amplitude and
zero elsewhere (see the relevant discussion in the following subsection for the case

X > I ).

Once the radial position of the 1on distribution exceeds v.ro (1 - x,). 10ns will be swept
back to ' <I”_ ~1I", to scatter on new shells. thus creating a continuous ion
distribution indicated by the shaded region shown in Figures 2.12¢ and 2.12d. The lead
boundary of the continuous distribution (curve 4) moves toward larger v as r increases
while curve | moves down. thus broadening the continuous distribution. Since this
energy shell (curve 4) is created when curve 3 reaches (F + 17, .1 - x, ). we may
determine the radial dependence of its intersection with the (- -) boundary () from
equation (20) and » r, = xo/ (1 — x¢). We obtain

X, == A(r gy (32)
where A" =[x, (1-x )" =85, g=3.67.and O = 0.23 for our choice of
parameters and He*™. Setting x5 = ': in equation (32) vields

rir, =(2x,)""%" ¥ ¢y (1-x,) = 6.3. When the continuous part of the distribution
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exceeds this radial position. those ions may focus forward into the (=) domain. The delta

function fronts and the continuous distribution of fat r r, = 6.3 are shown in Figure

(b)

=

Figure 2.12 (a) He"" distribution function boundary curvesatr r, =2
forv =0.82. Curve 2 1s the delta function shell and curve 3 1s the boundary
curve for nonresonant ions. f1s singular with the same amplitude on both curves.
o=, =276km s

(b). Similar to 2.12a except rr. =4.6. At this radial position curve 3 just returns
to the ~ - boundary. Curve | is the lowest wave-trame energy shell (represented
by x1) and is populated by 1ons just retuning to the resonant domain. x. — | and

x, »>0asr rr ->x. (=0 onlyoncurves l. 2, and 3 at this heliocentnc

distance.
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X

Figure 2.12(c). Similar to 2.12a and 2.12b. but now

roro=(2x )9 ¢ v (1-x,) = 6.3. The shaded region contains the
continuous part of the ion distribution. Curve 4 is the lead energy shell of the
continuous part of the distribution (specified by x;) and has just reached x = ' : at
this radial distance. At this radial distance tons from the continuous part of the
distribution focus into the (-) domain. In the interior region bounded bv curves 2

and 3 and the shaded region. / = 0.
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Figure 2.12(d) Here r . = 12.5(r = 25R,). Curve 5 i1s a boundary in the ()
domain resulting from the circulation of ions from the continuous part of the
distribution (shaded region). In the interior region bounded by curves 2 and 3 and

the shaded region. r'=0.

When the radial distance exceeds (2x,) "““" * Y x r /(1 - x, ). resonant ions in the
continuous distribution will focus forward. circulate through the () domain, and
eventually return to the (-) domain to scatter on new shells. Consequently. another
boundary (curve 3 in Figure 2.12d) forms in the (-) domain. Employving a method

identical to that used to create equation (30) yields the equation of curve 5

v=xx (1= x,) 7 x, (L= x)] T )T (33)
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where v and ¥’ have the same meaning as before and 7 (x) is again determined from
equation (11). In the gap between the shaded region and curves 1 - 3. as shown in Figure

212dforrr,=12.5(r=25R,)./=0. As r r — x. from equations (28a) and (31).

x. — 1 and x, — 1: thus the gap narrows as radial distance increases.

At = r.aresonant i1on with a large mass charge ratio. or a lighter ion scattering on
waves with I'y I« >> | may be characterized by x., > 1. We illustrate this situation 1n
Figure 2.13 with a plot of the distribution function of He™" ions for /'y = 1000 km s and
r. = 2R,. vielding v, =1.46. The intersection point of the resonant-ion shell (curve 2)
with the ~ - boundary i1s again given by equation (28a). Magnetic mirroring dominates
the effective gravity for x > |: hence. curve 2 will move toward smaller x as - increases.

For r > r, ions will immediately accelerate to v/ > 1" ~1", . Again. a singular

distribution forms in the (-) domain (curve 3) specified by the locus of points (7' . X).
with v given by

x=xT(x, DA = D] e )T (34)
where v* has the same meaning as before [see equation (30)]. On both curves 2 and 3, fis
singular with identical amplitude (see below) and /= 0 elsewhere. In Figure 2.13a the ion
distribution 1s shown when rr; = 2 and. in Figure 2.13b.r - «c. As r - x curve 3

approaches the 7 axis.t — 0 and f(r —> o) spans a continuous range of radial

velocities from F/ +F’,, up to a maximum value, /"), . lons with radial velocity 1", were
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extracted at the ellipse that intersects the (—-) boundary at (}, ~ F. Xy). From equations

(10). we find ¥, =, 2aGM(x. -1) r. ~(}, -F,)° . Forx,> . all ions eventually leave

the (-) domain and never return.

2
< 2.4
el G
Vew = Vi Vgw = Vn
(a) {(b)

Figure 2.13 (a) He™" distribution for /7, = 1000 km s. I, = 200 km s. and r = 4R,
(x. = 1.46). The distribution function is singular on both curves 2 and 3.
V.=V, =368km s

™

(b) Similar to 2.13a. but now r — x (actual r:r.. = 100). In velocity space. the
distribution collapses to the horizontal line along the abscissar — 0. curve 2 and the

“vertical” part of curve 3 collapse to a pointat ¢/ =1 -1, . and all particles focus into
the (—) domain as and achieve their asymptotic radial velocities.

The resonant ion distribution function for this case is given by [see equations (20) and
(26)]
f(v.x)y=aoll-y(I-x)-x,]. (35a)
Since x, > 'z, f- =f at the +- boundary for all r, but we wish to determine

Sf.(rov v, >V, +F, ) (See Figure 2.3 for a plot of curves of constant f_ ). We

I
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determine a by calculating n(r,)=n, = j—d':z'ﬁ, where fo=/f (l.x)=ad(x-x,).
Integrating and including the small £ approximation (v = v, -1, ) yields

a=nri(v, -V, 2w (aGM) . (35b)
In section 2.2.4 we showed that /. = f_(E.C).where E(r.v_.v)) and C(v_.r)are

given by equations (10) and (7) and represent the total ion energy and magnetic moment.

respectively. Once we know x and v in terms of £ and C at the - - boundary. we may

determine /. at all points in the (+) domain.

We determine x(£.C)at the - - boundary by combining equations (7). (10a). and (10b)

and setung ' =1’ -1", inequation {10a). There results

XME.C) = IQ[I—\le(E—L,gti:» ac;.wJ. (36)

where I = 1" ~1", . Combining equations (36). (10b). and (17b) vields

—— = U
_\'(E.C')=[ZC'(l’\l«-tC(E-v':l") aGM)] . (37)
where o = q(1 - Q) (1 - ¢Q). Substituting the expressions for x and v from equations

(36) and (37) into the argument of the delta function in equation (33a) gives f (£.C).

The nonresonant ion distribution function is a complicated function of £ and C when
equations (36) and (37) forx(£.C) and y(£.C)are used. However. a simple, analvtical
expression for f. results when we analyze the behavior of f (r — =) and letx, =1 <<1.
This case is reasonably represented by the state of the ion distribution shown in Figure

2.13b(xo = 1.46). As r »>oc.v. — 0 and aGMr™ — 0. so from equation ( 10a)

E =~ Y0, Also forx, = 1. ions will reach terminal velocities only slightly greater than
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I'.so 3C(E- %177y aGM = 2C(v" - 1)) aGM << 1. Expanding the radicals in
equations (36) and (37) and substituting the simplified expressions into the argument of

the delta function in equation (35a) gives

fore why=adll-x, ~(C r) r(v” =17y 2aGM]. (38)

Using equations (35b) and (38). we demonstrate that as » — x the number density of
resonant tons (n_) vanishes and that the number density of nonresonant ions (n-)
conserves number flux. Integrating equation (35a) over the velocity space of the (-)
domain. applying the small ¢ approximation (v = ', - I",, ). and using equation (35b)
vieldsn_ =n.7r (v -x, =1) x 1. For the nonresonant ions. we again calculate
number density. but now use n_ = ‘f?.mgdv_dt':f, . From equations (7) and (10b) we
substitute aGMr—dC fort v .setx, =1l.and again replace a using equation (35b).
First integrating the result in C. then integrating in ¢, while applying the small ¢
approximation (¢ = I =1, ) vields n. =n,r;r~. Clearly.as r — = . n_ decreases
faster than n_. so that all ions are eventually focused torward into the (=) domain. See
the Appendix. section A.l. for a more detailed discussion of the conservation of number

flux.

fons are not uniformly distributed along curve 3 as » — x. The number density of
tons with radial velocity in the range v to v, + Az, 1s given by An_ = (én. ¢v,)Av, .

Using a procedure similar to that used to calculate »_. we find

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



én év, x(v] —17)"""9 9" where the constant of proportionality depends on ion
species. Clearly. An_is a decreasing function of increasing v, : so. for a given Ar,,
An v, =) >>An_(v, =17,). This seems reasonable as we expect few ions will be

accelerated to the highest asymptotic velocities.

Asr—>x. v —0soT7T —0.but T isnonzeroand is given by equation (31b).

The required average values are found by taking moments of /. as given by equation
(38). Performing the integrations and simplifving the result for the case v, -1 <<

vields

T =mb T(1-2I) k,. (39a)
where C=[c:(2c~D]}, =17) 27 . {39b)
Evaluating equations (39) for the parameters used to create Figure 2.13 vields

T =0.72X10° K. Helium temperatures in slow solar wind (/" =~ 440km s) at

r = 0.7 AU may be inferred from Figure 8.2 of Marsch [1991]. giving T =0.2.X10°K".
Evaluating equations (39) at I, =1000kmv's (much too large at this distance) and

', =440km's yields T =0.2.Y10°K . However. at a distance of 0.7 AU /7, ~ 60km.s:

using this value of Iy vields T = 0.05X10°K.
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2.3.2 Extended fy(x)

In contrast to the delta function distribution. an extended f;(x) provides a continuous
range of ion speeds at r = r.. As a result. a fraction of the ion distribution may extend to

x > | at r = ry. and never return to the (-) domain. We choose a Gaussian in x for this
distribution. f, (x) = aexp[—b(x - ¥)*]. subject to the condition f (x <0)=0. and

where 4™ is proportional to the distribution temperature. We determine a by arbitrarily
choosing ¥ =": b =3, and setting jd’zy’},(z') = n, . where in the small € approximation

the integration in velocity space may be transformed to an integration in x (see the

Appendix section A.l). and x(v) is defined by equation (17a).

There are in general no resonant ion boundary shells in the case of an extended /..

stnce ton energies are unbounded. Our choice of boundary condition /. (7,)=0 places an

ton front along @ =1 -1, atr=r. Asrincreases.and ions are focused forward. the

front moves nto the (-) domain. For r > rq this intinite, r-dependent. tront divides the
(+) domain into a region accessible to ions above the front and an inaccessible region

below the front (see Figure 2.14). The intersection point of the front with an ellipse that

intersects the - - boundary at (}', +F',,,x") determines ion radial velocities at r.r. for

continuous values of X'at extraction.
To find the equation of the front. we rewrite equation (10b) as
X'y =xr, (40a)
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and equation (11) as
4T =12 -, -1, =T (- L2y~ (40b)
where the coordinate of the intersection of the front and the ellipse intersecting

(F, ~¥F,.x' >4 is (v..x). Using equation (40a) to eliminate x" in (40b). and

z{: =aGM 2xr (see section 2.2.4). we obtain

x={ICa " (r ';.)[(r n) - 1]“(1 ~qQ):[z{: TEATES AR l]-—(r r=07 (41

The intersection point of the front and the - - boundarvis (¢ =¥, -1, . x). where
= o~y (4+2)

tollows from equation (41). Two positions of the front corresponding to the two different
values of r r, are indicated in Figure 2.14. lons at the front that entered the () domain at
comparatively large x have circulated along a smaller fraction of their elliptical trajectory
than 1ons that entered the (—) domain with smaller x. As r r., increases. the front moves in
a clockwise sense along the elliptical projections of the characteristics of /.. indicating
increased radial velocity for increased v at extraction due to acceleration by the net radial

force. Asr — ¥ in equations (41) and (42). x — 0 and x» — 0. and the front becomes a
straight line along the U, axis: all ions extracted with x > 1 at 7 = r,, have . — ¢ . where

., 1s defined after equation (13). and those ions with x < | are swept back to

rr

v, <V, - V. This large-r behavior of the front is similar to the large-r behavior shown

in Figure 2.13b for the delta function f; with x, > I. However, for our choice of extended

/o there 1s no upper limitto v, .
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Figure 2.14. lon fronts in the (-) domain at r . = 1.5 (top curve) and r r = 3
(bottom curve).

Contours of f for protons in velocity space are plotted in Figure 2.15. Equation (+41)
may be converted to velocity space using equation (7). yieldingz (¢ )thatis a
hyperbola. and equation (42) becomes . I° =+2a[C.ir rxr r -] *. Comparing
Figure 2.15a with 2.15b and 2.16a with 2.16b we note that /- = 0 below the front. and the
front flattens and ©_. moves toward lower ©'_ as r increases. The entire distribution
moves toward I'sw — '\ as r increases due to adiabatic deceleration. [ons extracted at the
- - boundary having x <1 produce the contours of /_that circulate through the (-)
domain and return to the (+ -) boundary. lons having x >1 at extraction produce

contours of /_that terminate on the front in the (+) domain. and constitute the fraction of

1ons that free-escape to infinity. The distribution does not become abruptly zero in region
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II. as it does in region I (see Figure 2.15), but the values of fin region II are smaller than
0.1. therefore appear as white. The region bounded by the resonant-ion contours on the

left and the vertical line ¢, =} on the right in Figure 2.15 is analogous to region VI in

Figure A6. No ions occupy this region of velocity space. but as can be seen by a
comparison of the two figures in Figure 2.15 and Figure A6. this region decreases In size
as rincreases. The effective gravity creates this “hole™ in the distribution at r near r,. but

ongoing mirroring and decreasing effective gravity decreases its size as r increases.

S r h

(a) (b)

Figure 2.15. Contour plots of the proton velocity distribution function when
F4=1500 km's and I, = 150 kmvs. Plot (a) was made forr=3R, and (b)r =

5R..
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Figure 2.16. Contour plots of the O™ velocity distribution function when
I'y=1500 kmvsand I, = 150 km's. (a) r=3R, (b)r=35R..

Heavy 1ons stream outward with a higher average radial velocity than protons and for
a given r. heavy ions have a higher perpendicular velocity. These results are consistent

with the conditions built in at », and are similar to those obtained with the use of the delta

function boundary condition.

Perpendicular and parallel proton temperatures are plotted in Figures 2.17a and 2.17b.
At small r. both temperatures for the extended f; are larger than those calculated using the
delta function f, (Figure 2.9) due to the greater extent in velocity space of the extended

distribution. As r increases. the discrepancy between the values of 7 (r)shown in
Figures 2.9a and 2.17a decreases. In Figure 2.18 at r=2R, T T =30. The calculated

anisotropy is less here than that resulting from the use of the delta function f; since the
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distribution resulting from an extended f; has a greater extent in v, , vielding a larger T

for a given r.

4 N - _ e e el e e . — - -
.14
3.5 /\\
3 AO 12 /
M :d ~n 1 !
2.5 ”
> oc.08
— —
vl.s VO.06
= - f~ C.04
.5 .02

(S I

3 4 5 2 3 4 5
r RS r RS
(a) (b)
Figure 2.17. Proton perpendicular (a) and parallel (b) temperatures versus r R..
I/ = 1500 kmvs and I, = 150 km s
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Figure 2.18 Proton temperature anisotropy versus » R.. I'; = 1500 km s and
I's. = 150 km's.

Parallel and perpendicular temperatures of O™~ are plotted in Figure 2.19. The
perpendicular temperatures are slightly lower than observed temperatures at » = 2R.. and
decrease as r increases in contradiction to observations [Koh! er al.. 1998. Antonucci et
al.. 2000]. The parallel temperatures are low compared with observations by about a
factor of 5 and decrease instead of remaining constant as r increases. Due to the low
parallel temperatures. the calculated O"~ temperature anisotropy (Figure 2.20) 1s about 30
and is higher than the value of approximately 10 estimated by Ko/ ¢t al.. [1998]. and

Antonucci et al.. [2000].
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Figure 2.19. O™ perpendicular (a) and parailel (b) temperatures versus r R..
Iy = 1500 km s and I, = 150 kms.
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Figure 2.20 O’" temperature anisotropy versus riR,.
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Figure 2.21a. Ratio of T‘O‘- T .- versus r R Oxygen (mass = 16 u) to

helium temperature ratios are at least mass-proportional and tend to be shghtly
more than mass proportional as » increases.

Figure 2.21b. Ratio of T_.t,,:»- Tm“ versus » R,. Magnesium (mass = 24 u) 1o

oxygen temperatures are mass-proportionally at all r considered.

Figure 2.21 shows that the ratio of perpendicular temperatures of heavy 1ons is equal
to the 1on mass ratio. However. heavy 1on perpendicular temperature ratios exceed mass
ratios when compared with protons. which is obvious from the companson of Figure

2.17a with Figure 2.19a.
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CHAPTER 2.4

DISCUSSION AND CONCLUSIONS

To provide insights into the heating and acceleration of solar wind protons and heavy
ton species by proton-cyclotron waves. we have obtained predominantly analytical
solutions of equation (1) for the i1on distribution function. We take the distribution
function to be comprised of cyclotron resonant (/) and nonresonant (/-) parts with the
diviston in velocity space specified by the radial velocity 1, determined from the cold.
electron-proton dispersion relation. Here. '\ 1s the maximum velocity in the average
proton frame of ions resonant with LHP waves. and we take the wave phase speed to be
constant. We adopted the essential features of the Kinetic Shell Model [[senberg 1997,
2001a. b: Isenberg et al.. 2000. 2001 ] to represent the resonant portion of the 1on
distribution. This model includes the assumption that wave-ion interactions take place on
a ume scale short compared with times required for large-scale processes to modify the
distribution: thus. for r > r, we assume that 1ons will always be distributed uniformly in

ptich-angle along shells of constant kinetic energy in the wave frame. At the radial

position ry. we specify the boundary condition f (r..2) = f,(v) and f (1) =0.

Equation (1) was solved analytically for .. vielding solutions dependent on ion total
energy and magnetic moment. where each is conserved. The charactenistics of equation

(1) yielded the conditions x > !: for radial acceleration of ions into the (—) domain and
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x> | for free escape of ions from the effective gravity. where x is given by equation (7).
To find an approximate. analytical solution for / . we changed vanables in equation (1) to
e=v-(v, -V,)1<<t,, ~F, . which is valid where the wave phase speed is much greater
than the 1on thermal speed. and extended the analyvsis to radial distances where the
approximation is not formally valid. We may easily check the validity of the small ¢

approximation by comparing £ I’ to (¢, -17,) I",. Asion mass charge grows without

approaches zero. However. for ions typically found in the solar

bound. (v, -1 ,) I

1

r

LI

wind and corona (protons. alpha particles. 0", O"". Mg" . Fe' "), v 17,1+ ~ 15,

The small ¢ approximation is not valid for very massive tons, but for most ion species

present in the solar corona, where 1", ~ 10" kms, £ 1", << 2 is easily saustied.

Transforming equation (1) to (x. v') space. where x and v are given by equations (17),
greatly facilitates its solution. Much of the structure ot 1 (v. x) can be determined
analyucally and the remaining region 1s described by an integral equation solved by a
method described in section A.4 of the Appendix. The velocity distribution
f(o..v_.r)is obtained from /(1. x) by using the definition of x in equation (17) and the

continuity of fat the + - boundary allows determination of /-.

To solve equation (26) for /_ we must specify f;. but there is no a priori rationale to

choose a particular function for fi,. We analyzed in detail the two cases: fo(x) % d(x — x,)

-

and an extended 7, (x) = aexp[-b(x - X)"]. where we require jd ‘of,(v) = n, . Despite the
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obvious differences in the forms of fi. f_ 1s less sensitive to the form of f; as rr,
increases. Consider Figures 2.8 and 2.15. where. in Figure 2.8, £ is given by the delta
function. and. in Figure 2.15. fo is the extended function. Atr = 3R, (Figures 2.8a and
2.15a) we note some agreement between the plots made for the two forms of f.. The
maximum values of v and the extent in ¢ of the resonant distributions are
approximately equal. A comparison of Figures 2.8b and 2.15b (r = 5R,) shows improved
agreement between the plots. The extended s, always provides some ions at x > 1. but
here we restrict the delta function 15 to x < 1. Since the analvtical form of the boundary
in the (—) domain depends on whether £, ts the delta function or extended function. the

ion distnibutions created from different forms of f. for ¢/ > 1" ~1", will onlv

approximately agree at any r > r..

Velocity space contours of the proton distribution function using f.(x) = g expt-ax) .
which is different from the form used in section 2.3.2. are plotted in Figure 2.22 at

r=35R,. Again, we set J'd"'z};,',(z') = n, . which matches the conditions imposed on the

previous choice of extended f, (x).
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Figure 2.22 0" velocity distribution at » = 3 R, for f(x)=a exp(—ax). This
distribution is similar to that shown in Figure 2.16b for 7, (x) x exp[-b(x - )" ].
The form of 7, has little effect on the large-r behavior of the velocity distribution.

Figure 2.22 compares very well with Figure 2.16b despite the use of different functions

for f,(x). further substantiating our assertion that the form of f,(x) 1s less important as r
increases. Also. consider Figure 2.23 which shows T (r R.) for O'™ calculated using

both the Gaussian f; (top curve) and the exponentially decaying f, (bottom curve). At

small 1. the two curves do not match, but become indistinguishable for r>3.5R,.
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Figure 2.23 Comparison of perpendicular temperatures as a function of 'R, for
1. x exp(—ax)(lower curve) and f, = exp[-b(x - Y)” J(upper curve). Atsmall r,
the two curves diverge. but as » increases past approximately 3.5R,. the two
curves coincide.

We took /. (r;)=0. but if we had assumed /() > 0. we would have obtained similar
ton velocity distributions for - > r.. Non-resonant ions moving too slowly to escape the
effective gravity at r. would have quickly been swept back to the (-) domain by the
effective gravity. These ions would add to the distribution of resonant ions already on
energy shells. The basic shape of the resulting distributions and the magnitude of the

gradients of f would not be changed in important ways. Isenberg et al. [2001] used an

initial distribution symmetric about v, =J° . They began the calculations at 7, = 2R _and
by r=2.55R, a velocity distribution was generated that closely resembies our result

(Figure 2.8a) for the delta function f; at a similar radial distance.
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The gradient in /_ at large v in Figures 2.15 and 2.16 corresponds to the “pile up” shell
as described in Isenberg et al. [2000. 2001]. Energy shells at high v (x > 1) contain ions
having high ©_ which can be accelerated to higher radial velocities by the mirror force.
Continuous. rapid. wave-ion interaction maintains uniformity along the shell: effecting
acceleration of the entire shell to higher . Similarly. low-v (x < |) shells are slowed 10
lowert’ by the dominant effective gravity. Thus. this convergence of ions in velocity
space creates a ridge in f_ corresponding to x = 1. A similar situation happens for the
delta function /.. Figure 2.8. There are no tons in the domain x > 1. but tons on low-¢
shells are continually slowed to lower o by the effective gravity. and the entire
distribution 1s focused forward to higher ¢, by mirroring. Thus. a large gradient in /_ at
high © results. although 1t 1s not as dramatic as 1n the case of the extended /... since 10ns

converge on x = | from only one direction.

A comparison of Figures 2.15 and 2.16 shows the higher radial velocity of O" ions
compared with protons at a given radial distance. which agrees qualitatively with
observations that indicate heavy ions stream outward from the Sun faster than protons
[Neugebauer et al.. 1994, 1996. Goldstein et al.. 1995 Goldstein. 1996: Kohl et al..
1998; Cranmer et al., 1999a, 1999b: Goldstein and Neugebauer, 2001}. This differenual
ion-proton streaming is to be expected as we build it in at r, through use of the cold
electron-proton plasma dispersion relation. The + - boundary occurs at ', for protons

(1, '10 for our choice of F',andF’, ), ~ 41 (0.41",) for O™, and at (1-gQ) %,

((1=gO)¥ 4 10) for an arbitrary ion species characterized by ¢ and Q. which are controlled
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by I',. Clearly. the bulk speed of all heavy ion species must exceed the bulk proton

speed.

Central to our theoretical formalism 1s the cold. electron-proton dispersion relation.
where 1ts use 1s justified since we primarily devote our attention to regions close to the
Sun where the plasma 3 1s low. However. since helium constitutes a significant fraction
of the solar wind number density. we discuss its effect on the dispersion relation if it is
included. Figure 2.24 depicts the cold plasma dispersion relation for LCP ion-cyclotron
waves [Gomberoff and Elgueta, 1991, Hollweg. 2000] given by

k0 Q =0 Q-0 Q-4 . on N-20 Q0] 43

The thick lines give the dispersion relation when a %0 number concentration of He™™ ions
ts tncluded. and the thin line results when the plasma consists of only electrons and
protons. and ts identical to the LCP part of the dispersion curve shown in Figure 2.2.
When He™" is included. the dispersion relation splits into two branches separated by the
resonance gap at the He™ cvclotron frequency. Still. only protons with negative
velocities in the solar wind frame are cyclotron resonant. but when He™™ is included in the
dispersion relation. heavy ions traveling with radial velocities much higher than /'y may
also resonate with waves. However, despite the possibility that heavy ions with
essentially unlimited radial velocity may be cyclotron resonant. we expect that such high-

velocity 1ons will be few in number since resonant waves with extremely high vy, are

uniikely.
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Figure 2.24 Cold plasma dispersion relation. Plasma 1s composed of electrons.,
protons. and 5° He™ by number. The thin curve is the dispersion relation when
no helium ts present and the thick curves result when helium is included. The

resonance gap occurs at @ = 0.5 Q,

Rigorously including wave dispersion (see Gendrin and Roux. 1980: and Isenberg and
Lee [1996] for a discussion of dispersion in an electron-proton plasma) would result in

the reduction of the ©_ v/ anisotropy and consequently a reduction of the maximum

attainable value of v, .
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The most serious simplification we make in this analysis is taking /'y and .

constant. Allowing both speeds to vary with » wouid require the addition of the term
—(U+vu)eU or[uéf ¢v+~(1-u’) véf Cu] to the left side of equation (1). The
factor — (L" ~ vu)éL ' Gr combines with ~ @GMr ™ 10 produce an overall effective
gravity with the nature of its contribution dependent upon the sign of ¢L" ¢ér. Near the
Sun where the solar wind speed is rapidly increasing and the Alfven speed is decreasing.
but not as rapidly. we expectcl” ¢r>0. Thus. for ¢L° ¢ér >0 andr =1, . where the ¢
approximation i1s most valid. the effective gravity 1s still radially inward and stronger than
that actually used in the calculations. Qualitauvely. a stronger effective gravity should
produce a more rapid circulation of 1ons through the () domain. and a more rapid
increase of ¢ with . Consequently. the validity of the small £ approximation is

commensurately reduced.

The condition x > ' :, required for resonant ions to be focused forward from the (-)
domain into the (—) domain. may also be determined by clementary means through
~(v7 2B)CB ér-aGMr~ =1, vl ér.where if ions are to be focused forward we
require I’ _c’ & >0. When ¢l ¢r =0 this inequality is modified to
—(v° 2B)YCB &r-[aGMr~ - g(U.v)él  ér]>0.where g(L .¢) is a positive function of '
and o that would result from the integration in 1 of equation (1) modified for 6L ¢cr=0.
The condition on v for an ion to focus forward into the (~) domain then becomes
x> W[l-giaGM r)éU  ér]> ¥ forél’ ¢ >0. Thus. a qualitative effect of

including Utr) and I (r) (¢}, or <0) in equation (1) is the increase of the v-dependent
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circulation point to a variable value greater than ': at small 7 rq: this circulation point
approaches ': as r ry increases and CU' Or decreases. Thus. including radially
dependent {"and /7, changes the circulation point from a fixed value of v =":10 a
radially dependent function. This concept of a vanable circulation point is analogous to

the cnitical value of ©_ given by Isenberg er al. [2001].

Isenberg er al. [2001] calculated velocity space distributions numerically that are
unstable to the generation of inward propagating waves because of the steep gradients in
the antisunward part of the ion distribution. We also predict steep gradients in /- as
shown in Figures 2.8. 2.15 and 2.16. Therefore. the distributions resulting from our
analysis will also be unstable to the generation of inward propagating waves. Modifying
the derivation of equation (18) to include both inward and outward propagating waves

results in two equattons

x_\'i—x(l—.t)ciL%Z.\'—l)(f.—f.)=0 (44a)
éyv Cx

0 vi-n9e Cav-hif - f)=0. (44b)
&v &x

where [ = H(x~ 1) f ~ H(»: - x)f_.and H(O) is the Heaviside step function.

Clearly, equation (44b) 1s equivalent to equation ( 18). Equations (44a) and (44b) are a
coupled set of equations that require simultancous solutions for both /. and /. We leave
the solution of equations (44) to future work. but note that the inclusion of inward

propagating waves appears necessary for a complete treatment of this problem.
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Several recent works [Tam and Chang. 1999: Dmitruk. 2001: Isenberg 2001c: Tu and
Marsch. 2001 ] have investigated the effects on the heating of ions and acceleration of the
fast solar wind when both inward and outward propagating waves are present. These and
our theoretical models assume that sufficient wave power is always present at the high
resonant frequencies [Harmon and Coles. 2001]. but inward propagating waves near the

Sun have not been observed.

We showed that 1on velocity distributions must deviate significantly from Maxwellian
distnibutions when resonant wave-ion interactions are prevalent and ion-ion interactions
are neglected. The cold. electron-proton dispersion relation provided the resonance
condition. We obtained 1on-proton differential streaming with tons maintaining outflow
velocities exceeding that of protons. regardless of the form of /.. and the velocity
difference 1s ordered by the Alfvén speed. The calculated velocity distnbutions

vielded7 >T temperature anisotropies. which is reasonable since the assumption of

effective pitch-angle scattering 1s integral in transforming equation (1) into equation (13).
For a given r. a comparison of heavy tons vields mass-proportional perpendicular
temperature ratios. but when comparing heavy ions to protons we find that the

temperature ratios are more than mass proportional.

Observations [Kohl et al.. 1998: Cranmer et al.. 1999b] indicate that O™ temperatures
increase by more than an order of magnitude and proton temperatures [Suleiman et al.,
1999] are approximately constant between roughly 1.5R; and 3.5R,. However, the model

presented in this work predicts decreasing temperatures with increasing radial distance
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for all ion species considered. Increasing (decreasing) I, increases (decreases) T_ T at

all . but 7, remains a decreasing function of increasing r.

We find that Mg"" is mass proportionally hotter than O°" (Figure 2.21b) and more than
mass proportionally hotter than protons. which contradicts observations [Esser et al.
1999]. Since Mg”". O"". and O° have similar charge to mass ratios. we would expect
these ions to exnibit similar heating. Cranmer [2000] suggests that since Mg" ™ and O
have the same charge to mass ratio. O"" might absorb wave energy that could otherwise
be available to heat Mg"": hence. Magnesium's lower observed temperature.

Despite these tailures. we believe the basic formalism described in chapter 2.2 15
valuable and should be applied to equation (1) modified to included radially varying

wave and solar wind speeds and eventually bi-directional wave propagation.

125

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX TO PART II

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



APPENDIX TO PART II

A.l Conservation of Number Flux

The steady state equation of continuity for radial flow vields the condition of

conservation of number flux. & =n v, r° = constant, where indicates an average
quantity. and » = Jd’ij 1s 1on number density. We take the bulk flow speed to be
constant. . = constant. so in the small ¢ approximation. nr~ is also constant. When

considering resonant ions we use « ¢ = 2z dedu for the volume element in velocity

space and for nonresonant ions ¢ v = 2z dv dv’ . These choices help facilitate
calculations due to the different definitions of x, equations (7) and (17a). Next. we show
that the basic differential equations for both the resonant and nonresonant parts of the 1on

distribution function also vield & = constant.

We first show that & is conserved for nonresonant ions by operating on equation (8)

with J-Id.tdl': 27aGMr ™ . where we used equation (7) to replace v _dv_by aGMr 'dx .

[V
The middle term in equation (8) may be integrated in ¢’ and vanishes at both limits of

integration. Integrating the third term by parts vields ”citdz",?.f:aGMr'Iz':rf. which is
o«
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equivalent to 7 r~". The first term. | {dxdv’ 27aGMr™'v r"&f &r . is equivalent to
q q

0

¢ ér - s r~ . Combining these terms immediately vields ¢ ér=0.

We now consider resonant ions and note that the limits of integration in u are -1 and
-(tvi = Viv1) /T, Employing the small £ approximation. ' = t, . and transforming to x

x

through equation (17a) vields nr- = lw, (aGM ) J‘d.\‘.\:ﬁ y (v, 1) . Werewrite

equation (18) as

LA A=

& cv

=0. (A1)
where we set /. = 0 for ssmplicity and modified the equation shightly to facilitate its

integration. Operating on equation (Al) with J‘d.\'

- T T

. c X 8 :
vields: v — |dus - fd.\';[(l —x)xf_]=0. The second term may be integrated
v AN

immediately and the result vanishes at both limits of integration. The integral in the first

term is proportional to nr°. which gives &nr®), & =0.

In Figure Al we plot nr~ versus r for He’ ™ ions (a) and O~ ions (b) based on an
extended f;. Clearly, this quantity is approximately constant over the radial distance

considered. Thus. the numenical calculation also vields conservation of number flux.
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Figure Al. Depiction of approximately constant number density flux versus r.
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A.2 Structure of f (v. x) for a Delia Function /£,

X, < /A

The structure of /(1. x) for protons is shown 1n Figure A2 for J';,, = 200 km's and
I’y =500 km's. This value of I, 1s lower than a realistic value of ', near 2R, by a factor
of at least 3. but this sct of parameters allows clear differentiation of the various regions

of the (x. y) solution space for reasons discussed below-.

In the (x. v) solution space. the delta function shell is represented by a single
charactenistic curve specified by 4 = 1 - x, and labeled as line 2 in Figure A2 (for

protons 4 =1). Equation (20) vields the equation of line 2:

yox)=A4,(1-x)". (A2)
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For x, < !.. the ion distribution is singular until the large-scale forces increase the wave
frame energy of that shell to a value corresponding to x = ':. Thereafter. ions are
continually extracted at the - - boundary at(x' > }- .I.). circulate through the (+)

’

domain. return to the ~ - boundary at (X< }:.r. > r.). and pitch-angle scatter along a
continuous distribution of shells represented by regions [ and II in Figure A2. Region | is
bounded on the left by line . region I is bounded on the right by line 2. and the line
x = ', separates the two regions. Equations (10b). (13). (170). and (20) combine to vield
the equation of line 1:

VAX) = A (=) O e e (A3)
As I’y increases. the slope of line | at a given point increases: and for a given range of 1.
the width of Region [ decreases. Therefore. to create a clearly discermible Region {. we
plot Figure A2 with a relatively low value of I',. Based on the definition of x in equation
(17a) the lowest (highest) wave-frame energy of the distribution at a particular v is

represented by x: (x:). where x; and x; are given by equations (28a) and (28b). Thus.

fvx<x)=0and f(v.x>x,)=0.
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Figure A2. Structure of /(1. x) for protons for a delta function f... }'y = 500
km s. and I, =200 km's.

The radial distance at which the delta function shell achieves v = ': 1s determined from
equation (28a) and given by r r =[2(1-x,)] 7’ * . Asion mass charge increases.
X, tncreases and the radial distance where ions first focus forward into the (~) domain
decreases. Hence. heavy ion bulk speeds exceed proton bulk speeds at radial positions

that decrease as ion mass/charge increases. Clearly. alongline2asy — =, v. - 1:

therefore, for vy < ', 1ons cannot free-escape the effective gravity.

In region I, not on line 1, f_ (v, X) is obtained by solving equation (26) numerically.
where the numerical method is described below. In region II. f_is constant on
characteristics, so f_ (v.x> %)= f (v =24.x=}3). On line 2 we may

write /. = Ny* (v = 4") " 0(A"-4,) . where N = n,r (v, =V, )" 27 (aGM) is
131
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constant and has units s°’cm™. Werequire f (v.x)on line 1. Since f (y.x) is finite at
all other x and y. we may set the first term in equation (26) to zero. With /_setto a delta
function within the integrand in equation (26). f_(.4) is then a step function at the
intersection of line 1 and the characteristic curve specified by .{. From the argument of /_
within the integrand in equation (26) and using equation (20) we find
A"= 40" 47 =1 @ . Transforming the delta function from .4 to v and performing the
integration vields

AN =47 (1 ~qO)l—q)y [I=t4 D7 Jlwd D010 (Ad)
where. since we eventually normalize all values of / to the maximum value calculated.

we drop the constant \. Equation (A4) determines the value of 1 (v.x) on line 1 at the

intersection point of line 1 and the characteristic curve specified by .

Characteristic curves asymptotically approach x = |: therefore. x = | 1s analogous to
the pileup shell in velocity space described in chapter 2.3 and tn /senberg [2001a] and

Isenberg et al. [2000. 2001].

Figures A2 and A3 show the connection between the structure of the 1on velocity
distnbution in (x.v) space and in (7] .x) space. Figure A2 shows the structure of onlyv
/. but over arange of r. whereas Figure A3 shows the entire distribution at only one
value of r. In both figures. I’y = 500 kmvs and I, = 200 kmvs. Figure A3 is plotted
when r = 5.28r,, which. for this set of parameters corresponds to y = 8 in Figure A2. The
values of x; in both figures are equal as are the values of x;. Curve 2 in Figure A2

corresponds to curve 2 in Figure A3; likewise for curve 1.
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Figure A3 The connection between the structure of in (. v) space and the
structure of fin (7. x) space may be made by companng this figure with Figure
A2. This figure is similar to Figure 2.6. but uses the same parameters as Figure
A2, Here. r = 5.28r, which corresponds to v = 8 for this set of parameters.

S<x, <l

The structure of / (v. x) for He” and x = 0.82 is shown in Figure A4 (same
parameters as Figure 2.12). Again. for all (x, v) to the left of line 1 and to the right of
Iine 2. f (v.x) =0. Now. f (y.x) =0 in the interior region bounded by line 1. line 2 and
the characteristic curve specified by 4. but f_is a step function at line | and 4'. and
singular on line 2. The continuous distribution of f (1. x) is nonzero only in the shaded

region bounded by line 1 on the left and the characteristic curve specified by 4" on the
right. The gap between the continuous distribution and the delta function shell (curve 2)

decreases as y increases. This gap corresponds to the gap between curves 2 and 4 shown
p gap
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in Figures 2.12c and d. In Figure 2.12c, for curve 4, x = '; when riry = 6.3, which
corresponds to v = 16.9 for these parameters and He™™. The curve labeled by A’ crosses

x=lzat v=16.9.

Figure A4. Structure of £ (1. x) for He™", x =~ 0.82. f 1s singular on line 2.
continuous in the shaded region and zero elsewhere.

x, > 1

The structure of /(1. x) for He*™ and X, = 3.281s shown in Figure A5
(F,=1500km. sandl’ =150km s). Now.f issingularon line 2 and zero elsewhere.

There 1s no line 1 in this case because ions do not return to the (-) domain. they freely
escape the effective gravity. Line 2 asymptotically approaches x =1 as r — = as does

curve 2 in Figure 2.13.
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Figure AS. Structure of f (1, x) for He™ . x, = 3.28. f_1s singular on line 2 and
zero elsewhere.

A.3 Structure of / (1, x) for an Extended s

The structure of /_(3. x) resulting trom the use of an extended ; is quantitatively

different from that of the delta function f,. We show in Figure A6 the structure of /(3. x)
for protons with I =200 kmy's, and /'y = 500 kmvs. The characteristic curve specified
by 4 ='; forms the left boundary of region IIL. in which x > ', at all y. therefore the
solution for /_ in region III along characteristic curves specified by 4 is the function of 4

that satisfies the boundary condition. Aty =1, from equation (20) 4 =1 —x.so f (l.x)
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= fo(x) = fo(1 - A): therefore, for any v in region IIL f_ (v. x) = f4{1 - v(1 - x)]. Hence.

[ _(v. x) is completely specified in region III.

Line O forms the nght boundary of region VI and maps from the axis v = | according
to equation (25a). Weset +' =1 and +" = v in equation (25a) and eliminate 4 with

equation (20) to vield

gU-0rii-qQO

vo(x)=((1-x) x) (AS5)

All points in region V'] map according to equation (23a) fory’ < |. Hence. in region V1.
/_ within the integrand in equation (26) is always evaluated at +" < I, and is thus equal to
zero: therefore. the only contnibution to f (v, x) left of line 0 comes from the first term in
equation (26). which 1s proportional to fiy(! - ). Since necessarilyv x 20, 1. (1 - 4) = 0 if
A > 1. Therefore. inregion V1. / (. x) =0, and in region [V f (1. x) 1s determined solely

by the first term in equation (26).

Region V' is bounded by curves 0 and 1. where now line | is given by equation (A3)
with 4. = ":. Since line 0 maps from the axis v = 1 and line | maps from the
charactenistic curve specified by A4 = ', region V' is the analvtical mapping from region

[IT for x < 1. Therefore. /_in the integrand of equation (26) for region V' is given by

i 200 | . .
o= (\ A - 1) a0 x = 4", where, in the argument of f;,, the expressions for 1

and x follow from equations (25a) and (25b). Since the functional form of f, is specified,
the integral in equation (26) for region V' may be evaluated. In region L. equation (26) is

an integral equation for /_ (1, x) which may be solved with the numerical solution method
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described below. In region I, / is constant along characteristic curves specified by 4

and is equal to f (1 = 2.4, x = %2); thus, the solution for /_ requires a numerical
computation only in region .

10

Figure A6. Structure of f (y.x) for protons for an extended /...

A.4 Numernical Solution Method

We determine /_ at discrete values of v and x in region I of Figure A2. A4 or A6 by
approximating the integral in equation (26) by a finite sum. Inspection of the areument
pp g gr q 3 p g

of /_ within the integrand of equation (26) reveals that £ (v, x) depends on values

of f (y'<¥,x"=1-x). This fact will be exploited to construct the solution for

S_(v.x) from a small. initial set of values of /_determined as described below. The
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calculation of this initial set begins near the intersection of lines | and 2 and is executed
along an initial characteristic curve specified by 4,. The value of A, is chosen to be very
close to Ag: thus. the initial integration path in region [ (which ends whenx =,) 1s
vanishingly small as 4 — A4, . The initial value of /_ on charactenistic curve .4, is given
by equation (A4). and is used to begin the calculation. Once this initial set is known,
values of f_ along an adjacent characteristic 4 > 4. may be calculated from the discrete
version of equation (26). If values of f_ (1'.x") are required but not known precisely.
an interpolation 1s performed to provide the best number for the summation. This process
1s repeated at continually increasing values of 4. with the first value on each

charactenistic computed from equation (A4), until a preset valuc of v is reached.

A similar method is used to calculate f (v. x) when fs(x) 1s an extended function of x.
A numenical solution for /” (v. x) 1s required only in region | of Figure A6 since / (v, x)
may be calculated exactly in region \'; therefore. /(3. x) on line 1 1s known exactly. The

solution process then proceeds as previously described. Once a complete data set of
values of / (v. x) is known, / (T, U ) may be determined using the definition ot x given

in equation (1 7a).
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